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Abstract

Interpolation problems in the space SO(3) of rotations of Euclidean 3-space E* are reviewed in
§81, 2, as background and motivation to a study of curves in E* called Lie quadratics [26]. Ezcept
for a special class called null [27], Lie quadratics have resisted analysis until now. The rest of
the present paper is devoted to new results showing non-null Lie quadratics have rich analytical,
geometrical and asymptotic structures: rates of growth are studied using differential equations and
inequalities, Lie quadratics are proved to be extendible over the whole of R, and existence of axes

is proved under fairly general conditions. Examples show sharpness of many results.



1 Introduction

Interpolating in the group SO(3) of rotations of Euclidean 3-space E®, and in Riemannian
manifolds generally, is a more significant task, in terms of applications and mathematics, than
might at first be suspected. To place the new mathematical results of the present paper in context,
we first say something about applications and previous mathematical work. Interpolation in

SO(3) is very different to the standard problem of interpolation in FE3.

Example 1 A rigid body K, perhaps a camera, is free to rotate about the origin 0 in Fuclidean
3-space E3 . Configurations x;, and possibly angular velocities v;, are specified at times i = 0,T.
The problem is to move K accordingly. At time t the configuration xz(t) is given by a positively
oriented orthonormal frame (x1(t),x2(t),z3(t)) fized relative to K. FEquivalently, x(t) is the

rotation matrix

[ 2i(t)  wa(t) ws(t) | € SO3),

and so we have an interpolation problem for a curve x :[0,T] — SO(3). In the simplest case,

where angular velocities are not specified at endpoints, the interpolation conditions are
z(0) = zo, x(T) = xr. (1)

If our elementary problem was posed in E3, instead of SO(3), the affine line segment from

xo to xp would probably be chosen as interpolant. However, although SO(3) is contained in the



Fuclidean space Mzyx3 = E° of real 3 x 3 matrices, an affine line in E° intersects SO(3) in
at most 2 points. So line segments are not available for interpolation in SO(3). However
SO(3) s covered by open subsets U  diffeomorphic to open subsets of E3. Such covers must
contain several open sets, because U cannot be the whole of SO(3). For instance, rotations may
be mapped to Euler angles (¢,0,¢) € [0,2m) x [0,7) x [0,27) C E3. Chart-based interpolation
proceeds by mapping xo,xp to points in E®, interpolating in E® then mapping the interpolant
back into SO(3). This prescription is less straightforward than it sounds. For instance, if the
Euler angle of x; are (¢;,0;,¢;) = ®(x;) for i = 0,T, small perturbations in x; can give
large changes in 1;, ¢; when 0; ~ 0. Also, whether the 6; are small or not, the chart-based

interpolant = may be a very unnatural choice. For example, taking

1 0 0
mr=|0 V32 (-1)2 ],
0 (~1771/2 3)2

where 7 = 0,1, the curve of directions of the camera lens takes the long way round:

Figure 1. Lens directions with chart-based linear interpolation.



Although these difficulties can be ameliorated by switching between charts, this complicates im-
plementation and has unwelcome side-effects: the interpolant from xr to xg may be different
to that from xo to xr.

O

The geometrical difficulties in Example 1 suggest using a more geometrical interpolation scheme,
like the following simple method from Riemannian geometry. A Riemannian metricon a C'*° man-
ifold M such as SO(3) is a smooth assignment of inner products to the tangent spaces at each
point in M. The length L(x) and energy Ji(x) of a smooth curve z : [0,7] — SO(3) are then
defined as
L) = [l and A@) = [ O] d

where the norm || || is calculated using the Riemannian metric, and superscript (n) means
n-fold derivative. Curves satisfying (1) of minimum length and uniform speed are called minimal
geodesics. They also minimise energy. Geodesics on SO(3) can sometimes be written down in
closed form, notably when the metric is bi-invariant. In this case rotations are represented by unit
quaternions, namely points in the 3-dimensional unit sphere S3 C E*, with geodesics reresented
by arcs of great circles. Interpolation by geodesics effectively deals with the problems raised in

Example 1, but is inadequate for most applications.



In Example 1 only two camera configurations zp,zr € SO(3) are prescribed, whereas in
practice x may need to satisfy many such constraints. Piecewise-geodesics are inappropriate
because, like piecewise-linear curves in E3, they are usually nondifferentiable at junctions. A
simple way to ensure this does not occur is to prescribe derivatives of x at junctions, replacing
(1) by

(0) = 29, 2W0) = v, (T) = zp, NT) = vyp. (2)

If the problem was posed in E® a cubic polynomial could satisfy (2), but SO(3) has no
nonconstant polynomial curves, and chart-based cubic polynomials are problematic in the same
ways as chart-based line segments. On the other hand, geodesics in SO(3) are readily calculable,
at least for a bi-invariant metric, and correspond to lines in E3. This reminds us of the classical
deCastlejau algorithm for generating polynomial curves in E3 from line segments.

Replacing line segments by geodesic arcs in the cubic deCastlejau algorithm gives curves in
SO(3) capable of satisfying (2), as in [31], [14]. This elegant and effective method is frequently
applied, and has been investigated further in [12]. A recursive form of the deCastlejau algorithm
also adapts to Hermite interpolation in SO(3) [21], [22], [23], [24], [25]. Unlike the Euclidean
versions, the adapted nonrecursive and recursive deCastlejau schemes generate different curves

in SO(3). Yet another kind of curve results when we insist on an analogue of the important



variation diminishing property, that cubics in E® minimise

T
| 1@ @) a
0

among curves z : [0,T] — E® satisfying (2).

2 Riemannian Cubics and Lie Quadratics

A Riemannian manifold comes equipped with a Levi-Civita covariant derivative V, which
is a procedure for differentiating vector fields, whose associated parallel translation respects the

Riemannian metric. Riemannian cubics are critical points of the functional Jy given by
T 1))2
Jo(@) = [ Va1 dt (3)
where x:[0,7] — M satisfies (2). As shown in [18], [26], the Euler-Lagrange equation of Jy is
Vg/dtx(l) +R(Vd/dtx(1),x(l))x(l) = 0, (4)

where R is the Riemannian curvature of V. Let M be SO(3) with a bi-invariant Riemannian
metric. Then, as it stands, (4) amounts to 36 nonlinear first order ODEs for 36 scalar functions,
with 24 equality constraints, and 36 scalar boundary conditions. The first step in solving this

system is the reduction in [26] of (4) to a second order system of ODEs for V :[0,7] — E?
VAt = VO#) x V() + C  where C € E?, (5)
together with the first order equation

2D(t) = 2(O)B(V(1), (6)
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where B : E® — so0(3) is the linear isomorphism from FE? onto the space of skew-symmetric
3 x 3 real matrices given by B(v)(w) = v X w, and x denotes the vector product in E*. In
§4 of the present paper equations (5), (6) are shown to be solvable over the whole real line. In
28] equation (6) is solved using at most one quadrature. For any interval S C R, a curve
V .S — E3 satisfying (5) is called a Lie quadratic in E3. Defining F : S — [0,00) by

F(t) = |[|[V(#)||?, it follows easily from (5) that

FO@t) = 6<CV(t)> + 2b, (7)
IVOD? = 2<C V() > + b, (8)
VOO = « (9)

where b,c € R are constant. Set d = 3(||C||* +¢) and &+ = 3(||C]| £ /c)*.

Example 2 Taking vy, vr as

0.0000  0.9280 —0.3725 0.0000 —0.2708 —0.2380
—0.6175 —0.1225  0.2121 |, 0.1155 —0.0224 —0.0388 |,
0.7866 —0.2121 —0.1225 0.3415  0.0388 —0.0224

the curve of lens directions for the Riemannian cubic shown (thick) in Figure 2 is less wavy in
appearance than the curve for the adapted non-recursive deCastlejau algorithm of §1.  These
curves were generated in about 7 seconds on a 2GHZ PC running Mathematica.

O



Figure 2. Lens directions for the Riemannian cubic.

There is a special class of Lie quadratics for which quite a lot is known: the Lie quadratic
V.S — E? is called null when its constant C' is 0. In [27] null Lie quadratics in E? are
shown to have constant (usually nonzero) curvature, linearly varying torsion, and two azes. The
axes are rays through 0, to which V becomes C%-close as t — 400. The space of null Lie
quadratics has rotational symmetry, and individual null quadratics have internal symmetry. A
Riemannian cubic in SO(3) associated with a null Lie quadratic also has internal symmetries

and is asymptotic to a pair of geodesics.
Example 3 Figure 3 shows the null Lie quadratic V : [0,26] — E3 with V(0), V1 (0) taken as

32734 0.6697 —5.1300 ] , [ -02320 —0.0035 0.3427 ]

where T means transpose. The Lie quadratic starts in the lower right, spiralling outwards along
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an azis pointing upwards and to the left. Around V(14) the curve spirals inwards along the other

axis, which points to the left and slightly downwards.

Figure 3. Null Lie quadratic V' in E®, showing V(0),V(14.3),V(26), and axes.

Figure J shows the curve x in S% of first columns of x :[0,26] — SO(3) associated with

the null Lie quadratic V.



Figure 4. @1 : [0,26] — S?, x1(0), z,(14.3), x1(26).

x1  spirals downwards from a closed curve in the upper left, switches, then spirals upwards
towards a closed curve in the lower right (note the change in sense of spiralling). The limiting
curves are projections of geodesics in SO(3), namely circles in S*. Self-symmetry of x is not
evident on casual inspection.

O

In addition to references already cited, for further background on null Lie quadratics, Riemannian
cubics, variational problems, reduction to Lie quadratics, generalizations and alternatives see [6],
[30], [15], [16], [34], [35], [36], [10], [20], [8], [9], [11], [13] and [2]. For engineering applications see

[19], [4], [29], [5], (3], 132], [33].



For the larger class of non-null Lie quadratics V' we note that if A € SO(3) then t — AV(¢) is
a non-null Lie quadratic with constant AC, if ¢y € R then ¢ +— V(¢ —ty) is a non-null Lie
quadratic with constant C, and if 0# a; € R then ¢+ a1V (a1t) is a non-null Lie quadratic
with constant a3C. So after a rotation, change of origin, and change of scale a non-null Lie

quadratic V : R — E? can be made to satisfy

The geometry of Lie quadratics is much more complicated in the non-null case.

T T
Example 4 Taking V(0) = [ 1.0 20 20|, V() = [-10 10 10|, and C =

T
—[04 05 075 ], we find
b=8.80000, c=204742, d=64.34, & =37.5669, &, =91.1131.

Numerical simulation with Mathematica’s default 16 significant figures working precision gives
Figure 5 for 'V :[—45,30] — E3. The curve appears to spiral backwards and forwards along rays

through the origin.

10



Figure 5. V : [—45,30] — E® computed with 16 significant figures in Example 4.

From this point onwards the results are new, emphasising the squared-norm function F of a
Lie quadratic V. There are 7 theorems, all central to the paper. These emphasise asymptotic

properties of V', through a detailed analysis of F' and its relationship to the constants b, ¢, d, d.

e Lie quadratics in E® (whether null or not) extend to Lie quadratics defined on the whole

of R (Corollary 5), as do Riemannian cubics (Theorem 2), and can be sensitive to initial

11



data (Example 5)

F satisfy various differential inequalities and differential equations (Theorem 1)

F' satisfies a nonlinear third-order differential equation (11) from which follow further

inequalities (Corollaries 1, 2), and a second order equation (14) for G = (FW))?

when b <0 F is strictly convex, with F(¢) increasing as t* for ¢ — 400 (Theorem 3)

for >0 V can be periodic (Example 6) and sometimes F' is multimodal (Example 5)

for >0 V is often unbounded (Theorem 5) and then F(t) increases as t* or t*

for b >0 there are relationships between critical values of F' (Theorem 5, Example 9)

when V' is unbounded the angular part U(t) of V(t) converges to a limit a4 (V) as

t — +00 (Theorem 6) with ax =< C,ax(V) > > 0 (Corollary 9)

when V' is unbounded F(t) = O(#*) as t — oo if and only if ay =0 (Theorem 7)

the asymptotic directions a. (V) may be difficult to determine (Example 11).

Properties of F, as well as being of interest in their own right, are the key to the rest of our
analysis. Whereas in the null case F' is a quadratic polynomial, the possibilities when V' is non-
null are more various and take a little longer to unfold, starting with some differential equations

and inequalities.
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3 Differential Equations and Inequalities

Let V : S — E3 be a Lie quadratic defined on an open interval S, with constant vector
C, F:S —[0,00), and associated constants b,c,d,d; as defined in §2. I thank a referee for

pointing out an error in Corollary 3 below, and for advice that, after submission of the present

paper, a result similar to the following theorem appeared independently in [1].

Theorem 1 F > 0, F@ +bp = 3|VI|2 > 0,

6. < (F®4+b)F — i(F(l))z =d - FY <4, and (10)

ARF(FON2 — 48FW(F® — 2b)F®) 1 64b° + 48d% — 96bdF + 48b*F? 4 72d(FM)? — 726 F (FW))?

+27(FWYt — 96dFF® + 96bF*F® — 72F(FW)2F@) — 48p(F@)? 4 48F*(F?)? +16(F®)?

—576d||C||* + 1728||C||* = o. (11)
Proof: Eliminating < C,V > between (7), (8), [[VW|* = L(F® +1b). By (9), (5),
[VOPRF — <VO V2 4+ 2<C, VO XV > + |C|? = ¢. Then

L pe Lpaye 1) 2
Differentiating (7) twice, and by (5), F® = 6 < C, V1 x V 4+ C > and consequently
1
<O VO XV > = 6F<4> — |IC”. (12)

13



For (10), it remains to prove §_ < d—F® < §,: by (7), |[FY| = 6| < C,V? > | < 6|C| /e
So

5. = 3(IC = v < d—F® < 3(|C|+ve? = o,

and this proves (10). Now FW = 6<C,C> + 6<C, VM xV > by (5), and then

F@
(=~ — I = ICIPAVOIPIVIE= < VD,V >2) = < CV > V- <V > V]? =

F@ 1 F(l))2

2 2 3 2 3
3 e F()—26>2(F()+b _ FW® F()—Qb)FUF(l)'

eI - ) - (PR ()

Eliminating F® with (10) gives (11).

O

Corollary 1 64b°F + 48d*F — 96bdF? + 48b*F° — 48v*(FW)2 4 72dF(FW)2 — 722 (F ()2
+2TF(FWYA—96d F2F ) 1960 F3 F ) 4-480( FW )2 F@) 72 F2(FW)2 F2) _48hF(F?))2 448 3 (F(2))?

—12(FM)2(F@)2 4 16 F(F®)3 — 576d||C||*F + 1728||C||*F < 0.

Proof: Equation (11) is quadratic in F®), with discriminant —192 times the left hand side.

O

Corollary 2 At a critical point ty of F where F(ty) >0,

(F@Y3 — 3p(F@)? 4 3(d—bF — FF®)* — 108]|C|%c + 4b* < 0.

Proof: Set F(U =0 in Corollary 1 and divide both sides by 16F.

O
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Writing G = (FM)? for FU #£0,

1dG N Te. | $G 146G PG
@ — F® — Zqgl/2 F4 — g = -
S dF’ SRATL 2Cam T 1arare

where € is the sign of F®). Then, from (10), (11),

Corollary 3 In any open interval where F®) 0,

3G dG d*G dG
2O aa a”& aG _ _
2G 13 + IF dE? + 2FdF 3G + 4bF — 4d 0, and (13)
A2G dG 2G dG 4 dG ) da ,dG
12—dF2 (40G — GOTF + FGﬁ) + Q(OTF) — 12d—F(4F — 4bF* + bd—F +3FG - F d—F) +

9G(8d — 8bF + 3G) + 48bF(bF —2d) + 16(4b° + 3d* — 36d||C||*> + 108||C||*) = 0. (14)

Despite extreme sensitivity of solutions of (5) to numerical measurements, the evidence suggests

these inequalities are sharp.

Example 5 In Fxample 4, numerical simulation with 16 significant figures working precision gives
Figure 5 for V :[—45,30] — E3. Figure 6, using 25 significant figures (our default from now

on), is noticeably different, although the two figures share some similarities in general appearance.

15



Figure 6. V : [—45,30] — E* computed with 25 significant figures in Example 5.

In particular, both Figures 5, 6 suggest F is multimodal. The graph of F|[—45,30] in Figure
7 shows more detail: 8 points of local minimum and 7 of local maximum. In Figure 6, the curve
starts from around the right of the front panel, spirals outwards then, after sporadic spiralling in

the middle range, spirals outwards to the panel on the left.

16
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Figure 7. F'in Example 5.

In Figure 8 d — F“ s plotted together with the horizontal lines through §+. F“ appears is

highly oscillatory, and the inequalities in (10) seem sharp.

17



].CID:

-4 - 30 —-20 -10 - 10 20 30
Figure 8. d — F and 6. in Example 5.

Corollary 1 is also sharp, as illustrated by the plot in Figure 9 of the left hand side of the

inequality.

Figure 9. Corollary 1 in Example 5.

18



However, for a null Lie quadratic F is a quadratic polynomial [27].

Another basic fact is the extendibility of Riemannian cubics and Lie quadratics from intervals

S to the whole of R. The following inequality is needed for the proof in §4.

Corollary 4 Giventy € S, there are constants kg, kg > 0 depending only on 'V (ty), VI (ty), V@ (t4)
such that, for all t €S9,

V@I IVOOI? < wit* + g,

Proof: For t € S, |FW(#) < 6||Clly/e.  So when t > to, |[FO®)| < |[FO(t)] +
6/|C|l\/c(t —to). Then |[FA(#)] < ko+ ki(t —to) + kot — t9)> where ko, ki, ks depend
only on V(t), VW (ty), VP (ty), and so on: F(t) is bounded by a quartic in ¢, at least for
t > tp, and a similar argument applies for ¢ < t5. So ||V is bounded by a quadratic. Because
F® is bounded by a quadratic so is ||V ®V]2.

(]

4 Extending Riemannian Cubics and Lie Quadratics

We prove an extendibility result for Riemannian cubics in SO(3), then use it to prove ex-
tendibility for Lie quadratics in E®. T thank a referee for advice that [7] also contains results on

extendibility of cubics.
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Lemma 1 For some § > 0, given ty € R, 79 € SO(3), and v; € TSO(3),, with ||B~ (x5 v)| <1

for 0 <i <2, there is a unique Riemannian cubic x : (tg — 0,19 + 0) — SO(3) satisfying

z(to) = xo, V(o) = vy, VaarW|, =v1, and Vi/dt:v(l)\to = vy. (15)
Proof: Picard’s Theorem on local unique solvability of ordinary differential equations almost
asserts this, but with § depending on zg, v, v1,vs. However SO(3) is compact. Restricting

Vg, U1, U9 also to lie in a compact set permits a uniform choice of §.

O

Lemma 2 For § as in Lemma 1, given ty € R, xy € SO(3), and v; € TSO(3),, for 0 <i < 2,
if A > 1+ max; ||v;|| then there is a unique Riemannian cubic x : (to — /A, to + d/A) — SO(3)

satisfying (15).

Proof: Using Lemma 1, let & : (ty — d,to + §) — SO(3) be the Riemannian cubic satisfying

#(to) = mo, #W(to) =v0/N, VaadW]s, = v1/X°, and V7420, = va/N°.

Then set x(t) = &(to + A(t — to))-

O

Theorem 2 Given ty € R, xzy € SO(3), and wvg,vi,v3 € TSO(3)s,, there is a unique

Riemannian cubic x:R — SO(3) satisfying (15).

20



Proof: By Lemma 1, for some § > 0 there is a (Riemannian) cubic Z : (tg — d,tg +0) —
SO(3) satisfying (15). If Z is not extendible to a cubic on (ty — 0,00), let 7 be the set of

real numbers T for which # extends to a cubic on (ty —d,T]. Set T =sup7 and
A= (RT*+ K5+ 17+ |[VO(to)| + L.

Choose T €T with T>T— 2 and ¢ asin Lemma 1. By (9) and Corollary 4, the Lie

quadratic V' associated with a cubic extension x : (ty — 0, 7| — SO(3) of & satisfies

VO < w3t° +rg VOO < (r3t2+s3, [VEQ = [V ()], for te (to—0.T),

where kg, ke depend only on Z. By [27] Lemma 2,

IB 7 z(6) W) = (V) < A1,
B (2(t) ' Vyaz)| = VOO < A-1,
_ _ 1 1
|B7H () Vaua ™) = IVI@ + V) x VOO < [VE)ll + (5367 + 50)"* < A= 1.

— %, T) extends to a cubic defined

Applying Lemma 2, with T=T- % in place of tg, x|(T
on (T — g, T+ 39). So =z, and therefore #, extends to a Riemannian cubic on (to — 0, T+ 2,
namely 7T + % € 7T, contradicting T = sup7Z. So & is right extendible after all. Left

extendibility is proved similarly. Uniqueness follows from Picard’s local uniqueness.

O
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Corollary 5 Given C € E3, ty € R and wo,w; € E®, there is a unique Lie quadratic

ViR — E* with constant C, satisfying

V(tg) = Wo and V(l)(to) = Wq.

Proof: Set wy, = w; x wo+C, 9 = 1, v9 =B lwy, vi = B lwy, vo = B lw,, apply
Theorem 2, and let V' be the Lie quadratic associated with the Riemannian cubic z : R — SO(3).

O

So there is no loss in restricting attention to Lie quadratics in E® defined on the whole of R. We

may then ask about rates of growth of V'(t), or equivalently of F(t), as t — +oo.

5 Rates of Growth I

By Theorem 1, for a Lie quadratic, V : R — E3,

FO 4 (FO 4 pF = S(FW2 44, where d > 0. (16)

3
4
When d =0 V isnull of the form V(¢t) = (t—ty)3, where t; € R and 8 € E*. For
d >0, F givenby F(t) = d"/3F(d"/5t) satisfies (16) with b replaced by d~2/3b and d by 1. So

there would be no real loss of generality in taking d = 1, but we continue with only the assumption

VO @2
$2

d > 0. By Corollary 4, limsupt_,iooy < oo and limsup, . < o00. Sharper

results follow from Theorem 1:

Corollary 6 We have max{0,—2} < liminftﬂiooy and limsupt_,ioo%f) < HCL‘\/E.
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Proof: Because F?(t) > —b, FW(t)—FW(ty) > —b(t—ty) forany t >ty € R. Integrating
again,

F(t) > F(to) + (0 FO(t0) — ot — 1) a7)
For t <ty, FO@)— FM(t)) < —b(t—ty), and again (17) holds on second integration.

Similarly, because

F(t
FY(t) < d—6_=6[C|ve, wehave limsup t(4) < ||CL|\/E
t—=o0

Corollary 7 Let ty be a point of local minimum of F. Then bF(ty) < 0,.
1. If F(t)) =0 then 6_ =0.

2. If to is a degenerate critical point then bF(ty) > o_.

Proof: By (10), 6_ < (F®(t) +b)F(ty) < 6,, where F®(t;) > 0.

(Il

By Theorem 1, for FF # 0, we have 26_F~%2 < 20F 324 4 (F~32@G) < 26,F~5/? and,
integrating over [F'(t;), F(t5)] where F(") >0 on [t,ts],

[
3

s,

(" =1) < F(t)p(p!? — 1)+ C(ta) — p*Gl1) < (02~ 1), (18)

where p = F(ty)/F(t1) > 1.
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Theorem 3 Suppose b < 0. Then F s convex. If b<0 or 6_ >0 then F is strictly

conver and liminft_,ioo% > 0.

Proof: By Theorem 1, F® +b > 0, and F is convex because b < 0. Similarly, if b < 0 then
F is strictly convex. For <0 and 0_ >0, (F@+b)F > §_+3(FW)2 > 0 by (10), and
again F' is strictly convex.

Because [ is strictly convex, it is unbounded, has a point ¢y of global minimum, and ¢y is the

only critical point. Take [ti,ts] C (tg,00) in (18), let t; — t{, and write to = ¢:

Glt) = A =D ~bE () + 5+

3 3)'

Given 0 < e < 1, choose t3 > tq so large that p > €2 for all t > t5. Then p'/2—1 > (1—¢)p'/?, and

FO@) = JG@t) > vp**,  where 7= 2\/(1 - 6)((;_ — bF(to)).

So F(t)™/*9E > yF(t5)™** and, integrating again, F(t)"/* — F(t3)'/* > 4yF(to)(t — to), so
that liminf, % > . Nowif F(t)) =0 we have V(ty) = VM (t;) = 0, and the unique
solution of (5) satisfying these conditions is V(t) = 3(t — t9)?C, for which b = 0. So either
F(to) >0 or b =0, and either b >0 or 6_ > 0 by hypothesis. So in any case we have

v > 0, completing the proof for ¢ — oco. For t — —oo consider the Lie quadratic s +— —V(—s).

O
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6 Polynomial Solutions for F'

Comparing Corollary 6 and Theorem 3, if bJ_ < 0 then F(t) = O(t*) but F(t) # O(t*). On

the other hand, F'is sometimes bounded when b > 0.
Example 6 Given ag,co,to € R, A€ SO(3), define a Lie quadratic
V(t) = agA(—co,cosagcy(t — tg),sinagco(t — tp)). (19)
Then C = ajcoA(1,0,0), F is constant with value aZ(1+ c3),
b=3ayc;, c=apcy, d=3aici(1+c]) and i =3aici(1l+Ecy)?
If agcy =0 then V' is constant. Otherwise V is periodic and non-null (the only bounded null

Lie quadratics in E® are constants).

Conversely, let 'V be any Lie quadratic in E3 with F constant. If C =0 then b=0 by
(7) and then |[VWV| =0 by (8), namely V is constant. If C # 0 then, after rotation in E®
and time dilation, we can suppose C = (1,0,0), so that the first component Vi of V is —cy. By

(5), the other components satisfy
‘/2(2) _ —Co‘/g(l), %(2) _ CQVQ(l),

giving Vi = cosco(t — tg), V3 = sincg(t — tg) for some tog € R. So, in any case where F is
constant, V  has the form (19) after rotation and dilation.

O
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Example 7 For b>0, ¢>0, A€ SO(3) and to €R, let V be the null quadratic for which

Vite) = A 0,0), VO(ty) = A(0,Vb,0).

Then F(t) =b(t —tg)*+c, and d =06, =d_ = 3c. Alternatively, F is also realised by the
affine Lie quadratic

t = —AWVb(t — 1), /¢, 0),

which is non-null for ¢ > 0.

O

Example 8 Forayg >0, ¢ € R, A€ SO3) and ty €R, set

V(t) = (ao(t - t0)2 + Co)A(l, 07 0)

Then V is a Lie quadratic in E3 with C = 2a¢pA(1,0,0), F(t) = (ao(t —t9)* + co)?,

b= —4dagcy, c=4aj, d=24aj, &, =48a; and & =0.

In particular, Examples 6, 7 and 8 give constant, quadratic and quartic solutions of (16) with
F>0, F9 4+b>0 and d> 0. There are no other examples: all polynomial solutions of (16)
have the form

ag(t —tg)> +co  or  (bo(t —to)® +dy)?,  where (20)
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e ap=>b and 3bcy=d, or ay=0 and bcy = —d,
o 24b2=d and 4bydy = —b, or by=0 and bdi=d.

When b < 0 the solution F(t) = b(t — t5)* + d/(3b) of (16) satisfies neither F > 0 nor
F®) +p>0. In Examples 6, 7, 8, tis a point of global minimum of F. In Example 6, and in

Example 8 when cg =0, ¢ty is degenerate.

Theorem 4 Unless V' is one of the periodic Lie quadratics in Example 6,

1. the critical points of F are isolated, and
2. if F(tg) >0 and FM(tg) = FO(ty) =0 then F(t) = (ag(t—to)*+co)® where ag,co € R,

3. if to is a degenerate critical point of F either F®(to) #£0 or F(t) = L(t —ty).

Proof: For 2., F(ty), F®(ty) determine F uniquely as a solution of (16), and all (F(ty), F®(ty)) €
(0,00) X R are realised in Example 8. For 3., F is determined by F(ty) > 0. Positive values
are realised by taking F constant, and 0 is achieved in Example 8 by setting ¢y = 0. If
F' is constant V' appears in Example 6. For 1., if F' is nonconstant a critical point then, by
3., to satisfies F(ty) #0 for some i=2,3,4. So t, is isolated.

]

Corollary 8 If F is nonconstant its points of local mazimum are nondegenerate.

O
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7 Rates of Growth II: b >0

Theorem 5 Suppose b> 0. If to is a point of local maximum of F', then §_ < bF(to). If

to 1s a point of local minimum of F then bF(ty) < d., and

1. if F|(to,00) has no critical points and is unbounded, then 3bF(ty) < 64, and either

lim F()

t—oo {2

F(t) 0.

= b or liminf —= >
t—o00 14

2. if Fl|(—o00,ty) has no critical points and is unbounded, then 3bF(ty) < &y, and either

lim F(t) = b or liminf Ft(t) > 0.

t——o00 t2 t——o00 4

3. if 3bF(ty) < 0_ and 0_ > 0, then to is the only critical point of F, is nondegener-

ate, and F is unbounded on [0,00) and on (—o0,0].

4. if 3bF(ty) < 0_ then

hminf@ > 0.
t4

t—=o0
5. for 0_ >0, let t; be another critical point of F', where F has no critical points between

to,t1. Then 3bF(ty) > - and

IF ()2 + \JApF (to)2 — 32F (ty) 5
F(t)) > ( 2F{to) — 1) )° where p = 3 (21)
If also 3bF(to) > o4 then
1F (tg)'/% + \/4MF(750)2 — 3p*F (to) Oy
F(ty) < ( 2(Flte) = 1) )* where p = 3 (22)
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Proof: For t, a critical point of F, 6_ < (F®(ty)+b)F(ty) < 64, by (10). If ty is a point of
local maximum then F®(ty) < 0 and therefore §_ < (F®(t)4+b)F(ty) < bF(ty). Similarly,
if t, is a point of local minimum F®(t,) > 0 and bF(t;) < 0.. For 1., by (18), with

[tl, tg] C (to, OO)7

PRADE () — G(1) ~ O5) — bF(n)p < ~(Glt) + 7). (23)
p3/2(4bF(t1) - G(t) — 4(;—) —4bF (t1)p > —(G(t2) + 453_) (24)

By hypothesis, limsup,, ,,, p = co. By (23), and because G(t2) + 457* > 0,
40,
4bF(t) — G(t) < 3 for all ¢ >ty. So3bF(ty) < 6.

By (24) if, for any ¢, > to, k(t;) = 4bF(t1) — G(t1) — % < 0, then for all ¢ > ¢,

G(t) > —k(t1)p*? + 4bF(t)p — 42, where p = F(t)/F(t1).

Then, as in the proof of Theorem 3, liminf; % > 0. Alternatively if k(t) > 0 for all

t >ty, then G(t) < 4bF(t) and 0< FO(t) < 2VbF(t)/2. So

0 < F(t) < (F(to)"* + Vb(t — t))?,

E(t)

and limsup, ., =5 < 0. When b =0 this proves /., and when b > (0 we argue as follows.

By (23), since p is unbounded, G(t) > 4bF(t) — 457*, for all ¢ > t;. Eventually the right

hand side is positive, when t =1t; say, and

FU(t) > 2(bF —0,)"%,
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for all ¢ >t;. Integrating, (bF(t)—8,)"? > b(t—t)+ (bF(t;) — 84)"2, which completes the
proof of 1.

Now 2. follows by applying 1. to the Lie quadratic W where W(s) = =V (2ty — s). The
parameters b, ¢, d, ). are the same for W, and C' is replaced by —C.

For 3. F(to) #0 and ty is nondegenerate, by Corollary 7. Taking t; — t§ in (24),

G1) > S0 (5.~ 30F(t))p+ 6.9 +6.) > S(p— D)o, (25)

where p(t) = F(t)/F(ty). Inparticular FM(t) #0 fort € (to,t;] and, since ¢, is a point of local
minimum of F, F® is positive on (ty,#1]. So F|(ty,t1] is increasing, and F(t;)F(t;) > 0 So
F(t)FM(t) > 0 for all t > t, and (25) still holds. Since F is strictly increasing on (tg, 00), so is
p. Also

PO > 2 (=10 = 2% (ppon -1

F(#)

Then integration gives liminf; . —

> 0, and 3. follows by applying this to W in place of
V.

For 4., given A € (0,1), choose p so large (and ¢ accordingly) so that (25) gives

4(5_ — 3bF (L))
3

4(5_ — 3bF (L))
3

p(t)3AFEW (1) > )\\/ namely F(t)34FW(t) > )\\/ F(t)~3/4.

Integration then proves 4. for t — oo, and applying this to W proves the rest of 4..

For 5., bF(ty) >0 by .. Also (18) gives d_(p+pY2+1) < 3bF(t;) < dy(p+pY?+1), where
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p=F(t)/F(ty). Writing f; = F(t;)"/2,

L= f3) + filpfo) + uf <0, (26)

where ,u:‘;—; and p— f& < 0 by 3. So either

< o — JAufd — 323 o f s o+ \JAufd — 323
1 = .

2(f3 — n) b e 2(f3 — n)

Now (ufo)? — (dufs —3pf2) = 4ufi(n— f2) < 0 and, since f; >0, this proves (21). Taking
po= %, the direction of the inequality in (26) reverses. When also 3bF(ty) > 0, namely

p— f& < 0, (22) follows in similar fashion to (21).

O

Notice that when 3bF(ty) < 20—, (21)in 5. of Theorem 5 is stronger than F(ty) < F(t1).

Example 9 Figure 10 plots F' in Evample 5, with horizontal lines of heights 5. As in, Theorem

5, Fl(ty) < % for every point to of local minimum of F. Also notice that F(ty) < % only
for the first and last observed points ty of local minimum. Even if we only know F|[—20,20], it

follows from Part 1 of Theorem 5 that the restriction of F to each of (—o0, —20) and (20,00) is

either bounded or has a point of local minimum.
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Figure 10. F' in Examples 5, 9.

Under fairly general conditions F'(t) grows faster than linearly and V' can be shown to possess
azes, generalising a result for null Lie quadratics. The axes of a non-null Lie quadratic V' have

non-negative components in the direction of the constant vector C.

8 Superlinearity

Whether b >0 or not, for V(t)#£0 write U(t) = w- Then UL = ZS)Q - FS;U

Lemma 3 [[U0)]| = MYFU/E o jolve

. D2 _ AFIVOIR—(FM)2  FE@4p)-2(FM)?2 g p@) 5y
Proof: |[UW]|? = P2 = 32 = S S 3

by Theorem 1.

O
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Definition 1 For o = +, F s said to be o-superlinear when, for some € > 0, we have

0 < liminftﬁaooﬁﬁl% < 0.

(I
In Example 6, V is not superlinear. In general,
e if F' issuperlinear then € <3, by Corollary 6.
e if b <0 then F is +-superlinear with ¢ =3, by Theorem 3.

e for b>0, if F(t) is unbounded for ot > 0, with finitely many critical points ¢; satisfying

ot; >0, then F' is o-superlinear with € either 1 or 3, by Theorem 5.
e if V' is null and nonconstant then F' is £-superlinear with e = 1.

Definition 2 Let 0 =+, peR and h:R — R be given. A function g:R — R is said to

be Oy(h) when limsuptﬂgoo% < 00.

—

O

Theorem 6 If F is o-superlinear then o,(V)=lm; .00 U(t) exists, and

Ut) = as(V) + 05 (]t ).

Proof: For r < s,

1U(s) — U@ < /:HU(”(t)H dt < /:Wdt'
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For o =+, the right hand side is bounded above by k(r=¢—s7¢) for some constant k > 0, at
least for r sufficiently large. So {U(j) : j > 1} C S? is Cauchy, therefore convergent, then
limg .o, U(s) exists, in the limit as s — oo ||a (V) = U(r)|| < kr~¢, and similarly for o = —.

O

Example 10 Let V be a null Lie quadratic V. with b=1, ¢ >0, and F(t) =c+1t>. Set

() = Jy I;{E) dt = %arctané and Wy(r) = U(t) = (c + ?)"Y2V(t). Differentiating with
respect to T, set Wi(1) = Wi(r) = ¢ V?((c + )2V — tlc +t2)7V2V), and Ws(T) =

Wi(r) x Wa(r). Then W=[Wy Wy Wi |e€SO@), and

0 —1 ¢ sec’(y/cT)
W'(r) = 1 0 0 Wi(r),
—c sec(y/er) 0 0

where T € (—7m/(2v/¢),7/(24/c)). So U and therefore V  can be found by solving the third

order homogeneous linear differential equation with variable coefficients
3 d " 3 2 1
cos’(Ver) ——((y"(7) +y(7)) cos’(Ver)) + ¢y (7) = 0,

for y: (=m/(2v/c),7/(2V/c) = R.

O

Theorem 7 Let F  be o-superlinear. Then

f(t) _ Qo —1
Bl =% 4 o),

where f=FY? and a, =< C,a,(V) >.

34



Proof: Suppose o = +. By (5), fU® +2fWy) + fAy = UM x U + C, and, since

|IU|l =1, taking inner products of both sides with U gives

5 :
0< fP—<CcU> = f<UWUD> < 3—; = O (t730F9/2),

by Lemma 3 and because F is +-superlinear. Then f®(t) = a, + O, (t™), by Theorem 6.

Integrating, for large ¢y < t,

fU®) = ar(t—to) + fD(te) + OL(Ki(t) — Ki(t)),

where Ki(t) is Int or t'7¢/(1 —¢), according as € =1 or not. Integrating again,

ity = I 1) 00) 4 f0) + 0L (D) — (£~ t) K ().

where Ky(t) = tlnt—tolntg—t+ty, to'—t71 or (2—t27)/((1—¢€)(2—¢)), according
as € is 1, 2 or neither. In any case, % =% +0,(t™"). For 0 =— apply what has already
been proved to the Lie quadratic W given by W(s) = —V(—s), noting that W has constant

—C and ap (W) =—a_(V).

]

Corollary 9 Let F' be o-superlinear. Then < C,a, > > 0, and either

ec=1, <C,a,> =0, and b>0, or

e c=3, or
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e <(C.a,> =0, b>0, and F has critical points ty with oty arbitrarily large.

Proof: If a; > 0 then € =3, by Theorem 7. Alternatively, if a, =0 then b > 0 by
Theorem 3. Then, by Theorem 5, either ¢ =1 or F' has critical points t, with oty arbitrarily
large.

O

Unlike the null case, where convergence to axes is more or less steady, unbounded non-null Lie
quadratics in F® may explore numerous possibilities before settling on an asymptotic direction,

at least when b > 0.

Example 11 In Example 5, < C,U(—45) > = —0.03255 and < C,U(30) > = 0.2915. So,
by Corollary 9, U(—45) is far from a_(V'), which is not apparent from Figures 6, 7. Solving (5)
numerically for V' over the larger domain [—240,30], U :[—240,30] — S? s shown in Figure
11, together with the line segment from (0,0,0) to C and labels when t = —240, —45, 30. We find

< C,U(-240) > = 0.62375, and Corollary 9 permits a_(V)~ U(—240), o (V)= U(30).
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Figure 11. U in Examples 5, 11.

O
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