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Summary

It is known that observations of a real-valued random variable defined over a smooth manifold
M can be used to make inferences about M, at least when M is a curve or surface. We refine
and extend the underlying asymptotic results and remowve the condition dim M < 2. New examples
of nonsmoothness in marginals are described in detail for dim M = 3,4, and methods are given

for calculations in general.

1 Introduction

1 First we review the problem of making inferences about a random variable from observations
of marginal distributions. The problem is not easy, indeed not even well-posed, without some
simplifying assumptions. Depending on the assumptions, there are well-established mathematical

subjects dealing with this kind of task.
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For p a countably additive measure on a measure space M, the marginal measure py with

respect to a measurable function f: M — V is given by

where V is another measure space, and B is measurable in V. We are particularly interested
in cases where V is R with Borel measurable sets. It is well-known that g is usually not

determined by marginals of finitely many f; : M — R, even when M and the f; are given.

Example 1 Let M be Euclidean m-space E™, with the sigma algebra of Borel subsets, and
i a signed measure given by a rapidly decreasing (Narasimhan, 1968) density ¢ : E™ — R, namely
w(A) = [4¥(z)dz for any A€ S. If f:E™ — V is the restriction of orthogonal projection

onto a proper vector subspace 'V of E™, uy has density 1y where
Dv(y) = / W(z) dz
1)
Defining the Fourier transform @@ E™ —C of Y by

(&) = (277)_7”/2 /]Em e_i<§’$>1j}(a:) dx

the Fourier transform of 1y is proportional to the restriction of 12) to V. So marginals of
w o with respect to fi1, fa,..., fx, corresponding to proper subspaces Vi, Vo, ..., Vi, can be found
from the restriction of 1& to U;“':le. Perturbing 1[1 to another rapidly decreasing function with
the same values on U?ZIVJ gives another density with the same marginals. However 1) can be
found from the set of all marginals of projections onto lines, by inversion of the Radon transform
(Gelfand et al. , 2003). In geometric tomography 1 is the characteristic function of a bounded
open subset N of E™, and N cannot in general be determined from finitely many marginals
with respect to projections on lines, even when N is known to be a bounded convex subset of the
FEuclidean plane E?. However most convex bounded planar sets N are determined by marginals
with respect to projections in any two nonparallel directions (Gardner, 1995) Theorem 1.2.17.

O

Example 2 In Example 1 take 1 to be everywhere non-negative and [gm ¢(x) dx = 1. By the
Corollary to Theorem 2 of (Gutmann et al. , 1991), there is a 2-valued density on E™ whose

marginals with respect to f1, fa,... fr are also g, sy, ..., pup,. For related results in probability



and tomography see (Karlin € Studden, 1966), (Kellerer, 1964b), (Kellerer, 1964a), (Shepp &
Kruskal, 1978).
([l

A single marginal can be used to say more about M when pu arises geometrically as follows. Let
M be areal C° oriented m-manifold with a positive never-zero C° integrable m-form

wpyr. Define p by
w(Byr) = / wy >0
By
for Borel-measurable By;. If f: M — R is C* set
Dars(w) = upl(—oo,w) = [ o
fﬁl(_oovw]
Then @7 :R — [0,00) is non-negative, nondecreasing and bounded. We ask

Question 1 given @,y what can be said about M, wy and f?

O

As it stands Question 1 is not well-posed, but we want to make geometrical inferences about
random variables from numerical measurements. With this in mind, some additional hypotheses

should make the task more manageable, but first some additional simple remarks:

limy—oo ®arp(w) = [ wnm.

if ®prp(v) =Py p(w) where v <w then f~(v,w)=0. So

o Pyf(v)=0 < f(M)C[v,00) and @y f(w) = [jwn = f(M) C (—o0,w]
o if v; <w; and Py ¢|(vs,w;) has constant value ¢; for 1 <i<mn, with
0<g <c < ... <c¢p < /wM,
M

then M has at least n+ 1 path-components.

Besides @7, additional information is needed to determine M, wy; and f. As well as

Examples 1, 2, consider



Example 3 Given M, wy and n > 1, write wy = Y 1o qw; where each m-form w; 1is

positively-oriented, never-zero and integrable. Define L as the disjoint union
Mx{1} UMx{2} U ... U Mx{n}

with wy, restricting to w; on M x {i}. Given f:M — R define e: L —R tobe f on each
copy of M. Then ®p .= Py ;.
(I

Example 4 If f is constant with value c then @y p(w) is 0 or [,,wm according as
w<c or w>c. Soallthat can be determined from ®pry is ¢ and [, wn. Nothing can be
said about the number of components of M, its dimension or topological type.

O

Such cases are excluded by requiring M to be path-connected and f mnonconstant.

Example 5 Let 1 be a probability density on R with finite mean p and finite variance
o%. Take M =R™ with

wy = Y(x) Y(xe) ... Y(ay) doy Adze A ..o A dxy,

and define f: M — R by f(x)=>i"xi/m. As m increases, the Central Limit Theorem
says Pprp approximates the cumulative normal distribution with mean p and variance o%/m. So
dim M, wy and f cannot in practice be inferred from @y f.

O

Another simple ambiguity arises as follows. If F : L — M is a diffeomorphism of oriented

Riemannian manifolds satisfying F*wy = wy then ®p rop = ®prp. So

e M, wy and f are knowable at best up to diffeomorphism

M should be path-connected

f should have only isolated (maybe Morse) singularities

e w)s is essentially unknowable except perhaps near critical points of f

information about M may nonetheless be obtainable



There is quite a lot of evidence for this last remark (Noakes, 1992). When dim M =2 &, has
an a.e. C° density ¢y, r; points w* of non-smoothness of ¢, are critical values of f and
the corresponding critical points are classified by asymptotic expressions for ¢,y near w*. So
the Euler characteristic of M is obtained, and then M up to diffeomorphism. For example, a
histogram with two sharp spikes and two cliffs suggests M is a torus (Noakes, 1992). This 2-
dimensional analysis extends to surfaces with boundary (O’Hely & Noakes, 1996), and there are
applications to dynamical systems (Noakes & Mees, 1992). There are statistical algorithms which
use a phenomenon called scalability (Roscoe, 2001) to detect features of ¢pr,r. One might well

ask what remains to be done.

One of the contributions of the present paper is a more careful analysis of ¢y r. Even when
dim M = 2, the normal forms of Theorems 1, 2 are sharper than the asymptotic estimates of
(Noakes, 1992). We also remove the condition dim M < 2 appearing in all prior work and,
in so doing, give normal forms for singularities of ®,;; for any Morse function f. Explicit
calculations are given for all such singularities when m = 3,4 leading to essentially 5 new kinds

of nonsmoothness for marginals (Proposition 5, Examples 10, 11).

Naturally, the nonsmooth features of ¢p; ¢ revealing geometrical properties of M are degraded
by standard methods of density estimation. Geometrical phenomena are also harder to detect
as dim M increases (Proposition 3, Examples 8, 9, 10, 11). A first step towards dealing with
this is the thesis of Roscoe (Roscoe, 2001) where for dim M < 2 scalability of singularities in
marginal densities is noted case-by-case, and exploited to give accurate density estimates. The
present paper proves scalability of ¢s s for a general class of singularities of f, including Morse

singularities, without the condition dim M < 2 (Proposition 4).

The layout is as follows.
e Proposition 1 shows ®,;; has a density ¢, thatis C°° except at critical values of f.
e Proposition 2 relates products and densities by convolution.

e In §3, where M is Euclidean m-space E™, pu restricts to Lebesgue measure on an open
neighbourhood B of 0, and 0 is the only critical point of f, results are proved on

smoothness of ¢p ¢ (Propositions 3, 5) and scalability (Proposition 4).



e In §4 f is a nondegenerate quadratic form on E™ (1 < m < 4) and Propositions 3, 4, 5

are illustrated by graphs of ¢p ;.

e In 85 the study of ¢y y near a point w* of nonsmoothness reduces to the case where
M =FE" w*=0 and wy = ¥dxy Adxo N\ ... Ndx,, where 1) is positive, C* and

integrable.

e Example 7 and Proposition 5 are strengthened to Theorems 1, 2.
2 Densities and Critical Values
Given C* f: M — R, nonempty open B C M and w € R, set
Bty = {zeB : f(x) <w}

Deﬁnlng q)B,f : R - [07 OO) by (vaf(w) = fo w WM

Pogu) + O glw) = [t [ o M
Oprla'w) = Ppap(w) (2)
Ppuc,y +Peroy = Py + Qo (3)

where a >0, and C' C M is also nonempty and open. If a diffeomorphism F : L — M satisfies
F*wpy = wy, then ®p ¢ = Pp-1p for- Denote the set of critical points of f|B by Cp,s C B and

the set of regular values by Rp s C R.
Lemma 1 For Cpy compact, ®p|Rps is C™.

Proof: For w € Rpf, ®pf(w) = ff—l(—oo w] XB WM where the C'°° m-manifold with boundary

f1(—o0,w] depends smoothly on w. Indeed,

1
5 (w) = / = W—1(y) = 0
B,f( ) Brf-1(w) VS S=Hw)

where [|[Vf|| is bounded away from 0 because Cp s is compact.

O



Lemma 2 Let U C B be any open neighbourhood of Cp ¢, where Cpy is compact. Then
(I)B,f — (I)UJ is C°.

Proof: By (3) ®py — ®yy = ®p gy and by Lemmal &g g, is C.
g

Corollary 1 Let Cpjy be compact. Then modulo C° functions ®prp depends only
on the germs of wy  and of f at Cpgy. If f has only finitely many critical values
wi,wa, ... wy then, for any open neighbourhoods U; of wj,

k
Dprp — Z(I)Ujvf : R — [0,00) is C*.
j=1

O

Proposition 1 Let Cpy be compact of measure 0. For some ¢p s € L'(R), ¢B,f|RB,f s
C* and
dp f / OB f dv for all weR.

Proof: Given p € Zy, let U® be an open neighbourhood of Cp,s of measure less than

%. Any w € R is a regular value of f|B — U®, and so

‘I)B U(P)f / d’B U(P)f )

where ¢p_ym) ; Is non-negative and C>®. Without loss U®tY) c U® for every p. Since
¢p_pyw ¢+ R — R increases pointwise with p and [, ¢5 ) p(w) dw < [pw, the pointwise
limit ¢ps of ép_yw s Is integrable ((Halmos, 1950) §27 Theorem B) over every interval

(—oo0,w] and

Jm &gy p(w) = pli)ngo/ Pp_uw f(v) dv = / ¢p,f(v
1
Also (I)B_U(m,f(w) < (I)B,f(w) < ‘I)B_U(m,f(w) + ;

Taking limits [“_ ¢p s(v) dv = ®p f(w). Notice ¢p_yw ¢ is C° and agrees with ¢pf on

R — f(U®). Since Rp is covered by a countable set of open intervals the U®) can be chosen



so that ﬁple(p):CB’f. Then UPZl(R—f(U(p))):RBJ and (ﬁB’f‘RB,f is C.
O

In Proposition 1 ¢p ¢|Rp s is unique and ¢p ¢ € L*(R) is called the density of ®p ; (there is
no density when f is constant). Since the second term on the right hand side of (1) vanishes

when Cp ; has measure 0,
¢Bf(w) = ¢p—f(-w) (4)

Let N be areal C* oriented Riemannian n-manifold with wp integrable, and set wpxny =

wy Awy. Given C®° g: N — R define
fOg:MxN—=R by (fog)be) = f(b)+9g(c)
and the convolution ¢ *1 of ¢,¢ € L'(R) according to the convention
@r0)w) = [ o) bw=v)dv = [ ofw—v) v(v) do
Let C' be a nonempty open subset of N.

Proposition 2 Suppose Cpy and Ccg are compact of measure 0 in M and N respectively.

Then

PBxC fog = DB * OCyg
Proof: (B x C)fagw) = Uyen ({y} x CNg ! (—oo,w— f(y)]). By Fubini’s Theorem,

P w) = / / WN) Wy = / Do (w— wy =
BxC,fog(W) A gt oo (o) N) Wit L 2og(w = f(y) wm
w—f(y) oo 00
/ / dog(v)dv wy = / (qbc,g(v)/ wyr) dv = / bc,g(v) P f(w—v) dv
B J-—o —00 Bnf—H(w—v) —00
([
Corollary 2 Suppose Cpy and Cgg are compact of measure 0 in M and N respec-

tively, that ¢p s is C? and ¢cgy is Cl. Then ¢pxcfag is at least CPTI.
(I



3 Euclidean Singularities

Now we are going to look at singularities of marginal densities and scalability in the special
case where 1 is locally constant. The asymptotic expressions in (Noakes, 1992) follow from the
analysis in such a case where dim M = 2. Our present more general arguments work without the

dimension restriction.

Let M be Euclidean m-space E™, with Euclidean norm || ||, and m-dimensional Lebesgue
measure \,,. For \,-integrable ¢ : E™ — (0,00) identically 1 on some open neighbour-
hood U of 0 containing the open ball B = B™(§) of radius § > 0 and centre 0, set
wy(x) = Y(z) dey ANdxg A ... Adxy,. Then

vl3

™

)\m(Bm((S)) = /{m(sm Whel"e Rm = m

For w € R, and nonsingular linear T : E™ — E™ satisfying T-'B C U, we have
Qpip por(w) = [detT|™™ Op r(w) (5)

Example 6 Take m =1 and f(x) =29 where q € Zy. For w ¢ (=9,09), ¢(_ss),f(w) =
0. For q even and w € (—6,0), ¢_s5),¢(w) =0. For q even and w € (0,67), @_;4) (w) =
2wi. For q odd and w € (—09,67), @54 ;(w) = we +9d. For q>2, ¢s55),5 s unbounded
in any neighbourhood of 0.

O

Example 7 For m > 1 let f(z) = ||z|2,. Then ®ps(w) = /@mw_? where wi =
max{w,0}. So ¢py is CclZ1=1 By Lemma 2 this holds even if B is not contained in
U. Define g:E" —R by g(z) = —|z|2. Then ¢cy is ClEI=Y for an open neighbourhood
C of 0 mm E". By Corollary 2 ¢pxc,feg 1S clzHlzl=2, By Lemma 2 ¢p spg 15 also
ClEHEI2 where D is an open neighbourhood of 0 in E™T" = E™ x E?,

O

Proposition 3 Let f:E™ — R be a nondegenerate quadratic form of index 0 <n <m, where

f(0)=0. Then ¢p(w) has at least ["5™] + 5] —2 and at most [F] continuous derivatives

at w=0.



Proof: By (5) and Lemma 2 there is no loss of generality in supposing f is represented by a
diagonal matrix with entries +1 with respect to the standard basis of E™. Then the lower bound
on numbers of derivatives follows from Example 7. For the upper bound, consider first the case
where m =1 and n =0, namely f(z)= 22, Example 7 also deals with this simple situation,

but a closer look will be useful:

Let k:R — [0,00) be C%°, identically 1 on [—§,6], and with support in [—24,20]. The
Fourier transform of ¢* = k¢ (_ss) s is given by
~ § , 25 .
Vor P (&) = / 1:_1/26_”55613/ + / ¢*(m)6_“5dy.
0 6
For £ > 0, on substituting v = v/x£ and integration by parts, the right hand side is

1 \/% 2 i 2 / i
2672 /0 e dv + i15<¢*(5>e“5 + /5 ¢ (x)e™ ¢ dz) =

1 1 1. 26 , . o1 1
2672 \/j(l—i) + E(é_ie_lf + /5 o (x)e g dr) = 2 \/Z(l—l)ﬁ 2 + O(g)
as & — oo. Arguing similarly, as & — —oo,
Vam ok dsgyp = 167(€)] = €72 + O(E[™)  as [¢] — oo (6)

By (4), (6) is unaltered when f is replaced by —f.

In general, by Proposition 2, ¢pf = ¢1 % ¢2 % ... x ¢, where ¢; = d_s54) 44 and g(x) =

m =
2

+22. Setting (Z_SE)\(Z)(_&(;)m,f with A =&™, we have (27)2¢ =

m

~ ~ _ ~ ~ ~ m—1 _ _m _
)\*(ﬁ(,ig’(;)m’f = H*/i*...*/i*(f)(,(;’(;)m,f = (27’[’) 2 ’€| 2+ O(|§’ 2 1)

by (6). So )\QS(_é’é)m’f:Q_s has at most [%] continuous derivatives. Write

P=soym,f = Ap(—ssymp + (1= N)p_s5m ¢

By Lemma 1, ¢(_sg5m s is C° except at w =0. Since A[(—d,0) isidentically 1, ¢_ss5m ¢ is
at most Cl2]. So ¢p,r is at most clzl, by Lemma 2.
(I

10



Definition 1 A function ® :R — R is scalable of order o at ¢ €R when, for any a > 0,
Plaw+ (1 —a)e) — a’P(w)

is C* in weR.

d

If & is C" and scalable of order ¢ at ¢, then r <o and ®() is scalable of order o —r at
c. Scalability is used in algorithms of (Roscoe, 2001) for detection of geometrical features: singular
histograms are identified up to smooth local changes of coordinates, by calculating covariances of
observed and ideal marginal distributions. Scalability permits the use of one ideal marginal at any

convenient scale, for each kind of singularity being investigated.

Lemma 3 Let f:E™ — R and g:E" — R have 0 as the only critical point. If ¢p s 1is
scalable of order o at ¢ = f(0), and ¢cq4 is scalable of order p at d = g(0), then ¢pxc, foq S
scalable of order o+ pu+1 at c+d.

Proof: By Proposition 2, ¢pxc, ey = ¢B,f * ¢cg- Sofor a>0,

b ssglaw+ (L =a)e+d) = [ 65,(0) doylaw+ (1= a)e+d)—v) dv =

@ [ 6 slaut(1-a)e) dog(atw—u)+(1-a)d) du = a [ (@76p s(u)+65(w) (@b (w—u)+bo(w—u)) du
where ¥p and 1o are C°. The right hand side is

a” g g dog)(w) + s * dog)w) + a” T opy * Yo)(w) + alvp * Po)(w)

where the last three terms are C*° in w.

O

Lemma 4 If f :E™ — R 1is positively homogeneous of degree q > 0, ®p s 1is scalable of

order % at 0.

Proof: By homogeneity, = € B™(§) N f~!(—oo,w] when, for any a > 1,

giz € Bm(aéé)ﬁffl(—oo,aw].

11



So  Bp(w) = An(B™(0)N f (—00,w]) = a4 Ap(B™(a18) N f~(—o00,aw]) =
a_%(q)&f(aw) + ®cf(aw))  where C’EBm(aéé)—Bm(é).

Since f|C' has no critical points, ®¢ s is C*, by Lemma 1. So <I>B7f(aw)—a%<1>37f(w) is

1

C> for a > 1. The same holds for a € (0,1) on replacing a by a~', and the identity is trivial

when a = 1.

O

Comparing Lemmas 3, 4, we obtain

Proposition 4 For i = 1,2,...,r let f; : E™ — R be positively homogeneous of degree

gi >0 with O the only critical point. Setting m = ;_, m;,
f = fiofod..dfr : E"'XxE™x...xE™ =2 E" — R,

for any bounded neighbourhood B of 0 € E™, ¢p s is scalable at 0 of order

r

ST e -

i—1

Our definition of scalability is a little different (and Proposition 4 establishes the property in

greater generality) than in (Roscoe, 2001).
For m,n >0 let Sy, :E™ xE" — E™*" be the standard identification:

S (Y, 2) = (Y1, Y25 -, Yms 215, 22, - -+ Zn)-

Define fr,: E™™ — R by frn(z) = |yll2, — 2> where x = Sy, (y,2). (The significance of
fmn is due to the Morse Lemma, which says that, near a nondegenerate critical point, a smooth

function can be written in the form f, , after suitable C'™° reparameterization.) We have

©B fr (W) = Ann((froh[—0%,w]) N B)

where B = B™*"(§) and 6 > 0. By Lemma 1 ®py, . is C* except at w = 0. The

coordinate-switch ¢ : E”™ x E®" — E™ x E™ induces an orthogonal transformation
(EM L gt

— -1
Linn = Spm 000 Sm,n

12



