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We prove that the inertia operatérof a rigid body is generically determined, up
to a scalar multiple, by the cun® in R® that describes its angular velocity in the
body. The precise condition is thé not be contained in a two-dimensional sub-
space ofR®. We derive two indirect methods to compuefrom the values of)
over an arbitrary interval, and a direct method to compufeom the second- and
fourth-order moments of). The direct method utilizes moment identities derived
from symmetries in Euler’'s equation. ®001 American Institute of Physics.
[DOI: 10.1063/1.1352051

I. INTRODUCTION

In this section we review some of the kinematics and dynamics of rigid bodies as presented in
Ref. 1. Consider a rigid body whose center of mass is fixetkaR®, and letF be an orthonormal
frame atO fixed relative to the body. At timé during the motionF is an orthonormal frame
B(t)=(by(t),b,(t),bs(t)) relative to ambient spade®. Suppose thaB(0) is the standard basis
of R3. Identifying triples of column vectors with:83 matricesB(t) lies in the rotation group
SQO(3), andB(0) is the identityl. Relative to the standard basis, the position at timoéa point
fixed relative to the body is theg(t)=B(t)q(0), whereq(0) € R® is the position at time 0. For
ue R® define the skew-symmetric operatefu) : R3—R> by a(u)v=uXv, v e R® where X is
the cross product. Thangular velocity in the bodis the functionQ) : R—R? defined by

B=Ba(Q). 1)
The angular velocity in spacés w=B() and Eq.(1) implies that
=B 2
Inertial motion of the body is described IBuler's equatio
AQ=(AQ)XQ, 3

whereA is the symmetric positive-definite>X33 matrix that represents the inertia operator with
respect to the standard bagthe inertia operator is defined from the mass distribution of the
body). It follows from Eq. (1) and (3) that thekinetic energy E 3QTAQ and theangular
momentum in space=BAQ are constant. Writen=||m||. Evidently QTA2Q=m?, andw™m
=2E. Notice that() is analytic, since it is bounded and its derivative is an analytic functidn.of
Suppose from now on that the rigid body is not fixed, nangelg a nonconstant function af
ThenE,m>0.
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There is an extensive classical literature including Refs. 2—4 that addresses the problem of
computing the solutiolf) of Euler’'s equation fromA and the initial value of). For the remainder
of this paper we consider the inverse problem of compufinffom a solution(). For future
investigations we record the fact that Euler's equation describes uniform speed parametrized
geodesics on the rotation group with a left-invariant Riemmanian metric induced by the inertia
operator, and that it can be generalized to describe geodesics on Lie ‘geoupRiemannian
manifolds® An important objective of this paper, and one motivation for our detailed derivations
of three distinct methods to compute the inertia operator, is to develop techniques for investigating
more inverse problems in these more general contexts.

I. DEGENERACY

Let Q : R—R® be a solution of Euler's equatiof8). Call () degeneratavhen its range is
contained in a two-dimensional subspaceR3f Otherwise() is nondegenerateThe distinction
turns out to be useful in determiningy from Q in Sec. lll. Euler's equation is invariant with

respect to S(B) in the sense that for an® e SO(3),§=OQ satisfies Euler's equation whefe

is replaced byA=0AQ". Evidentlyﬁ is degenerate if and only @) is degenerate. Choos2
e SO(3) such that

OAQ"=diagl4,l,,13), (4)

where 0<I|;=<I,=<I5 are the eigenvalues & (Arnold lists the eigenvalues in the opposite ojder
Proposition 1: The functio) is degenerate if and only if #i2E e {I,l,,l5}. If Q is non-

degenerate theﬂlﬂ” is bounded below by a positive number aids periodic

Proof: It suffices to prove these assertions for Define ajEIj—mZ/(ZE), j=1,2,3. Since
the range of) is contained in both the energy ellipsaig={ x € R3: 1,3+ 1 ,x3+ 1 5x3=2E} and
the momentunror co-adjoinj ellipsoid e, ={ xe R®: I2x2+12x3+12x5=m?}, it is contained in
en={xeR3: ajl X3+ ayl ,X3+ asl x3=0} and |, < m%/2E <I,. If m%/2E e{l,,13} then( is
degenerate since it is constantl & m?/2E =1,<I5 then the range df) is contained in the union
{xeR%: J—ayl;x;=Vazlz3x3=0}U{xeR%: J—a; l; x;=Jazl3x3=0} of two two-
dimensional subspaces Bf. Therefore, since) is analytic, its range is entirely contained in one
of these two subspaces and it is degeneftiie orbits consist of two fixed points and four

heteroclinic connections between themTo complete the proof, observe that if
m?/2E ¢{l,,1,,15} then the ellipsoidge and e, intersect transversally. Hence their intersection

is diffeomorphic to the disjoint union of two circles and Euler's equation implies |tmit is
bounded below by a positive number. Furthermore, the rande isf contained in a half-space
HCRS3. Therefore() is nondegenerate and periodic.

. A FROM ©Q: METHODS 1 AND 2

Consider the problem of determining the inertia ma#ixfrom the solutionQ) of Euler's
equation(3). Clearly A is at most determined up to a positive scalar multiple. When this happens
we sayA is almost-determinetby ().

Theorem 2: A is almost-determined b§ if and only if Q) is nondegenerate

Proof: Assume() is degenerate. Then there is a nonzewR? such thatw T Q=vT Q=0.
Define a symmetric positive definite matdy =A+vuv . ThenQ satisfies Eq(3) with A replaced
by A,, andA, is not a scalar multiple oA. This proves the only if part. To prove the if part
choose anys,>s; and define three matrices and one vector

MQ:FZQ(t)Q(t)Tdt, M,= sz(t) o(t)Tdt,
S1

S1
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S

M, = JSZQ(t) mT B(t) dt, uw=f “o(t)dt.

s s
ThenM,, is linear inm, andA andm satisfy

MoA=M,, 5

M, m=2Eu,. (6)

Proposition 3: IfQ) is nondegenerate then the matrices,Mnd M, are nonsingular

Proof: Suppose thaM , is singular and choose a nonzero veatoe R® such thatw™™ ow
=0. Thenw'Q(t) Q(t)'w=0 for all te[s;,s,], namely|Q(t) "'w||=0. ThenQ(t) lies in the
planeV orthogonal tow for all t e[ s;,S,] and hence for all e R since() is analytic, thereforé)
is degenerate. To show thit , is nonsingular it suffices to show that the rangeaofs not
contained in any two-dimensional subspaceR3 Assume to the contrary that the range of
o([s1,S,]) is contained in a two-dimensional subspadeof R® and hence in the line
VN{x: x"m=2E}. By Proposition 1|Q}| =] | is bounded below by a positive number, thus the
range ofw is unbounded. This is impossible sinke||=]|Q| and||Q| is bounded above and the
proposition is proved.

Define C(t),te[s;,S,] by the nonautonomous linear differential equatfblfp Ca(Q) and
initial value C(s;)=I. Then  B(t)=B(s;)C(t), w(t)=B(s;)C(1) (1), u,
=B(sl)f§iC(t)Q(t)dt, and Eq.(6) implies that

( FZC(t)Q(t)Q(t)TC(t)Tdt) B(s;)'m=2E cm:(t)n(t)dt.
S1

S1

Proposition 3 implies thaB(s;) 'm is determined up to a positive scalar multiple fly hence
m'B(t) andM, are also determined up to a positive scalar multiple. Finally,(Egand Propo-
sition 3 show thaf is determined up to a positive scalar multiple fréim This proves Theorem
2 and provides a constructive meth@dethod 1 for almost-determiningd from ().

Method 1 requires) to be observed on a continuous interyg},s,], and may be difficult to
apply in cases wher8@ is known only on finite subsets §8,,s,]. When sampling is coarse or
noise contaminated, solving the ordinary differential equationGois especially problematic.
Notice also that Method 1 uses the associations betwel ()(t): It is not enough to observe
the image of() over[s;,s,]. Alternatively, we can apply Theorem 2 in a less direct way to
almost-determinéA as follows. Let() be a nondegenerate solution of Eg), and lets,>s;.
Denote the space of symmetric<® matrices byS, and define a quadratic for@ : S—R by

Q(D)= j382||DQ(t)—(DQ(t))><Q(t)||2dt, Des.

Corollary 4: Q has co-rankl and A is a null-eigenvector of QSo Q defines A up to a
positive scalar multiple

Proof: Clearly Ae S and Q(A)=0. Let D € S with Q(D)=0. It suffices to show that there
existsu € R such thatD = uA. Choosee>0 such thatA,=A+ €D is positiive definite. Clearly
Q(A,) =0, henced) satisfies Eq(3) with inertia matrixA, over the interva[s;,s,] and thus over
R since(} is analytic. Theorem 2 implies that there exiats0 such thatA.=\A. Therefore
D=puA whereu=(N—1)/e and the corollary is proved.

The quadratic formQ is determined by values db and Q over[s;,s,], thus Corollary 4
gives another methotMethod 2 to almost-determiné\ from (). We observe thafi) Q can be

approximated by samplingﬂ(,f)) uniformly over[s;,s,], (ii) the associations betwednand
(Q(1),Q(t)) are not neededjii) when observations of({,{)) are contaminated by noise, the
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effects in the formula foQ are approximately additive, ar(d/) Method 2 does not require the
intermediate step of solving an ODE f@(t). These observations suggest that Method 2 may be

more robust and practical than Method 1. However, Method 2 requires us to ®ndivmay be

difficult to accurately estimat€) from values of() that are coarsely sampled or noise contami-
nated. These difficulties are overcorfie some degreeby using a method, based on moments of

Q (Method 3 in Sec. VII], to almost-determind.. It turns out that moments of orders 0, 2, and

4 give most of the needed information, and it seems these quantities can be reliably estimated from
uniform samples of) over|[s;,s,] (without regard to their time associatjoriTo simplify the
discussion we assume that the momentQ @ire calculated over an entire orbit of the motion: The
more general case of sampling oys,s,] is a straightforward extension. Even so, the analysis

is lengthy and not as clean as for Methods 1 and 2. We also note that genericity assumptions are
required for Sec. VIII.

IV. MOMENTS

Let Q) be a periodic solution of Euler's equati@8), of period T>0.
Definition 5: Given a monomigk:R3— R the associated momeft* is defined to be

-
j peQ)(t)dt.
0

The momen€)* associated with the monomigl=Xx; x;,...x;  is denoted by)'1'2-'d. The degree
d of the monomiak is said to be the order of the moment'.

We shall see that the moments satisfy many interesting identities involving the inertia matrix
A. As before, we frequently use conservation of energy

E=10TAQ (7)
and conservation of squared length of angular momentum
m?=|AQ|%. tS)

Assume that the eigenspaces/fare one-dimensional, namely that theare distinct wherg
=1,2,3. Then any orthogonal mati® satisfying(4) maps eigenvectors @& to nonzero multiples
of standard basis elements Bf. Furthermore,O is almost-uniquein the sense that, iD’
€ O(3) diagonalizesA thenO’=DO, whereD is a diagonal matrix whose diagonal entries are
+1.

Let ) be nondegenerate. Write;=1;— m?/2E. Theorem 1 saysy;#0 for j=1,2,3 and,
because the; are distinct,a; <0,a,<a3. Moments of() may be callecempiricat They can be

inferred from observations of the trajectory of the rigid body. Moment£)efO(), whereO

e SO(3) satisfieg4), are said to b@lmost-canonicalthey are not quite canonical becau3ds
not quite uniqug Empirical moments are linear combinations of almost-canonical montands
vice versa with coefficients polynomial in entries dD. In order to obtain identities there are
some simple things we can try with almost-canonical moments. First, integration of &Egsd
(8) gives

1,041,022+ 1,038=2TE, 9)
120141202+ 12033=Tn?., (10)

Solving Egs.(9) and(10) gives
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20 TE—1,(I5s—1,)0"
fe_ 205TE=1a(la=1)

22
I2(13—12) ’

11

gpa ~ 20z TE+a(l— | O
I3(13—12)

12

From Egs.(11) and(12) we obtain the following bounds oAl in terms ofE,m?,T and thel; :

2(12TE ~11 2&3TE

L1 0 STy (13

This begs the question of how to calcul&@éh. This can be done by quadrature, as in Secs. V and
VI, where we also consider third-order moments. Before doing that, we say some things about

fourth-order moments. Multiplying Eq$7) and (8) by fliz and integrating gives

| 161111+ I 261122+ I 351133: ZEﬁll, (14)
10224 1,024 | ,022P=2E0, (15)
101334 1,022 | ,033B=2E0%, (16)
| %511114_ | %61122+ | 561133: mzﬁll, 17)
| 561122 n 362222 ] 562233: mzazz, (18)
| 551133 4 362233 Iy 263333: m2§33. (19)

The system of equationd4)—(18) has rank 5. We now need to consider the casges0 and
a,>0 separately.

V. THE CASE «a,<0

Supposar,<0. Thenx;#0 for x e egN €. Solving Eqs(7) and(8), x lies on at least one of
eight aArcX g, ) ,04 given parametrically by

r \/|302(|3—|2)+2a2E 7
01

(12— 14)
Xoy,0p04V) = \/_ZalE_ l3v%(I3—14) v ve[BL.Bul, (20)
02
l2(l2— 1)
L o3y 4

where o=+, j=1,2,3, B.=+—2a,E/(15(13~1,)), and By=~2a;,E/(I3(13—1,)). Then 0
<B.<By, and

X01,02,031(v)7&0 for UE(IBLIBU]v X01,0'2,0'31(BL):01 (21)
X(rl,a'z,(r32(v)¢0 for v E[BL 1ﬁU)1 Xa'l,(rz,(r32(ﬁU):01 (22)
XUI,U2,033(U)¢O for UE[BL vIBU]' (23)
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Since the imag€ of () is diffeomorphic to a circleC is a union of arcs. By Eq23) and because
C is connectedg; is fixed. Givenos, there are at most four such arcs@q corresponding to
choices ofoy,05. Inspection of Egs(21) and(22) show that, in order fo€ to be connected, all
four arcs are needed is the track sum of

X+,+,0'3(v)1 X+,f,a'3(:3U_ﬂL_U)1 X*,f,a's(v)i X7,+,0'3(BU_BL_U)1

wherev e[ A, Bu]. By Eq. (3) 1305(v) = — (1~ 1) 04 (0) Dp(v) £0 for v e (BL,By), and so
Q#=[|3/(|2—|1)]fgf P(v)dv, where

M (X1,Xo,X3) + (X1, = X2,X3) + (= X1, = X2,Xz) + (= Xq,X2,X3)
X1X2

and xzx+,+,(,3(v). From this formula the moment®* can be evaluated by quadrature. The
following result follows directly from the form oP.
Proposition 6: Writex = x31x52x3%. If a; or a, is odd then(*=0. Otherwise
~ 4],

Bu
QOr= J Xl(U)al_1X2(U)a2_1X3(U)a3 dv #0.
lo=11Jp,

This result provides the following examples of zeroth-, first-, and second-order almost-
canonical moment identities.

Example 7: Ifu is the monomial of degre@ whose value id everywhere then the corre-
sponding moment is the period

[FZaElT5(5=Tp)
T=41,\1, f‘
U] ey
1
X > 5 dv
V(2a,E+130%(13—1,5))(—2a,E—130%(13— 1))

Example 8:01=0?=0, and
~ . ~ —2a41E/3(13—1
= aig\ilsigny [
V= 2a,E5(13-T,)

v

dv #0.
8 V(2aE+130%(13— 1)) (—2a4,E—130%(13—14)) °

Example 9:0%2= 023=(%1=0, and theQ)'" are nonzero. In particular

'(“211

41, \[ﬁﬁ—(—yzalmsls |1\/2a2E+|3v (I3—15)
Iy

v>
2a1E—|3v (|3_|1)d 0,

o= 1y [~2a,El5(T3—T,)

and the two remaining nonzero second-order almost-canonical moments can be calculated alge-

braically in terms ofQ! as in Sec. IV. Alternatively, we can calculate eitie#? or Q33 by
quadrature and solve algebraically for the other nonzero second-order moments

Theorem 10: There are ten third-order almost-canonical moments, all except three are zero,
and these are given by (030220333 =03%Q/((15—1,)(I15—1,)) where Q=((l4
=l az/ly,(Iz—11)as/ly, (= 13(art @) +liax+12a1)/13).
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Proof: We multiply both sides of Eq.7) and(8) by 63 and integrate to obtain
1,034 1,02234 1 ,038=2E03, (24)
1201154 13032234 12059 2, (25)
We integrate

~ 4 2 lo—lg3~ ~ l3— 11~ ~
0,0,+0,0,= 2|—139§Q3+ %9593

(from Euler's Equatiopand usef)(O)zﬁ(T) to obtain

=g by 111
S0 220, (26)
1 2

and then solve the syste(@4), (25), (26) to complete the proof.
Theorem 11: There are fifteen almost-canonical fourth-order moments. All of these are zero

except forQ11L 1122 ()1133 ()2222 (72233 (13333 Thege are positive and they satisfy a nondegen-
erate system of six linear equations whose matrix coefficients are rational functions @fathe: |
whose right-hand sides are linear separately i, and the second-order almost-canonical

moments j=1,2,3.
Proof: We integrate

Iy e
e
2

l3— 1, I3 P PR
| 0203,
3

626361+ 636152"‘ 616253: - | b%ﬁ%"‘
1

[from Eq. (3)] to obtain

la—1,~ la—11~ ly—1y~
92233+ 01133_ QllZL_ 0. (27)
1 2 3

The proof is complete since the determinant of the coefficient matrix of the sy&nil5), (16),
(17), (18), (27) equals 341,515(1,—17) (13— 11)(I5—15), which is positive.

Comparing Theorem 11 with Example 9 we obtain

Corollary 12: The second- and fourth-order almost-canonical moments are independent of the
choice of Q They are determined algebraically by,&,T, the lj,j=1,2,3,and any one of

Qlj=1.23.

VI. THE CASE «a,>0

Whena,>0, x,# 0 for xe egN €, andx lies on at least one of eight kS, o, 0, given by

o0
. \/2a3E—I1v2(I3—I1)
Xtrl,o'z,a'3(v)= 2 |2(|3_|2) , (28)
\/Ilvz(lz—ll)—ZazE
| 72 Ia(la=15)

where theo;==. The arguments of Sec. V then adapt as followe:[ 8, ,8y] where
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. 2a2E _ 2a3E
P=NTL—1) P NLa—T

In this case
X01,02,03l(v)¢0 for vE[BLiBU]! (29)
Xa'1,0'2,032(v)¢0 for v E[ﬁL!BU)! Xal,oz,USZ(BU):()! (30)
Xal,02.0'33(v)7&0 for UE(BL!BU]! and Xol,o'z,a'33(BL):O- (31)

As before, the imag€ of Q is a union of arcs, but this time, is fixed. Giveno,, we argue as
before, but using Eq$30) and(31), thatC is parametrized by four arcs, namely the track sum of

X01,+,+(v)1 X(rl,—,+(BU_ﬁL_U)! erl,—,—(v)v Xo'l,—,+(:8U_BL_U):
wherev e[ 8L, 8u]- By Eq. (3) 1,05(v) = (1a—1,)Qu(0) Qa(v) #0 for v e (B,8.), and so

~ 1y (A
Or= J P(v)dv,
a5,

where

(X1,Xo,X3) + (X, = Xz,X3) + (= X1, = X2,Xz) + (= Xq,X2,X3)
X1X2

P=

andxzx‘, +.+(v). The following result is analogous to Propositi@).
Proposition 13: Writen=x3x52x22. If a, or ag is odd then(*=0. Otherwise
~ 4l

Bu
OF= f X1(v)21%,(v) 32 Ix5(v) 2 1dv #0.
l3—15 BL

Example 14: The moment that corresponds to the monomial of degiedi@h=1) is the
period

J2agEN (13- T
T= 4|1\/Wf .
ZaET (T
1
X dv
V(—2a2E+1102(1,—11))(2asE—110%(13—11))

Example 15: Let) be the first-order moments corresponding towhere j=1,2,3. Then
02=03=0, and Q*+0.
Example 16: Let)] be the second-order moments corresponding'td, x Then (2= (023

=0%=0, and the Q" are nonzero. As in Example 9, it suffices to calculate a sisgjieby

guadrature. The other nonzero second-order moments are then determined algehraically
Example 17: Of the ten almost-canonical third-order moments, the nonzero ones are

Q10122 0133 which can be calculated algebraically frofd', E,m?, and the |, by imitating

the proof of Theorem 10
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Example 18: Of the fifteen almost-canonical moments of order 4, the nonvanishing ones are
the same as in Theorem 11. The proofs of Theorem 11 and Corollary 12 are valid in the present
case wheray,>0.

VIl. G AND NULL VECTORS: THE GENERIC CASE

Given O O(3) write A=0AQT, and Q(t)=0Q(t). The transformation&—A, Q—Q
leave EQ.(3) invariant and, usings, momentsQ* of ) can be calculated from empirical mo-
ments. Suppos® € O(3) diagonalizes the symmetric matrix

Qll QlZ 913
E[Q]E QlZ QZZ 923
Ql3 923 933

of empirical second-order moments, namaE[Z]GT is diagonal. Suppose that the eigenvalues of
E[?! are distinct, and le¢; denote thgth standard basis vector &°. Examples 9 and 16 imply
thatO=I10 wherell(g)=*e,,j=1,2,3, andm is a permutation 0{1,2,3;. The eigenvalues
of E”) are the nonvanishing second-order almost-canonical momédts and A
=diag(4,1,13). wherel ,;)=1;. Write | =[1,1,15]". Equationg9), (14), (15), (16) are invariant
with respect to permutations of coordinates in monomials. Substitution dBEim the right-hand

sides of(14), (15), (16) shows thatl is a null-vector ofG=TF4 — F2IF[2IT where

(_21111 61122 61133

611
Fl4l=| Q122 (2222 ()2233|  pl2d=| 22|
Q1183 ()2233 (53333 03

In the same way, witlf10), (17), (18), (19) in place of(9), (14), (15), (16), IP=[121313]Tis
also a null-vector of the symmetric mati& Becaus€l,|?)} is linearly independent is either
trivial or rank 1.

Theorem 19: G has rank 1, with non-null eigenvector

- T T T T /1T
=15 I3—15 1,—1,
W= — — — .
I L, s

Proof: Givenv e R® definef (t) = v, Q4 (t)2+v,0(t) 2+ v3Q4(t)%, wheret <[0,T]. Let g:[0,T]
—R be identically 1. Cauchy—Schwarz foyge L?[0,T] says

(FRITy)2< Ty TRy (32

unlessf is a scalar multiple 0of. Letv be a nonzero null-vector @&. By Eq.(32) f is constant,
and by Eq.(3)

2,0 24(1)
0=0"| 0, (1)Qy(t) | =221 Q) Qa(t)o W

Qa(H)Q4(1)
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for te[0,T]. By Eq. (20), and the corresponding equati®28) for the other case§162(_13

=0,0,05 vanishes for only finitely many parameter values. Thereforis orthogonal tow.
Becausew is nonzero it is not a null-vector d6. However it is an eigenvector, because it is

orthogonal to the null-vectors, | @, andG is symmetric.
Remark 20: The eigenvalue of w is

T T2 T T N2 T T
1515(13=10)2+1515(1 = 13) 2+ 1515(11—15)2

312121201~ 1) (1~ 13) (13— 1)

where Re1,15(1,=13) Q2033+ 1511 (13— 1) QR0+ 111,51, 1,) 01022

VIll. METHOD 3: A FROM MOMENTS

Let 2 be a nondegenerate solution of E®) of period T>0. In Sec. Ill A is almost-
determined by the restriction dd to an interval[s,,s,] of positive length. It turns out that in
generic cases we can obtain a similar result using moments off order <4, together with a
small amount of auxiliary information. First we explain what is meangbwperic

Definition 21: The symmetric positive-definite matrix Ag&ericwhen its eigenvalues bre
distinct for j=1,2,3.When A is generic a solutiof} of Eq. (3) isgenericprovided the matrix E!
of Sec. VII has distinct eigenvalues.

Let Q) be generic. In Secs. VI and V we see that eithigror (), has constant sign dr0,T], but
not both: Theindexof () is defined to be 3 or 1 accordingly.

Theorem 22:For ) generig A is almost-determined by the index(®fand the moments ¢
of orders0,1,2,4.

Proof: As in Sec. VII, the matrixE[?] of second-order moments determir@sup to conju-
gation with a permutation matrikl. As in Sec. VI, the corresponding permutation{df2,3} is
denoted bysw. Examining first-order moments with Examples 15, 8, choasso that7(c) =
where. is the index of(). Second- and fourth-order moments determine a rank 1 symmetric matrix
G. By Theorem 19 any non-null eigenvectirof G has all coordinates nonzero. Chodggso that
W,<0. Furthermore, the permutatianof {1,2,3}\{.} is uniquely determined by the condition

W.r(2)>0. (33

Knowing , return to Sec. VII and rechoo€ so thatll becomes a diagonal matrix with entries

+1. Definew and choosel as before, but with the ne\®. ThenI_J:Ij for j=1,2,3, andw
becomes

I3 13=11 Li—Ip|"

=oW, (34
Iy 2 I3

whereo>0. Forj=1,2, setvj=W;/W;. Thev; are determined by the index and the moments.
Sincel;<1,<l3,

U1>0, U2<O. (35)
Proposition 23: Suppose thatsJR® satisfies

J,=J3 J3=J; 11— "
J1 J2 J3

=oW, (36)

whereo>0 is unknown, and 3>0 for j=1,2,3.Then J is a positive scalar multiple of |
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Proof: Sincew;<0,W,>0,W3<0, we have
0<J,1<J3,<d;.

DeﬁneAl,A2>0 bszz(l_Az)J3 andJ1=(1—A1—A2)J3. ThenA1+ A2< 1 Substltutlng fOI‘
the J; in Eq. (36), and eliminatingo,

Ap

A(1-8,-4, Vv 37
Ai+A,

_—Al(l_Az)—Uz. (38)

Consider the possible solutions far=(A,A,) of the simultaneous equatio(37) and(38). We
consider two cases.
Case 1:Whenv;+uv,# 0 there are at most two possible solutions, namely

\/—v1v2(1+vl+vz) (1+vl+vz)vz—\/—vlvz(l+vl+vz)
A= , , (39
U1U2 (vitvo)v,
and
V=v102(14+v1+0v5) (L+vi40)v+ V—010(1+v1+0))
A=|— , ) (40)
U1Uo (v1tvo)v,

Since Eqs(35) and(39) imply that A;<0, hence Eq(40) is the only possible solution.
Case 2:Whenv,+v,=0 there is at most one solution, namely

_( 1 Ul_l

Ul, 2U1

In both cases there is at most one solutdofcorresponding td=1). This proves the proposition.

Proposition 23 implies that E¢34) determineg!4 1, 13] up to positive scalar multiple. Since
O is determined up to multiplication by a scalar matrix with entrie$, A is almost-determined.
This completes the proof of Theorem 22 and provides Method 3, for almost-determirfiogn
qualitative information abou) (the inde} and moments of) of orders 0,1,2,4.
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