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Computing the inertia operator of a rigid body
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We prove that the inertia operatorA of a rigid body is generically determined, up
to a scalar multiple, by the curveV in R3 that describes its angular velocity in the
body. The precise condition is thatV not be contained in a two-dimensional sub-
space ofR3. We derive two indirect methods to computeA from the values ofV
over an arbitrary interval, and a direct method to computeA from the second- and
fourth-order moments ofV. The direct method utilizes moment identities derived
from symmetries in Euler’s equation. ©2001 American Institute of Physics.
@DOI: 10.1063/1.1352051#

I. INTRODUCTION

In this section we review some of the kinematics and dynamics of rigid bodies as presented in
Ref. 1. Consider a rigid body whose center of mass is fixed at0PR3, and letF be an orthonormal
frame at0 fixed relative to the body. At timet during the motion,F is an orthonormal frame
B(t)5(b1(t),b2(t),b3(t)) relative to ambient spaceR3. Suppose thatB(0) is the standard basis
of R3. Identifying triples of column vectors with 333 matrices,B(t) lies in the rotation group
SO(3), andB(0) is the identityI . Relative to the standard basis, the position at timet of a point
fixed relative to the body is thenq(t)5B(t)q(0), whereq(0)PR3 is the position at time 0. For
uPR3 define the skew-symmetric operatora(u) : R3→R3 by a(u)v5u3v, vPR3 where3 is
the cross product. Theangular velocity in the bodyis the functionV : R→R3 defined by

Ḃ5Ba~V!. ~1!

The angular velocity in spaceis v5BV and Eq.~1! implies that

v̇5BV̇. ~2!

Inertial motion of the body is described byEuler’s equation2

AV̇5~AV!3V, ~3!

whereA is the symmetric positive-definite 333 matrix that represents the inertia operator with
respect to the standard basis~the inertia operator is defined from the mass distribution of the
body!. It follows from Eq. ~1! and ~3! that the kinetic energy E5 1

2V
TAV and theangular

momentum in spacem5BAV are constant. Writem5imi . Evidently VTA2V5m2, andvT m
52E. Notice thatV is analytic, since it is bounded and its derivative is an analytic function ofV.
Suppose from now on that the rigid body is not fixed, namelyq is a nonconstant function oft.
ThenE,m.0.
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There is an extensive classical literature including Refs. 2–4 that addresses the problem of

computing the solutionV of Euler’s equation fromA and the initial value ofV. For the remainder
of this paper we consider the inverse problem of computingA from a solutionV. For future
investigations we record the fact that Euler’s equation describes uniform speed parametrized
geodesics on the rotation group with a left-invariant Riemmanian metric induced by the inertia
operator, and that it can be generalized to describe geodesics on Lie groups1 and Riemannian
manifolds.5 An important objective of this paper, and one motivation for our detailed derivations
of three distinct methods to compute the inertia operator, is to develop techniques for investigating
more inverse problems in these more general contexts.

II. DEGENERACY

Let V : R→R3 be a solution of Euler’s equation~3!. Call V degeneratewhen its range is
contained in a two-dimensional subspace ofR3. OtherwiseV is nondegenerate. The distinction
turns out to be useful in determiningA from V in Sec. III. Euler’s equation is invariant with

respect to SO~3! in the sense that for anyOPSO(3), Ṽ5OV satisfies Euler’s equation whereA

is replaced byÃ5OAOT. Evidently Ṽ is degenerate if and only ifV is degenerate. ChooseO
PSO(3) such that

OAOT5diag~ I 1 ,I 2 ,I 3!, ~4!

where 0,I 1<I 2<I 3 are the eigenvalues ofA ~Arnold lists the eigenvalues in the opposite order!.
Proposition 1: The functionV is degenerate if and only if m2/2E P$I 1 ,I 2 ,I 3%. If V is non-

degenerate theniV̇i is bounded below by a positive number andV is periodic.

Proof: It suffices to prove these assertions forṼ. Definea j[I j2m2/(2E), j 51,2,3. Since

the range ofṼ is contained in both the energy ellipsoideE[$ xPR3 : I 1x1
21I 2x2

21I 3x3
252E% and

the momentum~or co-adjoint! ellipsoid em[$ xPR3 : I 1
2x1

21I 2
2x2

21I 3
2x3

25m2%, it is contained in

eh[$ xPR3 : a1I 1x1
21a2I 2x2

21a3I 3x3
250% and I 1< m2/2E <I 3 . If m2/2E P$I 1 ,I 3% then Ṽ is

degenerate since it is constant. IfI 1,m2/2E 5I 2,I 3 then the range ofṼ is contained in the union
$ xPR3 : A2a1 I 1 x15Aa3 I 3 x350 %ø$ xPR3 : A2a1 I 1 x15Aa3 I 3 x350 % of two two-

dimensional subspaces ofR3. Therefore, sinceṼ is analytic, its range is entirely contained in one
of these two subspaces and it is degenerate~the orbits consist of two fixed points and four
heteroclinic connections between them!. To complete the proof, observe that if
m2/2E ¹$I 1 ,I 2 ,I 3% then the ellipsoidseE andem intersect transversally. Hence their intersection

is diffeomorphic to the disjoint union of two circles and Euler’s equation implies thatiV̇i is

bounded below by a positive number. Furthermore, the range ofṼ is contained in a half-space

H,R3. Therefore,Ṽ is nondegenerate and periodic.

III. A FROM V: METHODS 1 AND 2

Consider the problem of determining the inertia matrixA from the solutionV of Euler’s
equation~3!. ClearlyA is at most determined up to a positive scalar multiple. When this happens
we sayA is almost-determinedby V.

Theorem 2: A is almost-determined byV if and only if V is nondegenerate.

Proof: AssumeV is degenerate. Then there is a nonzerovPR3 such thatvT V5vT V̇50.
Define a symmetric positive definite matrixAv5A1vvT. ThenV satisfies Eq.~3! with A replaced
by Av , andAv is not a scalar multiple ofA. This proves the only if part. To prove the if part
choose anys2.s1 and define three matrices and one vector

MV5E
s1

s2
V~ t ! V~ t !T dt, Mv5E

s1

s2
v~ t ! v~ t !T dt,
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Mm5E

s1

s2
V~ t ! mT B~ t ! dt, uv5E

s1

s2
v~ t !dt.

ThenMm is linear inm, andA andm satisfy

MV A5Mm , ~5!

Mv m52E uv . ~6!

Proposition 3: IfV is nondegenerate then the matrices MV and Mv are nonsingular.
Proof: Suppose thatMV is singular and choose a nonzero vectorwPR3 such thatwTMVw

50. ThenwTV(t) V(t)Tw50 for all tP@s1 ,s2#, namely iV(t)Twi50. ThenV(t) lies in the
planeV orthogonal tow for all tP@s1 ,s2# and hence for alltPR sinceV is analytic, thereforeV
is degenerate. To show thatMv is nonsingular it suffices to show that the range ofv is not
contained in any two-dimensional subspace ofR3. Assume to the contrary that the range of
v(@s1 ,s2#) is contained in a two-dimensional subspaceV of R3 and hence in the line
Vù$x : xTm52E%. By Proposition 1iV̇i5iv̇i is bounded below by a positive number, thus the
range ofv is unbounded. This is impossible sinceivi5iVi and iVi is bounded above and the
proposition is proved.

Define C(t),tP@s1 ,s2# by the nonautonomous linear differential equationĊ5Ca(V) and
initial value C(s1)5I . Then B(t)5B(s1)C(t), v(t)5B(s1)C(t)V(t), uv

5B(s1)*s1

s2 C(t)V(t)dt, and Eq.~6! implies that

S E
s1

s2
C~ t !V~ t !V~ t !TC~ t !T dtD B~s1!Tm52E E

s1

s2
C~ t !V~ t !dt.

Proposition 3 implies thatB(s1)Tm is determined up to a positive scalar multiple byV, hence
mTB(t) andMm are also determined up to a positive scalar multiple. Finally, Eq.~5! and Propo-
sition 3 show thatA is determined up to a positive scalar multiple fromV. This proves Theorem
2 and provides a constructive method~Method 1! for almost-determiningA from V.

Method 1 requiresV to be observed on a continuous interval@s1 ,s2#, and may be difficult to
apply in cases whereV is known only on finite subsets of@s1 ,s2#. When sampling is coarse or
noise contaminated, solving the ordinary differential equation forC is especially problematic.
Notice also that Method 1 uses the associations betweent andV(t): It is not enough to observe
the image ofV over @s1 ,s2#. Alternatively, we can apply Theorem 2 in a less direct way to
almost-determineA as follows. LetV be a nondegenerate solution of Eq.~3!, and lets2.s1 .
Denote the space of symmetric 333 matrices byS, and define a quadratic formQ : S→R by

Q~D !5E
s1

s2
iDV̇~ t !2~DV~ t !!3V~ t !i2dt, DPS.

Corollary 4: Q has co-rank1 and A is a null-eigenvector of Q. So Q defines A up to a
positive scalar multiple.

Proof: Clearly APS and Q(A)50. Let DPS with Q(D)50. It suffices to show that there
existsmPR such thatD5mA. Choosee.0 such thatAe5A1eD is positiive definite. Clearly
Q(Ae)50, henceV satisfies Eq.~3! with inertia matrixAe over the interval@s1 ,s2# and thus over
R sinceV is analytic. Theorem 2 implies that there existsl.0 such thatAe5lA. Therefore
D5mA wherem5(l21)/e and the corollary is proved.

The quadratic formQ is determined by values ofV and V̇ over @s1 ,s2#, thus Corollary 4
gives another method~Method 2! to almost-determineA from V. We observe that~i! Q can be

approximated by sampling (V,V̇) uniformly over @s1 ,s2#, ~ii ! the associations betweent and

(V(t),V̇(t)) are not needed,~iii ! when observations of (V,V̇) are contaminated by noise, the
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effects in the formula forQ are approximately additive, and~iv! Method 2 does not require the
intermediate step of solving an ODE forC(t). These observations suggest that Method 2 may be

more robust and practical than Method 1. However, Method 2 requires us to knowV̇. It may be

difficult to accurately estimateV̇ from values ofV that are coarsely sampled or noise contami-
nated. These difficulties are overcome~to some degree! by using a method, based on moments of
V ~Method 3 in Sec. VIII!, to almost-determineA. It turns out that moments of orders 0, 2, and
4 give most of the needed information, and it seems these quantities can be reliably estimated from
uniform samples ofV over @s1 ,s2# ~without regard to their time association!. To simplify the
discussion we assume that the moments ofV are calculated over an entire orbit of the motion: The
more general case of sampling over@s1 ,s2# is a straightforward extension. Even so, the analysis
is lengthy and not as clean as for Methods 1 and 2. We also note that genericity assumptions are
required for Sec. VIII.

IV. MOMENTS

Let V be a periodic solution of Euler’s equation~3!, of periodT.0.
Definition 5: Given a monomialm:R3→R the associated momentVm is defined to be

E
0

T

m+V~ t !dt.

The momentVm associated with the monomialm5xi 1
xi 2

...xi d
is denoted byV i 1i 2 ...i d. The degree

d of the monomialm is said to be the order of the momentVm.
We shall see that the moments satisfy many interesting identities involving the inertia matrix

A. As before, we frequently use conservation of energy

E5 1
2 VTAV ~7!

and conservation of squared length of angular momentum

m25iAVi2. ~8!

Assume that the eigenspaces ofA are one-dimensional, namely that theI j are distinct wherej
51,2,3. Then any orthogonal matrixO satisfying~4! maps eigenvectors ofA to nonzero multiples
of standard basis elements ofR3. Furthermore,O is almost-uniquein the sense that, ifO8
PO(3) diagonalizesA thenO85DO, whereD is a diagonal matrix whose diagonal entries are
61.

Let V be nondegenerate. Writea j[I j2 m2/2E. Theorem 1 saysa jÞ0 for j 51,2,3 and,
because theI j are distinct,a1,0,a2,a3 . Moments ofV may be calledempirical: They can be

inferred from observations of the trajectory of the rigid body. Moments ofṼ[OV, whereO
PSO(3) satisfies~4!, are said to bealmost-canonical~they are not quite canonical becauseO is
not quite unique!. Empirical moments are linear combinations of almost-canonical moments~and
vice versa! with coefficients polynomial in entries ofO. In order to obtain identities there are
some simple things we can try with almost-canonical moments. First, integration of Eqs.~7! and
~8! gives

I 1Ṽ111I 2Ṽ221I 3Ṽ3352TE, ~9!

I 1
2Ṽ111I 2

2Ṽ221I 3
2Ṽ335Tm2. ~10!

Solving Eqs.~9! and ~10! gives
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Ṽ225

2a3TE2I 1~ I 32I 1!Ṽ11

I 2~ I 32I 2!
, ~11!

Ṽ335
22a2TE1I 1~ I 22I 1!Ṽ11

I 3~ I 32I 2!
. ~12!

From Eqs.~11! and ~12! we obtain the following bounds onṼ11 in terms ofE,m2,T and theI j :

2a2TE

I 1~ I 22I 1!
,Ṽ11,

2a3TE

I 1~ I 32I 1!
. ~13!

This begs the question of how to calculateṼ11. This can be done by quadrature, as in Secs. V and
VI, where we also consider third-order moments. Before doing that, we say some things about

fourth-order moments. Multiplying Eqs.~7! and ~8! by Ṽi
2 and integrating gives

I 1Ṽ11111I 2Ṽ11221I 3Ṽ113352EṼ11, ~14!

I 1Ṽ11221I 2Ṽ22221I 3Ṽ223352EṼ22, ~15!

I 1Ṽ11331I 2Ṽ22331I 3Ṽ333352EṼ33, ~16!

I 1
2Ṽ11111I 2

2Ṽ11221I 3
2Ṽ11335m2Ṽ11, ~17!

I 1
2Ṽ11221I 2

2Ṽ22221I 3
2Ṽ22335m2Ṽ22, ~18!

I 1
2Ṽ11331I 2

2Ṽ22331I 3
2Ṽ33335m2Ṽ33. ~19!

The system of equations~14!–~18! has rank 5. We now need to consider the casesa2,0 and
a2.0 separately.

V. THE CASE a2Ë0

Supposea2,0. Thenx3Þ0 for xPeEùem . Solving Eqs.~7! and~8!, x lies on at least one of
eight arcsxs1 ,s2 ,s3

given parametrically by

xs1 ,s2 ,s3
~v !5F s1AI 3v2~ I 32I 2!12a2E

I 1~ I 22I 1!

s2A22a1E2I 3v2~ I 32I 1!

I 2~ I 22I 1!

s3v

G , vP@bL ,bU#, ~20!

where s j56, j 51,2,3, bL5A22a2E/(I 3(I 32I 2)), and bU5A22a1E/(I 3(I 32I 1)). Then 0
,bL,bU , and

xs1 ,s2 ,s31~v !Þ0 for vP~bL ,bU#, xs1 ,s2 ,s31~bL!50, ~21!

xs1 ,s2 ,s32~v !Þ0 for vP@bL ,bU!, xs1 ,s2 ,s32~bU!50, ~22!

xs1 ,s2 ,s33~v !Þ0 for vP@bL ,bU#. ~23!
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Since the imageC of Ṽ is diffeomorphic to a circle,C is a union of arcs. By Eq.~23! and because
C is connected,s3 is fixed. Givens3 , there are at most four such arcs inC, corresponding to
choices ofs1 ,s2 . Inspection of Eqs.~21! and~22! show that, in order forC to be connected, all
four arcs are needed:C is the track sum of

x1,1,s3
~v !, x1,2,s3

~bU2bL2v !, x2,2,s3
~v !, x2,1,s3

~bU2bL2v !,

wherevP@bL ,bU#. By Eq. ~3! I 3V̇̃3(v)52(I 22I 1)Ṽ1(v)Ṽ2(v)Þ0 for vP(bL ,bU), and so

Ṽm5@ I 3 /(I 22I 1)# *bL

bU P(v)dv, where

P5
m~x1 ,x2 ,x3!1m~x1 ,2x2 ,x3!1m~2x1 ,2x2 ,x3!1m~2x1 ,x2 ,x3!

x1x2

and x[x1,1,s3
(v). From this formula the momentsṼm can be evaluated by quadrature. The

following result follows directly from the form ofP.

Proposition 6: Writem5x1
a1x2

a2x3
a3. If a1 or a2 is odd thenṼm50. Otherwise

Ṽm5
4I 3

I 22I 1
E

bL

bU
x1~v !a121x2~v !a221x3~v !a3 dvÞ0.

This result provides the following examples of zeroth-, first-, and second-order almost-
canonical moment identities.

Example 7: Ifm is the monomial of degree0 whose value is1 everywhere then the corre-
sponding moment is the period

T54I 3AI 1I 2E
A22a2E/I 3(I 32I 2)

A22a1E/I 3(I 32I 1)

3
1

A~2a2E1I 3v2~ I 32I 2!!~22a1E2I 3v2~ I 32I 1!!
dv.

Example 8:Ṽ15Ṽ250, and

Ṽ354I 3AI 1I 2 sign~Ṽ3!E
A22a2E/I 3(I 32I 2)

A22a1E/I 3(I 32I 1)

3
v

A~2a2E1I 3v2~ I 32I 2!!~22a1E2I 3v2~ I 32I 1!!
dvÞ0.

Example 9:Ṽ125Ṽ235Ṽ3150, and theṼi i are nonzero. In particular

Ṽ115
4I 3

I 22I 1
AI 2

I 1
E

A22a2E/I 3(I 32I 2)

A22a1E/I 3(I 32I 1)A 2a2E1I 3v2~ I 32I 2!

22a1E2I 3v2~ I 32I 1!
dv.0,

and the two remaining nonzero second-order almost-canonical moments can be calculated alge-

braically in terms ofṼ11 as in Sec. IV. Alternatively, we can calculate eitherṼ22 or Ṽ33 by
quadrature and solve algebraically for the other nonzero second-order moments.

Theorem 10:There are ten third-order almost-canonical moments, all except three are zero,

and these are given by (Ṽ113,Ṽ223,Ṽ333)5Ṽ3Q/((I 32I 1)(I 32I 2)) where Q5((I 3

2I 2)a3 /I 1 ,(I 32I 1)a3 /I 2 ,(2I 3(a11a2)1I 1a21I 2a1)/I 3).

6 J. Math. Phys., Vol. 42, No. 4, April 2001 W. Lawton and L. Noakes
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Proof: We multiply both sides of Eq.~7! and ~8! by Ṽ3 and integrate to obtain

I 1Ṽ1131I 2Ṽ2231I 3Ṽ33352EṼ3, ~24!

I 1
2Ṽ1131I 2

2Ṽ2231I 3
2Ṽ3335m2Ṽ3. ~25!

We integrate

Ṽ1V̇̃21 V̇̃1V25
I 22I 3

I 1
Ṽ2

2Ṽ31
I 32I 1

I 2
Ṽ1

2Ṽ3

~from Euler’s Equation! and useṼ(0)5Ṽ(T) to obtain

I 22I 3

I 1
Ṽ2231

I 32I 1

I 2
Ṽ11350, ~26!

and then solve the system~24!, ~25!, ~26! to complete the proof.
Theorem 11: There are fifteen almost-canonical fourth-order moments. All of these are zero

except forṼ1111,Ṽ1122,Ṽ1133,Ṽ2222,Ṽ2233,Ṽ3333. These are positive and they satisfy a nondegen-
erate system of six linear equations whose matrix coefficients are rational functions of the Ij and
whose right-hand sides are linear separately in E,m2, and the second-order almost-canonical

momentsṼj j , j 51,2,3.
Proof: We integrate

Ṽ2Ṽ3V̇̃11Ṽ3Ṽ1V̇̃21Ṽ1Ṽ2V̇̃352
I 32I 2

I 1
Ṽ2

2Ṽ3
21

I 32I 1

I 2
Ṽ1

2Ṽ3
22

I 22I 1

I 3
Ṽ1

2Ṽ2
2 ,

@from Eq. ~3!# to obtain

2
I 32I 2

I 1
Ṽ22331

I 32I 1

I 2
Ṽ11332

I 22I 1

I 3
Ṽ112250. ~27!

The proof is complete since the determinant of the coefficient matrix of the system~14!, ~15!, ~16!,
~17!, ~18!, ~27! equals 3I 1I 2I 3(I 22I 1)(I 32I 1)(I 32I 2), which is positive.

Comparing Theorem 11 with Example 9 we obtain
Corollary 12: The second- and fourth-order almost-canonical moments are independent of the

choice of O. They are determined algebraically by E,m2,T, the Ij , j 51,2,3, and any one of

Ṽi i , j 51,2,3.

VI. THE CASE a2Ì0

Whena2.0, x1Þ0 for xPeEùem , andx lies on at least one of eight arcsxs1 ,s2 ,s3
given by

xs1 ,s2 ,s3
~v !5F s1v

s2A2a3E2I 1v2~ I 32I 1!

I 2~ I 32I 2!

s3AI 1v2~ I 22I 1!22a2E

I 3~ I 32I 2!

G , ~28!

where thes j56. The arguments of Sec. V then adapt as follows:vP@bL ,bU# where

7J. Math. Phys., Vol. 42, No. 4, April 2001 Computing the inertia operator of a rigid body
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bL5A 2a2E

I 1~ I 22I 1!
, bU5A 2a3E

I 1~ I 32I 1!
.

In this case

xs1 ,s2 ,s31~v !Þ0 for vP@bL ,bU#, ~29!

xs1 ,s2 ,s32~v !Þ0 for vP@bL ,bU!, xs1 ,s2 ,s32~bU!50, ~30!

xs1 ,s2 ,s33~v !Þ0 for vP~bL ,bU#, and xs1 ,s2 ,s33~bL!50. ~31!

As before, the imageC of Ṽ is a union of arcs, but this times1 is fixed. Givens1 , we argue as
before, but using Eqs.~30! and~31!, thatC is parametrized by four arcs, namely the track sum of

xs1 ,1,1~v !, xs1 ,2,1~bU2bL2v !, xs1 ,2,2~v !, xs1 ,2,1~bU2bL2v !,

wherevP@bL ,bU#. By Eq. ~3! I 1V̇̃1(v)5(I 32I 2)Ṽ2(v)Ṽ3(v)Þ0 for vP(bL ,bL), and so

Ṽm5
I 1

I 32I 2
E

bL

bU
P~v !dv,

where

P5
m~x1 ,x2 ,x3!1m~x1 ,2x2 ,x3!1m~2x1 ,2x2 ,x3!1m~2x1 ,x2 ,x3!

x1x2

andx[xs1 ,1,1(v). The following result is analogous to Proposition~6!.

Proposition 13: Writem5x1
a1x2

a2x3
a3. If a2 or a3 is odd thenṼm50. Otherwise

Ṽm5
4I 1

I 32I 2
E

bL

bU
x1~v !a1x2~v !a221x3~v !a321dvÞ0.

Example 14: The moment that corresponds to the monomial of degree 0(which51) is the
period

T54I 1AI 2I 3E
A2a2E/I 1(I 22I 1)

A2a3E/I 1(I 32I 1)

3
1

A~22a2E1I 1v2~ I 22I 1!!~2a3E2I 1v2~ I 32I 1!!
dv.

Example 15: LetṼj be the first-order moments corresponding to xj where j51,2,3. Then

Ṽ25Ṽ350, and Ṽ1Þ0.

Example 16: LetṼi j be the second-order moments corresponding to x1
i x2

j . ThenṼ125Ṽ23

5Ṽ3150, and theṼi i are nonzero. As in Example 9, it suffices to calculate a singleṼi i by
quadrature. The other nonzero second-order moments are then determined algebraically.

Example 17: Of the ten almost-canonical third-order moments, the nonzero ones are

Ṽ111,Ṽ122,Ṽ133, which can be calculated algebraically fromṼ1, E,m2, and the Ij , by imitating
the proof of Theorem 10.

8 J. Math. Phys., Vol. 42, No. 4, April 2001 W. Lawton and L. Noakes

  PROOF COPY 006104JMP  



  PROOF COPY 006104JMP  

  PRO
O

F CO
PY 006104JM

P  
Example 18: Of the fifteen almost-canonical moments of order 4, the nonvanishing ones are

the same as in Theorem 11. The proofs of Theorem 11 and Corollary 12 are valid in the present
case wherea2.0.

VII. G AND NULL VECTORS: THE GENERIC CASE

Given ŌPO(3) write Ā5ŌAŌT, and V̄(t)5ŌV(t). The transformationsA°Ā, V°V̄

leave Eq.~3! invariant and, usingŌ, momentsV̄m of V̄ can be calculated from empirical mo-
ments. SupposeŌPO(3) diagonalizes the symmetric matrix

E[2][FV11 V12 V13

V12 V22 V23

V13 V23 V33
G

of empirical second-order moments, namelyŌE[2]ŌT is diagonal. Suppose that the eigenvalues of
E[2] are distinct, and letej denote thej th standard basis vector ofR3. Examples 9 and 16 imply
that Ō5PO whereP(ej )56ep( j ) , j 51,2,3, andp is a permutation of$1,2,3%. The eigenvalues

of E[2] are the nonvanishing second-order almost-canonical momentsṼj j , and Ā

5diag(Ī1,Ī2,Ī3). whereĪ p( j )[I j . Write Ī [@ Ī 1 Ī 2 Ī 3#T. Equations~9!, ~14!, ~15!, ~16! are invariant
with respect to permutations of coordinates in monomials. Substitution of Eq.~9! in the right-hand

sides of~14!, ~15!, ~16! shows thatĪ is a null-vector ofG[TF[4]2F [2]F [2]T, where

F [4][F V̄1111 V̄1122 V̄1133

V̄1122 V̄2222 V̄2233

V̄1133 V̄2233 V̄3333

G , F [2][F V̄11

V̄22

V̄33
G .

In the same way, with~10!, ~17!, ~18!, ~19! in place of~9!, ~14!, ~15!, ~16!, Ī (2)[@ Ī 1
2 Ī 2

2 Ī 3
2#T is

also a null-vector of the symmetric matrixG. Because$ Ī , Ī (2)% is linearly independent,G is either
trivial or rank 1.

Theorem 19: G has rank 1, with non-null eigenvector

w[F Ī 22 Ī 3

Ī 1

Ī 32 Ī 1

Ī 2

Ī 12 Ī 2

Ī 3
GT

.

Proof: Given vPR3 define f (t)5v1V̄1(t)21v2V̄2(t)21v3V̄3(t)2, wheretP@0,T#. Let g:@0,T#
→R be identically 1. Cauchy–Schwarz forf ,gPL2@0,T# says

~F [2]Tv !2,TvTF [4]v ~32!

unlessf is a scalar multiple ofg. Let v be a nonzero null-vector ofG. By Eq. ~32! f is constant,
and by Eq.~3!

05vTF V̄1~ t !V̇̄1~ t !

V̄2~ t !V̇̄2~ t !

V̄3~ t !V̇̄3~ t !

G52V̄1~ t !V̄2~ t !V̄3~ t !vTw
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for tP@0,T#. By Eq. ~20!, and the corresponding equation~28! for the other case,V̄1V̄2V̄3

5Ṽ1Ṽ2Ṽ3 vanishes for only finitely many parameter values. Thereforev is orthogonal tow.
Becausew is nonzero it is not a null-vector ofG. However it is an eigenvector, because it is
orthogonal to the null-vectorsĪ , Ī (2), andG is symmetric.

Remark 20: The eigenvalue of w is

2R
Ī 3

2 Ī 1
2~ Ī 32 Ī 1!21 Ī 2

2 Ī 3
2~ Ī 22 Ī 3!21 Ī 1

2 Ī 2
2~ Ī 12 Ī 2!2

3 Ī 1
2 Ī 2

2 Ī 3
2~ Ī 12 Ī 2!~ Ī 22 Ī 3!~ Ī 32 Ī 1!

where R[ Ī 2 Ī 3( Ī 22 Ī 3)V̄22V̄331 Ī 3 Ī 1( Ī 32 Ī 1)V̄33V̄111 Ī 1 Ī 2( Ī 12 Ī 2)V̄11V̄22.

VIII. METHOD 3: A FROM MOMENTS

Let V be a nondegenerate solution of Eq.~3! of period T.0. In Sec. III A is almost-
determined by the restriction ofV to an interval@s1 ,s2# of positive length. It turns out that in
generic cases we can obtain a similar result using moments ofV of order <4, together with a
small amount of auxiliary information. First we explain what is meant bygeneric.

Definition 21: The symmetric positive-definite matrix A isgenericwhen its eigenvalues Ij are
distinct for j51,2,3.When A is generic a solutionV of Eq. (3) isgenericprovided the matrix E[2]

of Sec. VII has distinct eigenvalues.
Let V be generic. In Secs. VI and V we see that eitherV3 or V1 has constant sign on@0,T#, but
not both: Theindexof V is defined to be 3 or 1 accordingly.

Theorem 22:For V generic, A is almost-determined by the index ofV and the moments ofV
of orders0,1,2,4.

Proof: As in Sec. VII, the matrixE[2] of second-order moments determinesO up to conju-
gation with a permutation matrixP. As in Sec. VII, the corresponding permutation of$1,2,3% is
denoted byp. Examining first-order moments with Examples 15, 8, choosep so thatp(i)5i
wherei is the index ofV. Second- and fourth-order moments determine a rank 1 symmetric matrix
G. By Theorem 19 any non-null eigenvectorŵ of G has all coordinates nonzero. Chooseŵ so that
ŵi,0. Furthermore, the permutationp of $1,2,3%\$i% is uniquely determined by the condition

ŵp(2).0. ~33!

Knowing p, return to Sec. VII and rechooseŌ so thatP becomes a diagonal matrix with entries
61. Definew and chooseŵ as before, but with the newŌ. Then Ī j5I j for j 51,2,3, andw
becomes

F I 22I 3

I 1

I 32I 1

I 2

I 12I 2

I 3
GT

5sŵ, ~34!

wheres.0. For j 51,2, setv j5ŵj /ŵ3 . The v j are determined by the index and the moments.
SinceI 1,I 2,I 3 ,

v1.0, v2,0. ~35!

Proposition 23: Suppose that JPR3 satisfies

FJ22J3

J1

J32J1

J2

J12J2

J3
GT

5sŵ, ~36!

wheres.0 is unknown, and Jj.0 for j 51,2,3.Then J is a positive scalar multiple of I.
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Proof: Sinceŵ1,0,ŵ2.0,ŵ3,0, we have

0,J1,J2,J3 .

DefineD1 ,D2.0 by J25(12D2)J3 andJ15(12D12D2)J3 . ThenD11D2,1. Substituting for
the Jj in Eq. ~36!, and eliminatings,

D2

D1~12D12D2!
5v1 , ~37!

2
D11D2

D1~12D2!
5v2 . ~38!

Consider the possible solutions forD[(D1 ,D2) of the simultaneous equations~37! and~38!. We
consider two cases.

Case 1:Whenv11v2Þ0 there are at most two possible solutions, namely

D5SA2v1v2~11v11v2!

v1v2
,
~11v11v2!v22A2v1v2~11v11v2!

~v11v2!v2
D , ~39!

and

D5S 2
A2v1v2~11v11v2!

v1v2
,
~11v11v2!v21A2v1v2~11v11v2!

~v11v2!v2
D . ~40!

Since Eqs.~35! and ~39! imply that D1,0, hence Eq.~40! is the only possible solution.
Case 2:Whenv11v250 there is at most one solution, namely

D5S 1

v1
,
v121

2v1
D .

In both cases there is at most one solutionD ~corresponding toJ5I !. This proves the proposition.
Proposition 23 implies that Eq.~34! determines@ I 1 I 2 I 3# up to positive scalar multiple. Since

O is determined up to multiplication by a scalar matrix with entries61, A is almost-determined.
This completes the proof of Theorem 22 and provides Method 3, for almost-determiningA from
qualitative information aboutV ~the index! and moments ofV of orders 0,1,2,4.
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