The zeros and the critical points of a polynomial:
second moments and least squares fits of lines
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1 Introduction

There is a huge literature on the properties of zeros and critical points of uni-
variate polynomials over the complex numbers. This note gives a generalization
of results on cubic polynomials presented in [1]. See Figure 1, and Theorems 1
and 2 below, due to Siebeck and Coolidge respectively.

Figure 1: This figure is produced from the code of the “Marden Theorem” entry
at the Wolfram demonstrations site. The triangle’s vertices — dark black dots
— are to be regarded as the three zeros of a cubic polynomial, p. The pale dots
are the zeros of its derivative p’. See Theorem 1.

The results in this note could have been found at any time over the last two
centuries and have probably been rediscovered several times. Despite asking,
for the last couple of years, both people and google, etc., I have not yet found
papers with the results of my Theorem 3 or Corollary 7. Key ingredients, e.g.



equation (4), are presented in several papers. Perhaps readers of this paper will
be able to report equivalent earlier work.

2 Triangles and cubic polynomials

Given a triangle T in the plane, there is an inscribed ellipse, tangent to each
side at the midpoint of the side. This ellipse is usually called the Steiner in-
ellipse. Its centre is at the centroid of the triangle, and it is the inscribed ellipse
of largest area. The ellipse circumscribed about triangle 7" with least area is
called the Steiner circum-ellipse. This also has its centre at the centroid of
the triangle, has the same directions for its principal axes as the Steiner in-
ellipse, and the lengths of the principal axes are a factor of 2 larger than those
of the Steiner in-ellipse. There is a substantial popular literature on Steiner
ellipses including books such as [2] (where Problem 98 is particularly relevant)
and articles on the internet including in wikipedia and in MathWorld. Recent
articles in publications by MAA, [3, 4, 1], and elsewhere, e.g.
http://demonstrations.wolfram.com/MardensTheorem/

have called attention to it, and some of its applications. (The Mathematica
notebook on the Steiner CircumEllipse at MathWorld is comprehensive.) One
of the results publicised in [3, 4, 1, 5] is the following.

Theorem 1 (Siebeck, n = 3.) Suppose that z1, 22, 23, are non-collinear points
in the complex plane, and p(z) = H?:1(75 —zj). Then the roots of the derivative
p'(2) are the foci of the Steiner in-ellipse for the triangle with vertices at z1, zo,
z3.

A related result, 2.4 in [1], concerns least squares fitting of lines with per-
pendicular offsets, called ‘line of best fit’ here:

Theorem 2 (Coolidge, n = 3.) Suppose the triangle with vertices z1, za, z3
is nonequilateral. If p(z) = H?:1<Z — zj), then the line of best fit is the line
through the roots of p'(z).

In this note we present generalizations of Coolidge’s results to other n > 3.
These are given in Theorems 4 and Theorem 5 and in the Corollary to Theorem 6
below.

3 Polynomials of degree n

3.1 Second moment matrices

Suppose that a set {z;|1 < j < n} of n > 3 complex numbers is given. Define
the first moment, the vertex average, zva, of the set by zya = % Z;'L:1 zj. Define



also the second moment about a point z, by

)= Sz —x.)? Dz =z (yy — )
Tpoine(2+) = Z?:l(le_ ) (Y5 — ys) iy —ye)? 1)

When no argument for z, is given, I,oint means that z, has been taken to be
ZVA -

3.2 Second moments for zeros and critical points of a poly-
nomial

Consider next a polynomial of degree n, and, for the sake of definiteness, suppose
that all the roots are distinct. Suppose also that the sum of the roots is zero,
which is only supposed to save some writing in some future formulae:
n n
p(z)=[I=2), > z=o (2)
j=1 j=1
We take the coordinates of the points to be represented as pairs of reals or, as
(25)}=1 complex numbers, choosing whichever representation is most convenient
to the purpose at hand. The usual notation z = x + ¢y is used. The derivative
p'(z) has (n — 1) its roots, sometimes called the critical points of p.

We began this study because of a connection with ‘mechanics’. Suppose
that each of these sets of roots is considered to be an equal point mass, pairwise
joined by light rigid bars. This leads on to definitions of moments of inertia,
as in equation (1). The connection with the Steiner in-ellipse is that if one
repeatedly differentiates the polynomial until one reaches a cubic, then finds
the Steiner in-ellipse associated with the triangle defined from the roots of the
cubic, the principal axes of I,oint are the axes of the Steiner in-ellipse. We will
prove this and note that intermediate results on the way through to it are also
memorable.

The derivative, of course is

n—1 n—1
P =n]](-2), 2% =0. (3)
k=1 k=1

The centroid of the (n — 1) zeros of p’ and the n zeros of p coincide. There
is a considerable literature concerning relationships between the zeros of the
derivative and of the original polynomial. There is a nice picture, associated
with illustrating the Gauss-Lucas Theorem, at the Mathematica demonstrations
site,

http://demonstrations.wolfram.com/LucasGaussTheorem/

We will return to this later.

Result 1 Denote the zeros of the polynomials p and p' as above, and suppose
that their centroids are located at the origin. Then
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Proof. Considering the coefficient of 2*~2 in p and of 2”3 in p/, we have

n Z 212 = (n —2) Z z2.

ki k#l 3l Al

From this, on using the centroid conditions, first moment conditions, of equa-
tions (2,3) we obtain equation (4).

We are sure that this identity is “well known”: see, for example, [6], equa-
tion (1.9). (There may be connections to Newton’s identities, [7] equation (2),
and it might be very old indeed.)

We have already noted that the centroids of the zeros and of the critical
points of p coincide. This is a fact about the first moments. Consider next the
second-moment matrices:

A O OL ijyj} / _{2(1’2)2 > T
o Yy Xy ] Yy 2(vk)?

point —
y ,
Theorem 3 Ioine and I}, have the same eigenvectors.

Proof. We will establish this by showing that the matrices commute. (See [§],
items 1.3.19 and 2.3.3. However, we only need the result that real symmetric,
and hence diagonalizable, commuting matrices have the same eigenvectors, and
the proof is easier then.)

The commutator (II'—1I'T) of two symmetric matrices I and I’ is necessarily
skew symmetric and it is the zero matrix iff

Iy — Iyg) — (I}, — I55) = 0.

Using the specific entries for our matrices
U =11 =0 & c= ahu 3@ —12) = S a2y S (@h)? - (wh)?) = 0
& c¢:=1Im (2(22)2 Zz?) =0. (5)

Using equation (4) in the expression ¢ of equation (5), we have that

= D (13 2p)

= 0.

This establishes that the matrices I,oint and I}, commute and hence share
eigenvectors.

Merely by way of discussion, see the picture associated with the Gauss-Lucas
Theorem, at the Mathematica demonstrations site, the URL for which was given
earlier. The picture shows, not just the (convex hulls of the) n-roots and the
(n — 1)-roots associated with p and p’ respectively, but also the roots for the
higher order derivatives. Eventually we get to a cubic polynomial, a triangle,



and its Steiner in-ellipsoid. The axes of this ellipsoid are the principal axes for

Ioint, and for I}E};znt

for any, e.g. k-th, derivative’s set of points.

A couple of incidental remarks may be in order here.
Associated with the proof of Result 1 we noted reference [6]. As an aside, we
note that the conjecture in [6], established since that paper (see [9, 10, 11, 14]),
can be restated in terms of our matrices as follows.

(n —2) trace(Ipoint) > 1 trace(I} i)

with the equality sign if and only if the (2n — 1) points z; and 2z, are on a
straight line.

The paper [15] treats affinely-regular polygons, called there ‘Steiner polygons’ .
Triangles are affinely regular. A quadrilateral is affinely regular if and only if it
is a parallelogram. For any affinely regular polygon there are, with centres at
zva, circumscribing and inscribing ellipses which are similar. One generalization
of Coolidge’s result, Theorem 2, is as follows.

Theorem 4 ([15]) Let p be the vertex polynomial of an affinely-regular polygon.
Then the roots of p’ are collinear and zya lies on this line.

Related material is given in [13]. There are various other places where
affinely regular polygons arise: one which leads to nice animations is given
in [12].

We will see another generalization of Coolidge’s result later in this note.

3.3 Least squares fits of lines to sets of points

The fitting of lines here is done as described at
http://mathworld.wolfram.com/LeastSquaresFittingPerpendicularOffsets.html
The least-squares lines pass through the centroid of the set of points. From the
derivation there, the slope of the line is given by one of the choices in

b=—-B++vVB2+1

where, written in terms of the entries of the second moment matrix I,oint,

B I - 122.
215

The n = 3 case of the following is noted, together with the connections to
the Steiner in-ellipse, in [1]. For general n, we have the following.

Theorem 5 The line of least squares fit is in the direction of an eigenvector of

Ipoint .



The proof is just routine algebra.

There is some sloppiness in the statement of the Theorem. It is clear that
there need not be a unique line. As an example, let n > 3 be given. If the points
are the set of all n-th roots of unity, any line through the origin is equally good
for least-squares fitting with perpendicular offsets.

It is easy to improve on Theorem 5 using the following.

Theorem 6 ([1], 2.3.) Suppose z;, 1 < j < n, are complex numbers, zya is
the centroid, and

n

Z = Z(ZJ —2va)? = sz — naya’. (6)
j=1

j=1

(a) If Z = 0, then every line through zva is a line of best fit for the points
Zlyeeeyln-

(b) If Z # 0, then the line through zva that is parallel to the vector from 0 to
V'Z is the unique line of best fit for z1, ..., 2zp.

Corollary 7 The line of least squares fit for the zeros z; of p coincides with the
line of least squares fit for the zeros z;, of p'.

The proof is to use equation (4) in the expressions, given in Theorem 6, for
the Zs of equations (6) for first the zeros and next the critical points.
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