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Functions with consi ant LapIacian satisfying homogeneous Robin 
boundary conditions 

[Received G dune 1991 and in revisctl forin 18 hlay 19921 

The authors study pro~lcrtics of rcnl-valucd functions it dcfincd ovcr 9,  a 
siniply-connected domain in RV,  for which the Laplaciao of ~i is constiint in O, 
and whicll satisfy, on ttlc boundary of  9, t l ~ c  Robin boundary condition 
i d  4- b(du/3rr) = O. Here rr is thc ourwi~rd normal and /l 0. When N = ? ;\rtd 
f i  = 0, this is the class~cul St Vcnnn~ 11)1.;ion problem, b u ~  the conccrn i r ~  I l l is  
pap(*: I S  with N 3  2 and 13 3 0 Rcsults co!iccrmng the magnitude ~ r , ,  anrl I o r , \ l ~ o l ~  
z, 01 1/11: inaximum value of u ,  and estill~ates for the functional SI, = I I , l i ,  ii[)cl 
the m;lxima p ,  and q, oi lVul and lau/a,tl, respcctivcly, arc cstabl~sticd usirlg 
comparison theorctns and vnriarionni argumenls. 

1. Introduction 

Qualitative properties of the solutfon of the I'oisson problcn~ 

in a simply contlected region Q c R N ,  with closure a and boundary 352, arld of 
various functionals of t l ~ s  solution arc of interest in many applied arcas. Herc A 
dcnotes thc Laplacian, & / a n  is  lhe outwirrd normal derivative of ri 011 thc 
boundary aQ, and P ,  which may depend on position, is nonnegative. 

When N = 2, problem P(0) is the wcll-known rorsiotl yrobleln of elasticity 
theory. I f  the dimension is important, wc indicatc it by a subscript, so that. for 
example, P,(O) is the torsion problem. For this application artd others involving 
P(P) (Keady & Kloedcn, 1987), a functional of prirne intcrest is 

Tables of So and other domain functionnls are gtvcn in P6lya & Szcgo (1951). In 
particular, for pioblcnl I',(O), Sn is  known as the torsiorla1 rigidity Problem P2(0) 
is also associatetl with the steady unidirectional flow of a viscous fluid down n pipe 
uE cross-scction Q, sustained by a constant pressure gradient. In this context, S,, 
gives the volutne flow rate for a given prcssurc gradient and thc mtlxfrnum fluid 
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velocity ti,, is given by 

id,,, = nlax u = u jz,). 
fl 

Problem P(0) also arises in cornbustion theory in con~~ection with 'the time to 
cornpletc combusti~n' (see Keady Sc Stakgotd (1989), wherc equation (1.9) 
contains the quantity u,,, and Stakgold & McNabb (1984), especially equation 
(6)) .  

Linear diffusion and heat conciuction problenls concerned with transition times 
between constant steady stales feature the funct~on;tl .Ijj in expressions for the 
mean particle or tt~ermal energy residence titne in SZ (McNabb & Wake 1991). 
The functional S,, is also n useful rncasurnlrIe parornetel for identrfping the 
trapping kinetics consrants in more complex Iincar diffusion pxoblerns (McNabb 
& Keady 1993). 

In ccrtain circurnstanccs involving heat conduction with phase traasitions, u, is 
related to the time for freezing or thawing of  homogeneous conducting regions Q, 
and the location z,, of this maximum in !2 is in the nature of a thermal centre, 
being tbe last point to freeze or thaw (McMabb & Wake, 1991). In the same 
circumst;~r:ces, the smalIest and greatest valucs of u, wh~ch occur on the bour~tiary 
aa, ideniily the first and last points to frcoze or thaw on dS2. When f i : .  0 ;md 
constant, ~ l ~ c s e  are also the points wherc Jl?ulanl takes it  smallest: rind greatest 
values. The quantity p = IV u ]  atso takes its greatest valuc 111 on 3 9 ,  and we 
show that  if is small, or ai2 near circular, ttlcrl p = -au/an at the maximum 
value points z,, and so u is a k a  at a ninxirni~m on ai? ant zi. Definc p, as  

For the problem Pz(0), the point zf is called the principal €ail poiot in elastic 
tnrsiorl theory. 

The quantities $, it,, and p.,, may be regarded as Eurlctionais and norms of thc 
solutions u of P($) and, tugether with various other properties of these solutio~ts, 
have significant applied interest. This paper surveys old and derives new results 
concerniug them. 

While the litcralure is rich in results for problem P(0) and espec~aIly P,(D), and 
functionals of elasticity interest, there arc some ncglectcd norms relevant to 
not-so-mainstream applications. In particular, we find i t  useful to add supplcmen- 
tary information concerning I,,, and special sets which contain i t .  

Some uselul qualitative theorems arc stated, but to simplify the expositio~t we 
avoid techr~ical problems associated with difficult regions, and so the trcuiment is 
restricted to 52 and P for wh~ch the solution ic of P(0) is at least in 
C2(Q) f' C y a ) ,  Furthermore, if fi  depends on z then P and 3In arc C". Somc 
results require ai2 to be 'smooth' and we take this to mearr at least C L a ( f i ) ,  s o  
that standard estimates for u and its first and second derivativcs apply and 632 has 
bounded curvature everywhere. 

2. Some q~~attativc tl~eorcms for gencral B end N 
Our starting point is rr strong comparison theorem which gives a ~[ l iqueness  
result for the solutions of P(p) and shows their monotone dependence on P .  This 



PUNCCIOKS W t'TI I CONSTANT I,API,ACIAN 207 

is followed by some estimates relating to the asymptolic behaviour of 11 as /3 tends 
to infinity. 

T~IEOKEM 2.1 If f i  and 14 belong to CZ(Q) n ~ ' ( f i )  and satisfy the inequalities 

aii all 
inQ, 11- tP-3_u-r -P- -  onas2, (2.1) 

an att 
then either - rsi > L( in R and 8ii/3ta < 3~4/2rr at  any point on ai2 whcrc ii = y, or 
i i s u i n  9. 

Ptdoof. Since w = ii - y is superharmonic in Q, its mitlirnum 1s on dS2, whcrc 

At such a minimum point lor w on dL2, we have dwldtl  G 0. [RccaIl that 8 l d n  
denotes differentiation along the outwartl normal.) Thrs in conjunction with (2.2) 
implies w 3 0 there and hence w 3 0 in a. The strong mininium principle (Hopf, 
1952) implies w > O  in f2 or u = O  in 0. Moreover, if f i  > 0 on somc section dQ, 
of 3 0 ,  thcn w > 0 there too or w = O  in a, since w = 0 at  P* on di?, implies 
d w l a n  3 0  at P' from (2.2) ;~ntl aw/3n GO from the minim~)rri rcquirement, so 
that dwlatr = O  at P* and hej~ci. w = O i n f i .  O 

These arguments apply to motc general elliptic equations (MiNabb, 1961) and 
many of thc results which follow are also readily gcaerillized. 

The problem P(P) for infinitc 0 has no bounded soiution and cven the Inore 
general problem with aulan specified on d B  is subject to the Fredholm 
alternative in the sense that there is no houndecl solution unless J,,2u/an 4- 
1521 =0, where 1521 is the area of 52. The solution of problem P(PJ lor 0 the  
infinite strip -a < x  < d  and p constant is u = pa + 4(aZ - x 2 ) ,  and the following 
lheorern shows that other solutior~s of problem 1'(P) lisve the same asymptotic 
structure for large and constant 0. 
TI-IBOIIEM 2.2 If dQ is sufficiently smooth and j3 constant, thcrc are positive 
constants Ak and B, indepcl~dcrlt of P for which 

where 

The function u, is the solution of 

arid the fuilctions u, ( i  = 1, 2, . . .) satisfy 

all, aui 
VLui = O  in 52, - = -urn, -= -  u.,-! ( i  > I), at) dn 

Q Y e , = ~  o n a ~ .  
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ProoJ Clloose Ak SO that u, 4-Ak 313 on 352, and 13, so thal uk - Llk G O  011 dS2. 
(Our srnuothness conclilions on dS2 ellsure r r ,  and  i i i  are uniformly bour~dcd in 
fi.) If 11 = wk + AAkIflA and _u = n:, - B, /Pk ,  then 

VZii  -6 1 = VZU -t 1 = O  in 5;1, 
and 

Theorem 2.1 applies a ~ r d  so ii 3 11 2 Q in 5;! and the result follows. 

A number of i~scful results follow immediately and are stated ;IS tlleorenis for 
further reference. 

T~IEOKEM 2.3 The solutions of problem P{p) are unique and positive in Q. 

Proof. I f  u, and u, arc two solutior~s, Theorcnl 2.1 applies and u l  a u2> u l  in 52 
so that u, = u,= u ,  say, in a. NOW take ii = e iind M =  0 i n  Theorem 2.1. Since 
u = 0 it1 is not a solution of P(P), we have 14 > O in S;! and on d B  wherever 
p>o.  
THEOIZEM 2.4 (h,lonotone dependence on 0 )  A-;iume 0 s f i , ( ; )  < P,(r) on 3l;r. 
Let ui be the solii~ion of problem P(fi,),.). Then i t ,  .-I l r ,  in 52, or u ,  = u, on a atid 
p, =pz on dQ. 

Proof. Let ii = u,, g = u,, j3 = p, in Tl~corem 2.1 and observc thal sincc 

atd, I 
u, -k p,- = 0 and - < O  or1 X2, 

3r i  dtt 

it follows that 

The conclusions of Theorem 2. t apply and thc result follows, III 

TI ~GOREM 2.5 (Morlotont: dcpcndcncc of duldn on P )  Let u, be the solution of 
problem P(P,) in Q, for constant flj wirh P,> P , .  Then 

314, 
max ;(z) < max au,  

i r sn  I an I 1% ( 2 ) 1 1  

du,  

and, as p2 tends to infinity, Idu,/artl tends uniforrt~ly to 1521/1a521 on di?. 

ProoJ If 11 is the solution of problem P(P) iu SZ, thcrc is a constant K 
independent of suc11 tha t  

and sa l3u/arlt tends uniformly to 1521/1aC!l on dS2 as f l  goes to infinity. 



Suppose -du2/3n takes ils greatcst value q ,  at Q on ai2 and  d = ( I p ,  - p,)q,, 
Theorem 2.1 implies w < iQ o n  dS2 or IV = I? = (P, - /?,)(-3u,/drz) on di2, n u t  
tltc latter implies, firstly u, = #3,q,, on aQ, and secondly attlia,t = -qn,,  with 
u, = 13, L), on dQ. Since u, = u ,  -+ E in 0, wc have du2/dra = drl, / an on 3i2 arid 
hence j, = P z  contrary to assu~nptions. This establishes w < 6 on ddR and it1 

particular at Q ,  wllcrc d w / d ~ ~  > O. Hence 

dt*z du 1 , ,  = a n I ,  - < I 31 s ,6.uIan max - ( r )  I . 
'The complcmcntary incquality is provided in thc same way. 0 

In a private communication, Kosmodem'yanskii poitited out tbnt the constal~t  
K above i s  bounded by an inequality of isoperimetric character, derivable from 
cstitnates glverl in his 1989 paper and givcn by K S (i IRJ - 1i21~/1)1~,  where 
I = ]',, K-' C1S and K is the curvature of 6'52. 

We now establisll some results which comparc solr~tions on differing domains of 
problem PIP) for co~lstant f l .  
TI~EO~EM 2.6 (Dornatn monotonicily when j3 = 0) If Q, c O, a ~ i d  uj is thc 
solution of P(0) l a  Q,, then u l  < uZ it1 R, or u ,  = u z  and Q, coincicles with Q,. 

P r o ~ j :  When 52, c Q, u, 2 0  on aQI, and so u ,  S u, on 313,. Thcrcfore 
Theorem 2.2 applies and gives tht: result abovc. El 

Thc ansloguc of this theorem is not true for 0 > 0 ,  cven i f  9, and S2, arc both 
convex, Coutitcrcxamples can bc givcu using the asymptotic bebavlour of u for 
large 0. 

Suppose 0, c D,: u, is the solution of problem P(@) in Qj,  arid a weakcr 
domain monotori~city result than Theorem 2.6 were true. Suppose for any j3 no 
rnattcr how large, there are always greater val~res of for which u ,  <uz.  If such 
a result were truc, i t  would imply lSZll/laQll s 1L221/]JL?21. This follows from 
(2 .3 ) ,  which implies that for large /3 therc is a constant K independent of /3 such 
that 

and so, arbitrarily l a r ~ e  P values exist for whidi 

It is not hard to find regions Q, and Q2 with O, c RZ for which I f2,l/]aL?,l< 
(SZ,l/ldB,I even if Q, and 52, are both convex. For example, let 62, be a 
rectangle ARCD with at1 isosceles trinnglc A EB forming a 'roof' on top of height 
El: above A 3  where I: IS the midpoint of AD and EF is small. 'The region In, is 
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the same rcctanglc but with n slightly different roof. The l ine A E  is  extended to 
meet the cxlensior~ of C f l  at G .  The region Q2 is tllc quadrilateral AGCD 
containing the five-sided figure AEBCD.  When El: is small, and AD is greatcr 
than AB, )9,lll ai;22l c l Q , l l l ~ ~ , l .  

Theorem 2.b is a useful source of lower bounds for solutrons of problem P(0). 
For example, if B ( 0 ,  p ) ,  a ball of radius p and centre 0, 1s contained in i? and w 
is the solution of P(0) in U(O, p ) ,  while u is that in 52, thcn in a (0 ,  p )  

u 3 w and u,,, 3 p2/2iV. (2.9) 

The following theorem provides much morc lirn~tcd but neverthctcss useful 
analogous bounds for problem P(P) whcn /3 > 0. 

THEOREM 2.7 Suppose for finite a > 0, and points P i l l  Q, the ball U ( P ,  a )  of 
radius a centred a t  I' is in 52. If w,,,, solves P(P) in R ( P ,  n )  and SZ is the union of 
al l  such D ( P ,  a),  then u > w , ,  in B(P,  R )  c: 52, or u = wp., and S2 and D(P ,  r r )  
coincide. 

Proof. Let Q be a point on d!2 wherc u, the soIution of P(P) in 8, lakes its 
srn;illest valuc. By assumption, thcrc is a P such that U ( P ,  a)  c Q ant\ Q is on the 
surF;~cc of j ( P ,  a).  If I V P . ,  > U  ill Q, there is a constant K >  0 such that 
v LI,,.,,, - K = u i l t  Q ,  and 

But at Q, 

Theorem 2.1 now implies u = n in B ( P ,  a)  and from (2.11) that K = 0. Thus 
w,,, < u  at Q and hence also in B ( P ,  u ) ,  otherwise u = w , ,  and 52 and B ( P ,  4) 
coincide. O 

The constant a of 'Tlicorern 2.7 is bouuded above by the smallest radius of 
curvature of the boundary df2 of 8. If 52 is convex and j? constant, here  is a 
stronger result involving a lcss restrictive b o u ~ ~ d  or1 a.  

T I ~ E O ~ E M  2.8 If B is convex with B(O, a )  c Q, and if rr and IV,  solve problem 
P(P) in 0 and B(O, a )  respectively, then u > w, in B ( 0 ,  a )  or 52 arid D(O, a) 
coincide. 

Proof. The solution w, is given by 

and at  any point P or1 JB 
dw, n' - r:, pa fi 

w,+P-=- +--.- 
a n  2~ N N 

Tp COS 0, 
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wherc 0 is [he angle r,, makes with the nornlal at P. But r, cos 8 is thc distance 
fro111 0 to the tangent to ai2 et P,  and since this tallgerll plane docs not i~~lerscct 
5;! (convexity condition), rp cos B a. Hcncc 

so that by Thcore~n 2.1, l v ,  < u or w,, = u in R(O, a )  and tlic result follows 0 

An implication of Theorem 2.8 is that 1521/p laa] has a m~nimum value l / N  for 
convex regions. 'This minimum value is attained by many convex shapes other 
than U(O, a) .  For exsmple, when 1V = 2, convex polygons whosc bourldarics 
consist of arcs of the circle r. = u and tangent lines to it .  Such figures incluclz thc 
circle r = a ,  the circumscribing square, or any other circumscribing pcllygoa. For 
these regions 

is the solution of P ( m )  wIie~\  cg is given by 

Therc is also a simple result, analogous to Theorems 2.7 and 2.8, for spheres 
circumscribing thc region 8. 

TI-IEORLM 2.9 If B(O,  R )  is a ball of rad~us R with ccntre at 0 containing 0, u is 
(he solution of I'(P) with 13 constant iri 52, and w the solution of the same problem 
in B(0, R), then t d  < w in 0, OF u = w ill fi and 52 and D(0, R )  coinc~de. 

ProaJ The solution w of P N ( P )  in D ( 0 ,  R )  is 

At a point P on distance rp < R from 0, 

where U is the angle OP rnakcs with the normal to dQ at P .  The result now 
follows from Theorem 2.1. 

This tlleorem is still [rue if B ( 0 ,  R )  is an ~nfir~i te  cylinder in M-space (M < N) 
contain~ng Q in R N ,  and in the extreme case M = 1 with Q contarned in thc strip 
1x1 G b we have 

This result leads to a generalized versio~l of an inequality given by Sperb (1981). 

T H E O I ~ E ~ I  2.10 Let 52' be the smallesl convex rcgion containing 52, with 
in-radius p * ,  and let a* be the distance from z,, to dQ*. Then 



2 12 GRANT KEADY AN13 ALEX McNADR 

ProoJ. L C  L? is co~~tained i n  1x1 ~ b ,  then from (2.18) 

i n  or u = w , , j n f i ,  

Wc may assumc the plane x = 0 contains z,,, and iillow b to decrease (evcn thougl~ 
x -t b = 0 may intersect 8) t i l l  x = 6 is first tangcnr to fi or there is a point 13* in 
fin { X  3 0) wt~ere ii = w,, while u G w, clscwherc i n  this region. 'Thc pnirit P* 
must lie on the bott~~tlary I ? Q ~  {.r 2 O) or on i?n { x  - 0). Rut ozi dl2 C' { x  201, 

and on 52 n ( x  = 0), wb 3 u,, 3 u .  Thc poirit P *  cannot be 011 352 n ( x  = 0) sincc 
u, is in the interior of a, and the arguments oI Tlleorern 2.1 infer P* can only 
exist where 52 coirlcidcs with thc strip klcnce 

u < w t , i n 8 n ( x 2 0 )  or L L = w , , ,  

cven when 1 = b is tangent to Q. Consider all possibtc tangent planes cor- 
responding to the dirfcrent orientations of the x-axis through z,,,, and Ict u* be the 
srnatlest attainable value of b. If 52" is thc srnnllesl convex region containing Q, 
then a*  is thc distance from z,,, to dS2" and is less t l w n  or cqual to p* the 
in-radius of SZ*. 

Tbus the inequalities (2.19) inust be satisfied and ecluiility is attairlcd only 
when Q i s a  strip. C1 

The comb~natiun of Theorems 2.8 and 2.9 show that if 51 is convex, whilc 
U(O, R) is a bat1 co~~tained in 52 and containing a rcgiotl Q*, thcn the solutior~s u 
and it* of problem P(P) in 52 and 52* arc such that 11 < cc* in S, or u 3 rr' in a, 
and Q, a', and B ( 0 ,  a) coincidc. A more gcneral domain nionotonicity result 
can be stated in terms of a region 52,1, instcad aE B ( O ,  a), contained in 52 and 
tlefitled as follows. For i iny given region Q, Icl tl bc thc solution of P(P) in 51. 
Then rr w ~ l l  have a nlaximurn u, i t )  5;! at x,, whcre p = 1V ul = 0 and hence 

(11 - 13p)(xm) = u,, ' 0. (2.20) 
Let !2,{ be the  region in 52 where 

# = u - / 3 p > O .  (2.21) 

This region QP is not cmpty since it contains a neighbonrhood of x,. I t  also 
touches 8SZ at least at two points, since the points on dSZ where u takes its 

greatest and least values are points where p = - a14lan and hence where 4 - 0, 
The furiction $ is superharmonic siticc 11 is, and sincc 

so that any point inside a closed surfacc on which $ = O  is in Q,,. In t h e  special 
circumslancc that u is constant on dB, the hnction $ vanishes on 3 0 ,  so that i2 
and 52,, coincidc for all /3. 

Tfleonc~ 2.11 If is any region in and _u is thc solution of P(P) i r ~  $2, for /3 
constant, thcn u > in !J, or u = _ u  and Q, SZ,,, and 52 coincide. 
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Proof. At any pot~it P on an, 

and licncc by Thcorem 2. I the result follows. 0 

Notc that, lor the balls and cyl~nders of Theorems 2.9 and 2.10, 

sincc thcse are geometries fur which w the solutron of P(P) in 52 is constarit on 
352 and B and L$ coincide. 

When i? is a pseudo.ellipsoid (McNabb ct al., 1990) with axes Xi for wt l ic l~  

thc region in  which (2.21) holds is bour~dcd by the quartic polynonlial surfncc 
d o p  given by 

This lics inside the pseudo-ellipsoid bul touches it on the xi-axcs at xi = X,, a n d ,  
as j3 tends to infinity. LZp tends to thc etl~posid 4, 

Tl~is means there is an uppcr bound for IQl/ldDI Tor regions in t h i s  ellipsoid 
givcn by 

This is the valuc of {L?;21/laQ\ for the pseudo-ellrpsoid ;~nd thc rectangle with 
sides ?Xi.  One wonrlers whether other polygons composed of tangent plencs to 
the pseudo-ellipsoid havc the same ratio. 

3. Bounds on u, 

Theorem 2.9 can be restated thus: anlorigst all domains with a given 
circumradius R ,  the ball maximizes the quantity u,. In the case P = 0, this can be 
improved lo: amongst all domains w ~ t h  a given volume [Dl, the ball maximizes 
the quantity u,,. Thus, for the disc of area A ,  

u,, GA14n. (3-1) 

(See Pay ne, 1967; Bandle, 1980; and P6lya & Szego. 1951 .) These references give 
numerous inequalities on other functionals, inequalities that are koperimetric, 
that IS, exact for a disc. (Further work associated with the centre-on- 
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circurnferencc. Icfises of Kearly 62 McNabb (1989) whicli, wllzn tends to x ,  
tcnd to a disc, may be of use in suggesting possible improvement to some of 
these isopcrimetric ~ncqualities.) We do not know of any improvcmcnt on this 
result Frorn Theorem 2.9 for ti,,, when P is nonzcro, using symnlctrizntion 
techniques. 

For problem PI(0) and for convex domains, P6lya & Szcgfi (1951: p.113) 
suggest npproxi~natiug the torsional r~gidity by n formula which is exact for an 
arbitrary etlipsc. The functional u, mighl bc cstimatcd in various similar ways, 
one of which is as foltows. For probienl P2(0) iu an ellipse, u,,, IS equal to 
u,(K, (I), whcrc 

The corresponding 'rule-of-thumb' when /? is :I nonzero constant and Q is a 
convex domain, 

is described by McNnbb c.t nl. (1991). Of coursl,, ihis is cxilct wllen 52 is a 
pseudo-ellipse ancl in pnrticular a disc (so tllat /< - (1). Moreover, i f  u,,, is thc 
maximum value or tllc solution of problem I'(P) in ; m y  region 52 corltnined in thc 
region defined by the quartic qurface (2.23, 2.24), 

u,,,< u,(R PI P I .  
It is easy to construct other 'ellipse approximation' lormulae, nnalirgous to 

(3.11, Tor p,, arlcl other functionnls. For example, in tahlt: 1 of Kendy & McNabb 
(1989) an 'eltipse approximation' forrnula cstitnatzng u,,jz,,,)/~,,(~,~,) when = 0. 
namely ( P / R ) ~ .  

TIIEOIZEM 3.1 Let 52 be convex, and either (I)  fi = 0 or (ii) N = 2 and P constant 
Then 

P 2 = j V ~ [ 2 +  ~ u G ~ u , ,  it1 $2. (3.4) 

This is provcd lo Sperb (19811, where the inequality is integrated to give for 
convex i2 and p = 0, 

u,,, G 4 distance (z,, 82)' s i p 2 ,  (3.5) 

where p is t l ~ c  in-radius of 52. Tl~eorem 2.10 genernl~zes it~equality (3.5) to 
arbitrary regions for P 3 0 and N 3 2. 

Let K denole the curvature of the boundary of 5;1 nnil lei K,,,,, denote the 
maximum, and K,,,, the minimum valucs of K. Payne & Philrppin (1983) prove for 
problcm P2(0) that 

(See also Kosodcm'yanskii, 1987.) The inequalities become identities for a disc. 



(For a leus, though, incqual~ties (3.6) do not tell us any more than monotonicity 
under domain inclus~on. Lens domains are treated by Keady dll McNabb (1989).) 

Theorems 2.9 and 2.7 extend this result to P,(P), for which 

where a,,,,, and K,,,~!, rclaie Lo radii of spheres inside and outside 5;1 and touching 
dB. For convex i;l in R2 we note rhc fotlowing. 

T~rsoamt 3.2 (Sakaguchi, 1990) Let !2 c RZ be bounded and convex with P 2 0  
constant. The solution rt of P,(P) has a unique critical pninl irl 52. 'Shis critical 
poinL is z,, . 

For largc P ,  wc sce from equations (2.3, 2.4) that u is asymptotic to w,, whcrl 
dR is sufficiently smooth, and inequalities for u,,, may be obiailled from equation 
(2.4). 

Useful cstimi~tcs for ,Ti, when /3 is lal-gc can be dcrivcd t r o n ~  ;i vnri;~t~onal 
forrnula~ion for t l ~  gcneral Poisson prol)lr:m P(D). Thc solution u,, of 15(,G) can 
bc seen to r~~axinlize 

by writiug q) = up + v and using G~IUSS'S theorem to express the Functional in thc 
form 

Evidently 3,) = j"nll,i rs the greatest vaiuc attaincd by J(g7)  atlcl thc cxprcssion 
(4.1) may be used Lo obtain approximate Eormt~ln anti some useful rnequnlitics for 
So. For example, if uo is the solutior~ of P(0) and wc choose co~lstants c r ,  nnd a? so 
that J(v) is maximized for 

Yo = 01 + azurr, 

then w e  find n ,  = 0 1521116'521 and n, = 1. Now 

so that 

It  is intcrcstirlg to note rhal, when is small and dB is suffictently smooth, 
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and so (4.4) atid (4.5) imply 

The solution u = (n2 - r2 +2f ia ) /2N  of problem P(0) shows that equality holds 
when 52 is a sphere i t )  N dimensions. 

In likc Eashion, if u, is the solut~ans of problem I'(w), and  we write 

then, by Gauss's theorem, 

From this wc cr~~clude  that 

P lQ12 
S i i < w + P m  and P . . ~ $ , ,  where2 , ,=LJum.  

011  thc  other hand, if we set u to zero iu  ( 4 . 6 )  instead of choosi~ig it to 
maximize the viklue of J ( q ? ) ,  wc oblaitl Ihc inequality 

and since 

the incqurilities (4.9) and (4.10) give 

It is interesting that both the functions 

P lQl ly) = - P IQl 
l JJzl  

-!- uo and w,=-- 
l3Rl 

satisfy the Poisson equation, but on 30, whilc 

the boundary conditions of problem P(P) are only satisfied pointwise if Z', = S{,. 
This variatiorlal characterization of solutions is also useful For proving !he 

following results for (Ste~ncr) 'symmclrized' domains. (Couvcx domains which 
arc symmetric about an axis are particular instances of Stciner symmetrized 
domains.) Our notation 1s that of Prilya & Szego (1951) and Knwohl (1986). 



I ' l reor~e~  4.1 Let 0 be Slzincr symmetrized a b m t  some axis, and let /3 be 
sytnmetr~c about the satnc axis. Thcu (tic solution ir of proI31~111 P(P) is SLeincr 
symrnctrizcd, and,  in particular, any ~naxinlum occurs on the axis of syrnrnctry . 

I'roof, Let u X  be thc Steiner symmetrization of the function t r  wtltch maximizes 
Ep(v) .  Cousider the: formula (4.1) defining E ( u )  and E ( u * ) .  The integral J,v is 
preserved undcr Stciner symmetrization, while the sccnnd term increases and 
hence dccreases the vi~tue of Li. Usi~lg lhc sllmmetry of the Eunction /3 about the 
axis, we sce the bour~dary ititegral is unchanged so that E ( u ' ) a  E(u) .  I f  ri  is n 
maxirnizcr of E ,  (hen sn is u * ,  Thus  both ~olvc  problern P(b) and, as this 
probicm has a unique solution, t i  must be symmetrized. A similar nrgumcnt 
cstablishzs the sairle result for ri , , .  

5. First derivative bounds 

Thc function 4, dehncd as 

and the futlctior~s y arc subharmonic in 52 (sce ('1.22)), so that p ,  the mnxirnum 
valuc ;I[ tained by p in a is attained 01: 3R. Moreover, if a!2 IS sulficic~~~ly smooth 
(of boundcd curvature), thcn p ,  as a fuuction on d S ,  has a critical point 
whcrevcr u has one on d Q .  In gencral, l~owevcr, it also has critical points or1 dC2 
other than these and, when fi is sufficiently large, p ,  is not located at a critical 
point of ir  unless 52 is a ball. 

Trr~o~<nkr 5.1 I f  u is a solution of P(P) for constant in SZ, d!2 has bounded 
curvature, and u E C2 011 a52, thcn p has critical points at the critical points of u. 
F~~rthermore, u and p have tIlc.ir smallest value on dl2 at the sarnc points. 

r'rouf. At each poirit P on dQ, we ilssutnc dS2 has a locd represcntatiun 
Xn = f ( x ! ,  x1 ,..., .rNTI), where j E C2, and I' is thc origin so that f (0, 0 ,..., 0) - 0. 
Since u -t- P(du /d l i )  = 0 at P ,  

where f, = d f /ax i  for i = 1, 2 ,..., N - t ,  and J = O at P .  
If u has a cr~tical point at P, 

and so if u takes i!s smallest value on dS2 at P ,  then duldrl is smallest and p takes 
the lcast possiblc value i t  could assume on dQ. 

We may difierentiate (5.2) with respect to x, (i = 1, 2 ,  ..., N - l), so that 

and so d2u/dx,a,r, = 0 for i = 1, 2 ,  ..., N - l at critical points for u on d 0 .  
















