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The authars swdy propestics of real-valued functions » defined over Q, a
simply-connected domain in TY, for which the Laplacian of  is constant in €,
and which satisfy, on the boundary of €2, the Robin boundary condition
1 + B(Buf3n)=0. Here n is the culward normal and =0, When N=2 aund
=10, this is the classical St Venarl tesion problem, bul the concern in this
paper is with =2 and 820 Results concerning the magnitude i, and facetion
Zyn €1 the maximum value of «, and estimates for the functional S = [4u, and
the maxima p., and g, of |Vu| and |Su/3n|, respectively, are cstablished using
comparison theorems and variational arguments.

1. Introduction

Qualitative properties of the solutton of the Poisson problem

“Au=1 i@ pIiaus=0 ondn ®(6))
in a simply connected region 2 cR"Y, with closure € and boundary 382, aud of
various functionals of tlus solution arc of interest in many applied areas. Here A
denotes the Laplacian, du/dn is the outward normal denvative of © on the
boundary 8€Q, and i, which may depend on position, is nonnegative.

When N =2, problem P(0} is the well-known forsion problem of elasticity
theory. If the dimension is important, we indicate it by a subscript, so that, for
example, Py(0) is the torsion problem. For this application and others involving
P(B) (Keady & Kloeden, 1987), a functional of prime interest is

S = L i (1.1)

Tables of S, and other domain functionals are given in Pélya & Szcgo (1951). In
particular, for problem I,(0), §, is known as the torsional rigidity. Problem Pa(0)
is also associated with the steady unidirectional flow of a viscous fluid down a pipe
of cross-section £2, sustained by a constant pressure gradient. In this context, §
gives the volume flow rate for a given pressure pradient and the maximum flaid
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velacity u,, is given by
U =maxy = u(z,). (1.2}
a

Problem P(0) also arises in combustion theory in connection with ‘the time to
camplete combustion’ {sec Keady & Stakgold (1989}, wherc equation (1.9}
contains the quantity u,,, and Stakgold & McNabb (1984), especially equation
(6)).

Lincar diffusion and heat conduction problems concerned with transition times
between constant sicady states feature the functional Sy in expressions for the
mean partticle or thermal energy residence time in 2 (McNabb & Wake 1991),
The functional S is also a useful measurable parameter for identifying the
trapping kinetics constants in more complex finear diffusion problems (McNabb
& Keady 1993),

In certain circumstances involving heat conduction with phase transitions, u,, is
refated to the time for {reezing or thawing of homogeneous conducting regions §2,
and the Jocation z, of this maximum in €2 is in the nature of a thermal centre,
being the last point to freeze or thaw (McNabb & Wake, 1991). In the same
circumstances, the smallest and greatest values of «, which oceur on the boundary
3¢, identily the first and last points to freceze or thaw on 382, When >0 and
constant, these are also the points where |3u/3n| takes it smallest and greatest
values. The quantity p = |V u{ also takes its greatest value in 2 on 32, and we
show that if 8 is small, or 32 near circular, then p = —3u/3n at the maximum
value points z;, and so u is 2is0 at a maximum on 3£ at z.. Define p,, as

Pm = Max V| = p(z). (1.3

For the problem P,{0), the point z; is called the principal fail poiat in elastic
torsion theory.

The quantities Sg, ttm, and p,,, may be regarded as functionais and norins of the
solutions u of P(f) and, together with various other properties of these solutions,
have significant applied interest. This paper surveys old and derives new results
concerning them.

While the literature is rich in results for problem P({} and especially P,(0), and
functionals of elasticity interest, there ar¢ some neglected norms relevant to
not-so-mainstream applications. In particular, we find it useful to add supplemen-
tary information concerniag z,, and special sets which contain it.

Some useful qualitative theorems are stated, but to simplify the exposition we
avoid techuical problems associated with difficult regions, and so the treatment is
restricted to £ and § for which the solution & of P(8) is at least in
C($) N CH{ ). Furthermote, if § depends on z then B and 3Q are C*. Some
results require 9 to he ‘smooth' and we take this to mean at least C>*(Q), so
that standard estimates for « and its ficst and second derivatives apply and 32 has
bounded curvature everywhere.

2. Some qualitative thearems for general £ and N

Our starting point is a strong comparison theorem which gives a uniqueness
result for the solutions of P(#) and shows their monotone dependence on . This
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is followed by some estimates relating 1o the asymptotic behaviour of « as 8 tends
to infinity.

Tueorem 2.1 1f i and & belong to C*(2) N C!(Q) and satisfy the inequalities
a - . o Ju
~Vihi—-1=-Vu-1 Q i+f—=u-t+f-— .
7} Veu in £2, i ﬁan ut+f 75 °f 98, 2.1)

then either & >y in & and du/3n < ufdn at any point on 3£ where i =u, or
g=win .

Proof. Since w = & — y is superharmonic in £, its minimum 15 on 8£2, where
oW
w+3—=0 2.2
B3, @2

At such a minimum point for w on 382, we have dw/on <0. (Recall that 3/3n
denotes differentiation along the outward normal.) This in conjunction with (2.2)
implies w =0 there and hence w20 in Q. The strong minimum principle {Hopf,
1952) implies w >0 in Q or w =0 in £. Morcover, if § >0 on some section 3,
of 32, then w >0 there too or w =0 in £, since w=0 at P* on 382, implics
aw/dn=0 at P* from (2.2) and 3w/f3n <0 from the minimuin requirement, so
that éw/én =0 at P* and hence w=0in 2. [

These arguments apply to more general elliptic equations (McNabb, 1961) and
many of the results which follow are also readily generalized.

The problem P(B) for infinite  has no bounded solution and even the more
general problem with Su/8n specified on 84 is subject to the Fredholm
alternative tn the sense that there is no hounded solution unless f,o 3u/dn +
[€2] =0, where {£2| is the area of €. The solution of problem P{ff} for £ the
infinite strip —a < x <a and B constant is u = fa + i(a*—x%), and the following
theorem shows that other sotutions of problem P(fi} have the same asymptotic
structure for large and constant g.

Tueorem 2.2 If €2 is sufficiently smooth and § constant, there are paositive
constants A and B, independent of 8 for which
A B )
Wetofzuzw,—— nQ (k=0,12..), (2.3)
B B
where
2 2
W(]:ﬁ i I +u°ﬂ) u’k:ﬁ—+um+'_+"'+_ (kl':’ﬂ] (2.4)
16<2
The function ., is the solution of

) " Q
Viu.+1=0 in 2, CLE J w.,=0 onds2, (Pl=))
a5

on |882|°
and the functions u; (i =1, 2, ...) satisfy
X Ju ou; )
Vi, =0 in £, a—“l= ~ Uy, T M (i>1), Lﬂ ;=0 on 38,

(2.5)
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Proof. Choose 4, so that u, + A, =0 on 392, and B, so that u, — B, <0 on 3%.
(Our smoothness conditions on 382 ensure .. and u; are uniformly bounded in
Q)Ifa=w,+A,/p" and u = w, — B,/B*, then
Vi +1=Vyu+1=0 inQ,
and
3w+ A Su  uy,— By
At o=tk S
on B an 8

Theorem 2.1 applies and so & = u = g in Q and the result follows. [

=20, u+p ={ on 382,

A number of useful results follow immediately and are stated as theorems for
further reference.

Tueorem 2.3 The solutions of problem P(f) are unique and positive in Q.

Proof. If u, and u; are two solutions, Theorem 2.1 applies and &, = u, = «, in Q
so that u, = u,=u, say, in £2. Now take 1 =u and i =0 in Theorem 2.1. Since
u=0in £ is not a solution of P(B), we have u>0in €2 and on 82 wherever
g>0. O

THrooreM 2.4 (Monotone dependence on ) A-sume 0= f,(z)= fB.(2) on 8L.
Let ; be the solution of problem P(B;). Then u, “~u. in £2, or v, =u, on £ and
g =p, on s

Proof. Let i =uy, u=u,, =, in Thecorem 2.1 and observe that since

d d
iy + 3, -é-:f =@ and _S%I <) oh 852,
it follows that
D Su Ju
4 fSZ‘a_,:=u| + 5 8—nl+ (8, "ﬁl)jﬁﬂ-

The conclusions of Theorem 2.1 apply and the result follows. [l

TiHeoreM 2.5 (Monotone dependence of du/on on B) Let i, be the solution of
problem P(8,) in £, for constant 8; with 8, > . Then

Mz, oy

max < max 2M,

ze502 | On ). zeofz | On (z) -6
in |2%2.)| > min |24 2) =0

min |—=(z nin |—

ze26 | 3N ron) dn 2

and, as B, tends to infinity, |8u,/3r| tends uniformly to 182|/]062| on 362
Proof. If u is the solution of problem P(ff) in £, there is a constant K
independent of 8 such that

[£]
L K<u= | e e 4
0] K<u=§ o ﬁla | K on 280,

and so |8u/5n| tends uniformly to |£2{/]3€2] on 382 as B goes to infinity.

Su 12

8
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Let w=u,—u, so that

. ow 3u

V=0 i@ wrf = (f- ’5“)(_57:) >0 ond@Q  (27)
Suppose —Bu,fdn takes its greatest valuc g, at  on 382 and w = (8, — f,)q..
Theorem 2.1 implies w < W on 382 or w=w =(f, — B,)(—du,/8n) on 32, But
the latter implies, frstly u, = fB,4,, on 3£, and secondly du,/dn = —q,,, with
t)= {1 g, on 38 Since u,=u, + & in Q, we have Ju,/3n = i,/ dn on 882 and
hence f,= B, contrary to assumptions, This establishes w <% on 302 and in
particular at @, where dw/3n > 0. Hence

Au,y | -

an o on

The complementary inequality is provided in the same way. (1

max

Q= an |Q T rea

(2.8)

In a private communication, Kosmodem'yanskii pointed out that the constant
K above is bounded by an inequality of isoperimetric character, derivable from
estimates given in his 1989 paper and given by K <(3 (0|~ [QP/Di}, where

= 30 #7' ds and & is the curvature of 3.

We now establish some resutts which compare solutions on differing domains of
problem P(f8} for constant .

TusoneM 2.6 (Domain monotonicity when =0} If @ < Q, and u; is the
solution of P(0} in £, then 1, < u, in £, or u, =u, and £, coincides with Q,.

Proof. When 2,82, u, =0 on 9%, and s0 u,=u, on 3€,. Thercfore
Theorem 2.1 applies and gives the result above. O

The analoguc of this theorem is not true for >0, cven if £2, and £, arc both
convex, Counterexamples can be given using the asymptotic behaviour of u foc
large .

Suppose Q) < £,, u; iz the solution of problem P(8) in £, and a weaker
domain monotonicity result than Theorem 2.6 were true. Suppose for any £ no
matter how large, there are always greater values of f3 for which u, <u,. If such
a result were true, it would imply [Q,|/|982| < 1£2,)/)3§2,|. This follows from
(2.3), which implies that for large § therc is a constant K independent of 8 such
that
|£2|

2 o
ﬁ|39;| K<u,~<ﬁlagil+h in £2;,

and so, arbitrarily large B values exist for which

B |0 13 B

It is not hard to find regions Q, and Q, with €, = §2, for which |£2,)/]642;| <
1$2.1/|1882,| even i £, and €2, are both convex. For example, et £2, be a
rectangle ABCD with an isosceles triangle AEB forming a ‘roof’ on top of height
EF above AB where Fis the midpoint of AB and EF is small. The region €, is



210 GRANT KEADY AND ALEX McNADR

the same rectangle but with a slightly different roof. The line AE is extended to
meet the extension of €8 at G. The region £2, is the quadrilateral AGCD
containing the five-sided figure AEBCD. When EF is small, and AD is greater
than A B, |£2,1/]382,| =(Q\|/}2€).

Theorem 2.6 is a useful source of lower bounds for solutrons of problem P(0),
For example, if B(3, p), a ball of radius p and centre O, 15 contained in £ and w
is the solution of P(0) in B{O, p), while u is that in &, then in B(O, p)

u=w and u, = p*2N. (2.9)

The following theorem provides much meore limited but nevertheiess useful
analogous bounds for problem P{f) when §>0.

TeeoreM 2.7 Suppose for finite & > 0, and points P in £2, the ball B(P, a) of
radius ¢ centred at £ is in £2. If w, , solves P(}) in B(P, a) and £ is the upion of
all such B(P, a), then u>wp, in B(P,e)c £, or u=wp, and £ and B(P, a)
caincide.

Proof. Let O be a point on 382 where u, the solution of P(8) in £2, takes its
smallest valug, By assumption, there is a £ such that B(P, a) c @ and ( is on the
surtuce of B(P,a). If wa,=u at (O, there is a constant K =0 such that
vy, ~K=un @, and

v+ 62U =—K=0, vsu ondB(P, a). (2.10)
n
But at (2,
ot 3
u+[382= , u=uv, atldso—gg“-::a—:

Theorem 2.1 now implics u=v in B(P, a) and from (2.11) that X =0. Thus
wp . <u at Q and hence also in B(P, a), otherwise u =wp, and 2 and B(F, a)
coincide. O

The constant ¢ of Theorem 2.7 is bounded above by the smallest rachus of
curvature of the boundary 382 of Q. If £ is convex and £ constant, there is a
stronger result involving a less restrictive bound on a.

Tieonrem 2.8 If £2 is convex with B(Q, a) = Q, and if 1 and w, solve problem
P(B) in 2 and B(O, a) respectively, then u > w, in B(O, a) or £2 and B(0, a)
coincide.,

Proof. The solution w, is given by

(2.11)

12
Wo+ "=+~ ypco8 0, (2.12)
i
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where 8 is the angle 7, makes with the normal at P. But rp cos @ is the distance
from (I to the tangent to 382 at P, and since this tangent plane does not intersect
£2 (convexity condition), rp cos 8 = a. Hence

W,

ar: sn on dQ, (2.13)

so that by Theorem 2.1, w, <u or w, =u in B(O, a) and the result follows O

W, + 3

An implication of Theorem 2.8 is that |2]/p |3€2] has a maimum value 1/N for
convex regions. This minimum value is attained by many convex shapes other
than B(Q, 4). For example, when & =2, convex pelygons whose boundarics
consist of arcs of the ciecle r = ¢ and tangent lines to it. Such figures include the
circle r = a, the circumscribing square, or any other circumscribing polygon. For
these regions

Hw=Cn_"}r2 (214)
is the solution of P(») when ¢, is given by
cy 082 = J, i, (2.15)
352

There is also a simple result, analogous to Theorems 2.7 and 2.8, for spheres
circumscribing the region £2,

Tueorem 2.9 If B(O, R} is a ball of radius R with centre at O containing 2, u is
the solution of P(8) with § constant in £2, and w the solution of the same problem
in B(O, R), then u<win @, or u=win Q and 2 and B(O, R) coinade.

Proof. The solution w of Py(8) in B(Q, R) is

R*—+r* BR
=4+ —, .
2N N (2.16)
At a point P on 822 distance rp < R from O,
3w R*—+4 R
W+I3—w= P+ﬁ—~~£rpcosf}a{), (2.17)

on 2N N N

where @ is the angle OF makes with the normal to 882 at P. The result now
follows from Theorem 2.1. O

This theorem is still true if B(O, R) is an infinite cylinder in M-space (M < N)
contaiming £2 in BY, and in the extreme case M =1 with £ contamed in the strip
lxf < b we have

wy=3(b2-xD)+Bb=u in 2 (2.18)
This result leads to a generalized version of an inequality given by Sperb (1981).

THeorest 2,10 Let ©* be the smallest convex region containing £2, with
in-radius p*, and let a* be the distance from z,, to 3Q2*. Then

i S4a*? 4+ o < 4p*?+ fp*. (2.19)
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Proof. It £2is contained in [x)=<J, thea from (2.18)
<<y, in £ or w=w, in Q.

We may assume the plane x = 0 contains z,, and allow & to decrease {even though
x + b =0 may intersect €} till x = b is first tangent to £ or there is a point P* in
2N {x =0} where u = w,, while u <w, ¢lsewhere in this region. The point P*
must lie on the boundary 320 {& = 0} or on 2N {x =0}. But on 3Q N {x =0},

a
wb+ﬁ§20,

and on 2N {x =0}, w, = u, = u. The point P* cannot be on 882N {x =0} since
Uy, is in the interior of €2, and the arguments of Theorem 2.1 infer P* can only
exist where £ coincides with the strip. Hence

u<w,in QN{x=0}) or umw,

even when x =b is tangent to £. Consider all possible tangent planes cor-
responding to the different orientations of the x-axis through z,,, and let a* be the
smallest attainable value of &, If £2% is the smallest convex region containing £2,
then a* is the distance from z, to 382" and is less than or equal to p* the
in-radius of £2*.

Thus the inequalities (2.19) must be satisficd and equality is attained only
when £21is a steip. O

The combination of Theorems 2.8 and 2.9 show that if £ is convex, while
B{0O, a) is a ball contained in £2 and containing a regian £2*, then the solutions u
and «* of problem P(f#) in £ and * are such that u <u* in 2, or u=u* in Q,
and 2, Q*, and B{O, a) coincide. A more general domain monotonicity result
can be stated in terms of a region £, instcad of B{0, a), contained in £ and
defined as follows. For any given region £, let u be the solution of P(8) in £2.
Then 1 will have a maximum wu,, in  at x_, where p =]V u| =0 and hence

(= BpXx,)=u,>0, {2.20€)

Let ©, be the region in §2 where
$=u~pp>0 (2.21)
This region {2 is not empty since it contains a neighbouthood of x,. It also
touches 32 at least at two points, since the points on 3€ where u takes its

greatest and least values are points where p = ~3u/3n and hence where ¢ =0,
The function ¢ is superharmonic since « is, and since

Bu)z 1 du &u o e 2
2= {—}, Wi == (__, —-— ) . 2.2
e E," (ax,- PP 2 ,% Ox, Ox;0x,  9x, Ox;0x, @222

so that any point inside a closed surface on which ¢ =@ is in £2,. In the special
circumstanee that « is constant on 382, the function ¢ vanishes on 32, so that £2
and €2 coincide for all S.

Threorem 2,11 IF Q is any region in £ and u is the solution of P(B) in L, for
constant, then > w in Q, or u=u and Q, £, and Q coincide,
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Proof. At any pomnt P on 382,
Ju
u+tpB—=u-f|Vu =0,
B r» B |Vui

and hence by Theorem 2.1 the result follows, (O

Note that, for the balls and cylinders of Theorems 2.9 and 2.10,
aw
w+ﬁ§’-;—-w-f3p-0 on 3£,

since these are geometries for which w the solution of P(8) in € is constant on
8$2 and £ and £y coincide.
When 2 is a pseudo-ellipseid (McNabb ef al., 1990) with axes X; for which

¢

2 .
B _ X i:?“_l
“ A(l 2X§+2}3X,-;I’ 24 G XT42BX, (2.23)

the reglon §2y in which (2.21) holds is bounded by the quartic polynomial surface
8€2; given by

ut= ﬁf[z @E)z]. (2.24)

This lics inside the pscudo-ellipsoid bul touches it on the x;-axes at x; = X;, and,
as f3 tends to infinity. €2, tends to the etliposid £2,

2 0HxY =L (2.25)

This means there is an upper bound for [£2[/|3Q] for regions in this ellipsoid
given by

o
|!6‘—9]|5 1/2 (1/X)). (2.26)

This is the valuc of |{£2)/}952) for the pseudo-cllipsoid and the rectangle with
sides 2X;. One wonders whether other polygons composed of tangent plancs to
the pseudo-cllipsoid have the same ratio,

3. Bounds on u,,

Theorem 2.9 can be restated thus: amongst all domains with a given
ciccumradius R, the ball maximnizes the guantity & .. In the case § =0, this can be
improved to: amongst all domaing with a given volume |£2], the ball maximizes
the quantity w,,. Thus, for the disc of area 4,

Uy, < Afdn. (3.1)

(See Payne, 1967; Baadle, 1980; and Pélya & Szegs, 1951.) These references give
numerous inequalities on other functionals, inequalities that are soperimetric,
that s, exact for a disc. (Further work associated with the centre-on-
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circumference lenses of Keady & McNabb (1989) which, when &, tends to n,
tend to a disc, may be of use in suggesting possible improvement to some of
these isoperimetric wnequalities.) We do not know of any improvemecat on this
result from Theorem 2.9 for u,, when J is nouzero, using symmetrization
techniques.

For problem P(0) and for convex domains, Pdlya & Szegd (1951: p.113}
suggest approximating the torsional rigidity by a formula which is exact for an
arbitrary ellipse. The functional u,, might be estimated i various similar ways,
one of which is as follows. For prablem P,(0) in an ellipse, u,, s equal to
up(R, p), where

!
R

The corresponding ‘rule-of-thumb’ when § s a nonzero constant and £ is a
convex domain,

L -1
ug(R, p)= %( R ?) when B =0. (3.2

1 1 -
is described by McNabb et af. (1991). Of course, this is exact when Q2 is a
pseudo-¢llipse and in particular a disc (so that R = p). Moreover, if u,, is the
maximum value of the solution of problem P(f) in any region 2 contained in the
region £2; defined by the quartic surface (2.23, 2.24),

My < uR(RI o ﬁ)

It is easy to construct other ‘ellipse approximation’ formulae, analogous to
(3.1), for p,, and other functionals, For example, in table 1 of Keady & McNabb
(1989} an ‘elfipse approximation’ formula estimating u,.(2,)/u,,{z,) when =0,
namely (p/R)".

Tueorem 3,1  Let £2be convex, and either (1) § =0 or (i) ¥ =2 and 8 constant.
Then

Py=\Vu|* +2u <2u, in Q. 3.4

This is proved i Sperb (1981), where the inequality is integrated to give for
convex {2 and =0,

Uy, = JZ\ dislance (zm) ag)l = '?E,Oz: (35)

where p is the in-radius of £. Theorem 2.10 generalizes inequality (3.5) to
arbitrary regions for B =0 and N =2.

Let & denote the curvature of the boundary of € and let x,, denote the
maximum, and k., the minimum valucs of k. Payne & Philippin {1983) prove for
problem P.(0} that

\ 1
=

— = g
4Knmx 4Kmin

{3.6)

f'II'I'I

(See also Kosodem'yanskii, 1987.) The inequalitics become identities for a disc.
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(For a lens, though, inequalities (3.6) do not tell us any more than monotonicity
under domain inclusion. Lens domains are treated by Keady & McNabb (1989).)
Theorems 2.9 and 2.7 extend this result to Py(f), for which

1/ 1 B 1 ( | B )
— sy, == 3
N (2!(2 Kn““) e N 2Kﬁlill Kmin ’ (J ?)

miax

where x,,,.. and x,,;, relate to radii of spheres inside and outside £ and touching
3. For convex £ in R? we note the following.

THrorREM 3.2 (Sakaguchi, 1990) Let 2 < R? be bounded and convex with =0
constant. The solution u of P,(f) has a unique critical point in €. This critical
point is z,,.

For large B, we sce from equations (2.3, 2.4) that u is asymptotic to w,, when

352 is sufficiently smooth, and inequalities for «,, may be obtained from eguation
(2.4).

4. Incqualities on S,

Useful ostimates for §; when S is large can be derived from a variational
formulation for the general Poisson problem P{S). The solution u,; of P{f3) can
be seen to maximize

i) =[ 2o- o~z v @1

by writing ¢ = 145 + v and using Gauss’s theorem to express the functional in the
form

Hug +v) = L Uy — J‘Q {(Vu)* dv --% J‘m v* (4.2)

Evidently 8; = J 1 15 the greatest value attained by J{@) and the expression
(4.1) may be used to obtain approximate formula and some useful inegualitics for
Sp. For example, if uy is the sotution of P(0) and we choose constants ¢, and a, so
that J(g) is maximized for

Pp =48, t axly,
then we find a, = 3 |£2|/|882] and a, = 1. Now

Bl J’
J =] =— . .
(ep) (@0} ¥3] o Uy (4.3)
50 that
_BIerR
S_“ = -M + Sq, {44)
1t is interesting to note that, when § is small and 342 is sufficiently smooth,
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and so (4.4) and (4.5) imply

ou', 197

—] = 4.4
Ln ( on 1362 (4.6)
The solution u = (a*—~ r*+2Pa)/2N of problem P{B) shows that cquality holds

when £2is a sphere in N dimensions.
In like fashion, if w., is the solutions of problem P(ec), and we write

_ Bl
Up -—-I‘a—-Q]--i"um +u, 4.7
then, by Gouss’s theorem,
ploP f 2} J

Sy = J(uy) = + | Ha— | {Vu)i—~ U, + v) 4.8
/i ( fj) ES‘QI o 52( ) ﬁ .9(2( ) ( )

From this we conclude that

kel I

Sy = +3, and 3.=5,, where £,.={ u.. 4.9
TS ‘ o (4.9)

Qu the other hand, if we set v to zero in (4.6) instead of choosing it to
maximize the value of J/(), we obtain the inequality

LU B1P 1
Sy = +3. -~ ul, 4.10
SEre] B e (4.10)
and since
2,:] u,=—[ u, (4.11)
$ 242
the inequalities (4.9) and (4.10} give
Blef 1. Bler
Y+ E, =Y =S, " 12
199 FRlh AT IS (4.12)
It is interesting that both the functions
Q 3|82
Wy = ﬁa—l!.?lj +u, and w,= flic':)l_éll + i, (4.13)
satisfy the Poisson equation, but on 342, while
b)) =], (et 65)
wpt+ B2l =1 (w,+ ) =0, 4.14
Lg}( a ﬁ on 351 ﬁ 3!1 ( )

the boundary conditions of problem P(f) are only satisfied paintwise if ., =5,
This variational characterization of solutions is also useful for proving the
following results for (Steiner) ‘symmetrized” domains. (Convex domains which
are symmetnc about an axis are particular instances of Steiner symmetrized
domains.) Our notation 13 that of Pélya & Szegd (1951) and Kawohl (1986).
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Tusorem 4.1 Let £ be Steiner symmetrized about some axis, and let 8 be
symmetiic about the same axis. Then the solution i« of problem P{) is Steiner
symmetrized, and, in patticular, any maximum occurs on the axis of symmetry.

Proof. let u* be the Steiner symmetrization of the function i which maximizes
Ep(v). Consider the formula (4.1) defining £(u) and E(u*). The integral [gv is
preserved under Steiner symmetrization, while the sccond term increases and
hence decreases the value of E. Using the symmetry of the function 8 about the
axis, we sce the boundary integral is unchanged so that E{u™)= E(u). I uis a
maximizer of E, then so is u* Thus both solve problem P(B) and, as this
problem has a unique solution, ¥ must be symmetrized. A similar argument
establishes the same result for u,,.

5, First derivative bounds

The function B, defincd as
% = |Vul? = p?, {5.1)

and the functions p are subharmonic in & (see (2.22)), so that p,, the maximum
valuc attained by p in Q is attained on 392. Moreover, if 82 1s sufficicntly smooth
(of bounded curvature), then p, as a function on d€2, has a critical point
wherever ¢ has one on 382, In gencral, however, it also has critical points on 32
other than these and, when f is sufficiently targe, p,, is not located at & critical
point of « unless £ is a ball.

Tueores 5.1 1 « i3 a solution of P(B) for B constant in §2, 352 has bounded
curvature, and u € C* on 3£2, then p has critical points at the critical points of .
Furthermore, ¢ and p have their smallest value on 92 at the same points,

Proof. At cach point P on 882, we assume 962 has a local representation
£ = f{x), X2, En_1), where f e C?, and P is the origin so that £(0,0,...,0) =0.
Since u + f{ou/on} =0 at P,
1 o Ju
u(fi+ +f~—-1+1)‘+f5( h+ mjqu—a):[) at P, (5.2)
where fi=3f/8x;fori=1,2,.,N~1,and ;=0 at P
If & has a critical point at P,
B du du
—— 512..,, ‘—'1, = ——-—, o pr— P , .
F™ 0 (¢=1,2,.,N—-1), u ﬁax,,, P Fy at P (5.3)
and so if u takes its smallest value on 362 at P, then du/dn is smallest and p takes
the least possible vaiue it could assume on 382,
We may differentiate (5.2} with respect to x; (i =1, 2,.., N — 1), so that

—-»—HS 2 (au . &u

i~ o) =0 at P, 5.4
81" SxNar ) a (5.4)
and so §%u/3xydx; =0 fori=1,2,.,N—1 at critical points for u on 3Q.
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Suice
3p  Ju du
P o pPri= & o o, (5.5

we see p; vamshes at the critical points for u on 32, and Theorem 5.1 is
established. 0O

Although the points where the least value of p is assumcd on 362 are also
critical points where i asswnes its least value on 3£2, there is no clear-cut general
association between olher critical points of p (e.g. p,) and those of «. We will
pursue this association in more detail for the case NV =2,

At each point P of 962, we have a representation y = f(x} of 382, such that

du du d*u
u=p oy’ ox +8 ( fo = 8x8y) 0, (5-6)
an<t if P is a cntical pownt for p on 3€2 then
dudu du Fu
[ —— —_ t P' .
o apoway D (5:7)
Deline
azu
GB) =P 2 (1 +Bf:) at P,
$0 that equations (5.6) and (5. ?) give
a3
ZO(B=0 ap (5.8)

If, for a given § and 2, G is nonzero at P, then 3u/dx =0 there, and P is a
critical point for u on 3Q.

When J is near zero, (7 is positive, since Gu/3y is positive when 8 is zero and
therefore, by continuity, when § is close enough to zero. Also, if £21s a circle of
radius a, then

y—fX)=y—a+{@®-x)i=0, u=3ia*~x*—-(y—a)+ fia,
and so
G=ia (5.9)
Hence G is positive for all § when £ is a circle and so, for each finite B, is
positive for £ nearly circular.
In another approach for the case when £ is small, 9€ smooth, and N
unrestricted, we assume ¢ can be written
uﬂu(]'i‘ﬁul 3- ﬂ2u2+"-, (5.10)
where u; satisfy the boundary value problems

3 8
Viug+1=0, V=0 in Uy =10, ul=~—u~9, u2=——u—1,... on 84,
an on
pr=ul 4 2Bug+ o, w=Puy + PPuy+ - on 882

(5.11)
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For small 8, then, we expect to find the greatest and least vajues of p and « on
352 at the same points, confirming our earlier conclusions. The piclure when f is
very large is interesting and different. The asymptotic expressions (2.3, 2.4) for
large B and smooth 32 give

8142 iy on |2 .

150 + i, + 5 4o, 3 |8.Qi+ 5 + (5.12)
Naturally, the maxima and minima of u on 92 are al the same points as those of
Jufdy on 382, but Su/dy is almost constant and we need to study w,, 10 see the
association between the critical points of p and « on 382 for large §.

If p,,, the maximum of |Ve,| on 342, coincides with «) the maximum of u., on
382, then p,, = du../3dy = |2]/|3£2| at the critical pont. This implies p is constant
(the greatest and least values being |£2]/|0£2]) on 3€2 and cqual to du./3y, so
that du,./ox =0 on 3Q and so 4. =0 on 382. But then u,, = u,, the solution of
P(0} on 2, and a symmetrization argument shows 38 can only be a circle,

i

Tueonem 5.2 If 2 is bounded and 852 e C? and if u.. = 1y, then 32 is a circle.

Proof. Let O be the contact point of a tangent line y =0, with 882 choscn so that
Qties in y > 0. Let £, and u, denote the image of £2 and ¢ reffected in the line
y=w&. As « increases [rom 0, there will be a first nuinber a* >0 such that
QoNiyz=a*)cln{yz=a*}, and 3L, N {y=a*} and 32N {y=a*}
either have a point P in common not on y = a* or they have a common 1angent
x=fat(f, a*) on 3.

In the first situation, we have u, <u in Q.0 {y=a*} (see McNabb, 1967)
and at P we have u,.=u =0 and 3u,/0n = dufdn = —|2|/|352|, and this by the
Hopf lemma (Hopf, 1952} implies u,-=u and £2,-N (y = a*} is identical to
20N {y=at},

In the second case,

ou O,
—— =y = .= ¢ *
- oy U=t at (8, a™)
and
S, Su |&| ,
== at ' 8 .
dx on |88 at (, %)
Moreover

Fuig-  Su
dxdy oxdy

and $0 w =u —u, = O(¢*) along the line (B+¢, a* +¢). But u,-<u in Q,.0
{y = o™} requires, by an argument analogous to that of Hopf (1952), u,-—u to
be of order £* along this line as t—0 or else u,-=u and Q,-N{y=a*) is
identical with QN {y = a*}. This means that 3 must be a circle if u., =u,, and
the result follows. O

=0 and VHu-—u,)=0 at(B, a*),

If u.. is not constant on 242, then (8u../3x)* is greatest on 342 for some choices
of axes, and at this point p? = (Bu../3x) + |Q*/|18Q}* takes its greatest value.
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Hence, for any £2 not a disc, and § large cnough, the location of p,, cannot
coincide with that of the greatest value of i on 3£2. Analogous arguments may
be carried through in R¥,

There is a simple exact solution for problem P.(f) when £ is an cquilateral
triangle (McNabb & Keady, 1993). Although this case for which 942 has carners
15 strictly outside the scope of the treatment in this paper, it is interesting to see
how the location of p,, changes with increasing 8 from an asscciation with u* at
the midpoints of the sides to an association with the least value of 1w on 862 at the
corners.

We sec from Theorem 5.1 that if 4™ is the greatest value of 1 assumed at Q on
8€2, then p has a cntical value at Q which will be p, if § is small enough, but in
general

Im =P

[f the point z can be touched by a ball of radius p* lying in £2, then, by Theorem
2.7,

PoEuslB=pIN.
Sperb (1981: p.85) gives numerous inequalities for p,, using his £, functions
P, ={Vul* + nu, (5.13)

For N =2, P, takes its maximum value on 952, and, when =0,
P Z it (5.14)

The analogue of this in higher dimensions is that Sperb’s function Py takes its
maximum on 382, and so, for problem Py(0},

P = 2un/N. (5.15)

For convex £2, 8t Venant and Filon have speculated about the localion of the
fail points z; (see Kawohl, 1986; Sweers, 19892; Ramaswamy, 1990). For probably
all of the domains for which St Venant and Filon had explicit solutions of the
torsion problem, they noticed that the fail points occurred at a point of
intersection of an in-circle, & largest inscribed circle, with the boundary of the
domain. They speculated whether it might be more generally true for convex
domains. It is not true in general, The first counterexample we found was for a
slender isosceles triangle. (The semi-infinite strip is easier because a Founer
series expansion for the torsion function is available. However, St Venant and
Filon were almost certainly considering bounded domains.) Kawohl (1986)
suggests that the speculations of St Venant and of Filon might have been intended
for convex domains with two orthogonal axes of symmetry. Again there is a
counterexample, another convex curvilinear polygon (sece Swecrs, 1989). We
remark that, for any domain in two dimensions, the NAG routine DO3EAF is a
particularly appropriate tool for locating fail points and for investigating other
aspects of the behaviour of Vi on the boundary.

Estimates for extreme values of p on 82 should be tested against those
obtained from the requirement that p,, must be greater than or equal to the
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average value of 4/ on 3Q. We have, from Gauss’s theorem,

*
poms | FPSRNL I [N R AT
B B19Q] e |0€2| S5 I 1982 Jo |82
and this result is exact for spheres in R*™.
If w is the solution of P{#3) for § constant in the in-sphere B(p) touching 342 at
(, say, then there is a constant ¢ for which w+c¢<suin B(p) and w+c=uata
point Q™ on 8B(p). By Theorem 2.1, 8u/3r < 3w/dr= —p/N at @*, and so0

P Z=pIN. (5.17)

This result can be better than (5.16) for nonconvex regions with an in-sphere for
which p/N > |£2|/|3€21. If the boundary 3% is sufficiently smooth, the asymptotic
expressions (2.3, 2.4) give useful estimates for p,. For large 8, and sufficiently
smooth 382,

du 12| (E“_“

iy
o)~ (G @) (5.18)

B B

For diffusion and conduction problems, bounds on 3u/3n give bounds on the
local fluxes at the boundary. Theorem 2.4 shows that bounds on 3u/dn for
problem P(3) for § constant are provided by bounds on du/3n for problem P(0).

If u is the solution of problem P(8) for 8 constant in Q, then, unlike p,,, the
greatest value g, of [Ju/dn| on 342 occurs at the same points on 32 where u
assumes its maximum value u* on 0€2, and, when >0, ¢, =u*/B at these
poiats. Theorems 2.10 and 3.1 give a useful upper Limit for ¢q,,.

]’)I'ﬂ ;

Tnecrem 5.3 I £ is convex and u is the solution of preblem P(B) for j

constant in £, with a maximum value u, at z,, in £ and a maximum value ¢, for
|dufdn| on 382, then

gm=a = minimum distance from z,, to 3£, (5.19)

Proof. Suppose u = u* at O on 382 and let w be the solution of problem P(D) in
£2, so that u<<u*+w on 82 and hence in 2, and g,,<|0w/dn|y,. From
Theorem 3.1

2
”%E Q5|Vw|zgszwm, (5.20)
and from Theorem 2.10
W < 3077 = 347, (5.21)
Hence,
gh<4® and gq.<a (5.22)
0O

Fu & Wheeler (1973) showed that, for problem P,(0) and convex £2,
PL<p*(1— ko) < p*(1 ~ fkninp ) (5.23)
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where & is the curvature at the principal fail point. This result is exact both when
2 is a strip and whea it (s a disc. It poiats to possible extensions of Theorem 2.5
by replacing the comparison functions (2.5) with the solution of the problem P{8)
for f§ constant in a ball instead of a strip, so that w{r) satisfies

8 ow
Vi +1=0 n Re<r<R,, —=0onr=R,, w+ﬁ-§=o onr=R,.
r

or
(5.24)
The solution w takes its greatest value w, one =R, [ N=12,
R - R R
Wy, = £4R1 YR, +28) - ’ﬁR%lnR—;, (5.25)
and, if N >2,
Ri—- R} RY 1 L
= R, + NB) + ( - ) 2
*m = TINR, (R + NB) N(N-2)\RY™* R} (5.26)

TuroreM 5.4 Let £2* be the smallest region containing 2 such that every point
P on 32* lies on the surface of a sphere of radius R, touching 2% at P, and
containing £2*. Let a* be the minimum distance from z,, to 34*, where z,, is a
point in £ where «, the solution of P(8} for B constant in £, takes its greatest
valuc u,,. Then

U, S W, in £2, (5.27)

where w,, is given by (5.25) or (5.26), and Ry= R, — a*. If p* is the radius of the
in-sphere of 2%, we may set Ry= R — p*, If £ and ©* coincide, and g, is the
maximum of |Gu/dn| on 34, then

aw a* ﬂ* (J* N=1
it w0 a5, () ()]
Ga=2w, and ¢ or e "N 1 R, 1 R,

(5.28)

Proof. The first inequality (5.27) is derived by foliowing the proof plan of
Theorem 2.10 using the new functions defined by the boundary valite problem
(5.24). Suppose £ is convex, so that £ and Q% coincide. The first inequality
(5.28) then follows from Theorem 3.1, Let  be a point on 82 at the minimum
distance a from z, and w(r) the solution of problem (5.24) in the sphere which
contains £2 and touches it at . For this sphere and R\ — Ry=a, u<w in
QN {r Ry=sr<R), oru=wand £ is the ball of radius R,. In the former case
u<w, we have up <w(R;) and u,, <w(R,).

Let w,=w — ¢ for ¢ a positive constant and compare w, with # for increasing
values of c. When c=0, w.=w>u in QN {r:Ry<r<R,} and as ¢ increases
there is a ¢* > and a first poinl 1n the region where u = w. By the arguments of
Theorem 2.10, we find this contact point must be at Q if € is not a ball, Now let
(* be a point on 982 where u takes its greatest value u® and hence where
g =|du/dn| takes its greatest value g,,. Consider w. for ¢c=w(R,)—u*=
W{R) ~ 1o < w(Ry) — i,
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This function w, associated with the sphere containing £2 and touching 352 at
Q* issuch that u=w,in QN {r:Ry<sr<R,} and u =u*=w, at Q*. Then

<[ a“’f] —[~8-"”] _RI-RY 5.29
qm 8r RI_ Sr ﬂl— N-12 ( )

NR{
and the second inequaltty (5.27) is obtained. O
For N =2 and a = p inequality (5.22} is obtained, and for N =3

2
qmsp(lﬁ—’g-{»L).

T (5.30)

When R, tends o infinity, the ineqguality (5.19) is re-established.
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