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Abstract

The (generalised) torsion function u of a domain Ω ⊂ IRn is a function which is zero
on the boundary of the domain and whose Laplacian is minus one at every point in the
interior of the domain. Denote by |Ω| the measure of Ω, xc its centroid. We establish, for
convex Ω,

3

2(n+ 1)2
≤

1

(n+ 1)2

|Ω|∫
Ω u

max
Ω

u ≤
|Ω|u(xc)∫

Ω u
≤
|Ω|∫
Ω u

max
Ω

u ≤
1

2
(n+ 1)(n+ 2).

We generalise this to positive solutions u of the semilinear problem −∆u = uγ, 0 ≤ γ < 1,
satisfying homogeneous Dirichlet boundary conditions.

1 Foundational materials

1.1 Introduction

The main results in this paper concern positive functions u with certain concavity proper-
ties (usually that u to some power is concave) defined on a convex domain Ω and vanishing
on its boundary. We find bounds for quantities, with k > 0, like

ζ(Ω, k, u, xp) =
|Ω|u(xp)

k∫
Ω u

k
, (1.1)

where xp is a given point in Ω. In some bounds, notably those from the Hadamard
inequality, xp = xc the centroid of Ω. In other bounds, xp = xm the location of the
maximum of u.

There are numerous ways in which the material in this Report represents work in
progress. We anticipate further results, and accordingly occasionally summarise items
which we feel are likely to be useful, but which are not actually used for the main results
of the report. Theorems stated, but with proofs omitted, are in this category.

1



1.1.1 Positive continuous functions

Without concavity properties for u or information concerning u such as one might have
from being given that u solves some partial differential equation problem, results on ζ are
limited. Here, however, is one easy result.

THEOREM 1.1 For any domain Ω and positive function u defined on Ω, the functional
ζ(Ω, k, u, xp) defined by equation (1.1) satisfies the following.

(i) For any xp ∈ Ω, ζ(Ω, ·, u, xp) is positive and logconcave on [0,∞).

(ii) Let xm be a location of the maximum of u. Then ζ(Ω, ·, u, xm) is monotonic nonde-
creasing on [0,∞). For k ∈ [0,∞), ζ(Ω, 0, u, xm) = 1 ≤ ζ(Ω, k, u, xm).

A simple application of the Hőlder inequality gives, for 0 ≤ t ≤ 1 and omitting
arguments which are the same in the ζ,

1

ζ((1− t)k0 + tk1)
≤

1

ζ(k0)1−t

1

ζ(k1)t
,

which proves (i).

Write ζm(k) = ζ(k, xm). The result 1 ≤ ζm(k) is easily improved for the solutions u
of our partial differential equation problems: see, for example, the leftmost inequality –
on ζm(1) – in the abstract.

1.2 Hadamard’s inequality

The Hermite-Hadamard inequality for convex functions defined on an interval of the real
line is given, with some history, in [PPT]. The result immediately below is a generalisation
of this to higher space dimensions.

THEOREM 1.2 Let Ω be a convex, compact subset of IRn with nonempty interior. Sup-
pose that the mapping Φ : Ω→ IR is differentiable and convex on Ω. Define, for xp ∈ Ω,

I1(xp) =

∫
Ω

Φ(x)dx− |Ω|Φ(xp), I2(xp) =

∫
Ω
〈∇Φ(x), x〉dx− 〈xp,

∫
Ω
∇Φ(x)dx〉,

where |Ω| is the volume of Ω. Then one has the inequalities

0 ≤ I1(xc), (1.2)

I1(xp) ≤ I2(xp), (1.3)

where xc is the centroid of Ω. If u = Φ is concave rather than convex, the inequalities are
reversed, and, if additionally u ≥ 0, ζ(Ω, 1, u, xc) ≥ 1.

Proof. As Φ is differentiable in the interior of Ω we know that

Φ(x)−Φ(y) ≥ 〈(∇Φ)(y), x− y〉 ∀ x, y ∈ Ω, (1.4)
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where 〈a, b〉 = a · b is the usual inner product in IRn. Applying this with y = xc and
integrating over x gives

I1(xc) =

∫
Ω

Φ(x)dx− |Ω|Φ(xc) ≥
∫

Ω
〈∇Φ(xc), x− xc〉dx,

= 〈∇Φ(xc),

∫
Ω
(x− xc) dx〉 = 0,

which establishes inequality (1.2).

Let xp be any point in the interior of Ω. By inequality (1.4) we also deduce that

Φ(xp)−Φ(x) ≥ 〈(∇Φ)(x), xp− x〉 ∀ x ∈ Ω .

Integrating this inequality with respect to x over Ω gives

−I1(xp) = |Ω|Φ(xp)−
∫

Ω
Φ(x)dx

≥
∫

Ω
〈∇Φ(x), xp〉dx−

∫
Ω
〈∇Φ(x), x〉dx= −I2(xp),

from which we get inequality (1.3).

The proof above actually yields the following small generalisation, which we record
for possible future use. (It isn’t used in this Report. We anticipate possible uses when
we have further results on the concavity sets for the elastic torsion problem, n = 2.)

COROLLARY. The inequalities of the preceding theorem are also true when the integrals
(and measure) are taken over appropriate star-shaped subsets Ω∗ ⊆ Ω rather than the
whole of Ω.
(i) 0 ≤ I1∗(xc∗) when Ω∗ is star-shaped with respect to its centroid xc∗.
(ii) I1∗(xp∗) ≤ I2∗(xp∗) when xp∗ is any point of Ω∗ with respect to which Ω∗ is star-
shaped.

The preceding Theorem generalises. We record this for possible future use. (It isn’t
used in this Report. The kinds of integrals occuring in Theorem 1.3 also arise, though just
incidentally, towards the end of Section 4 in connection with the Helmholtz fundamental
mode problem.)

THEOREM 1.3 Let Φ, Ω, xc be as in Theorem 1.2. Define, for xp ∈ Ω, and 0 ≤ t ≤ 1,

H(xp, t) =
1

|Ω|

∫
Ω

Φ(tx+ (1− t)xp)dx,

I2(xp, t) =
1

|Ω|
(
∫

Ω
〈∇Φ(tx+ (1− t)xp), x〉dx− 〈xp,

∫
Ω
∇Φ(tx+ (1− t)xp)dx〉).

Then

(i) H(xp, ·) is convex on [0, 1].

(ii)

sup
t∈[0,1]

H(xc, t) = H(xc, 1) =
1

|Ω|

∫
Ω

Φ,

and
inf
t∈[0,1]

H(xc, t) = H(xc, 0) = Φ(xc).
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(iii) H(xc, ·) is monotonic nondecreasing on [0, 1].

(iv)
0 ≤ H(xc, t)− Φ(xc) ≤ tI2(xc, t), ∀t ∈ [0, 1],

and

0 ≤ (1− t)I2(xc, t) ≤
1

|Ω|

∫
Ω

Φ−H(xc, t), ∀t ∈ [0, 1].

2 Positive power-concave functions vanishing on ∂Ω

2.1 Notation

We apologise for the switch from convex functions to concave ones. However, this seems to
be forced on us because of applications to partial differential equations coming in Sections
3 and 4.

In this section we are concerned with classes of positive functions defined on the convex
set Ω. Specifically, for 1 ≤ α, define

Uα = {u ≥ 0 | u1/α is concave},

Uα,0 = {u | u ∈ Uα which are zero on ∂Ω}.

The centroid xc is introduced in Section 1.2. Define also

um = max
Ω

u, u(xm) = um.

The results stated in the rest of this subsection, subsection 2.1, are for u ≥ 0 and
1 ≤ ξ. We have

(
1

|Ω|

∫
Ω
u1/ξ) ≤ (

1

|Ω|

∫
Ω
u)

1/ξ
, or ζ(1)1/ξ ≤ ζ(

1

ξ
). (2.1)

This inequality is simply Hőlder’s inequality, and is recorded here because of our concern
– in our main application, the torsion problem – with

∫
Ω u. (It is also follows from the

logconcavity of ζ using ζ(0) = 1.) Another trivial inequality is

1

|Ω|

∫
Ω
u ≤ u(ξ−1)/ξ

m

1

|Ω|

∫
Ω
u1/ξ, or ζm(

1

ξ
) ≤ ζm(1), (2.2)

consistent with Theorem 1.1 (ii).

If u ≥ 0 and 1 ≤ ξ, and u = 0 on the boundary of Ω, an application of the divergence
theorem gives

−
∫

Ω
x · ∇(u1/ξ) = −

∫
Ω

div(xu1/ξ) + n

∫
Ω
u1/ξ = n

∫
Ω
u1/ξ. (2.3)
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2.2 Concave function results

THEOREM 2.1 Let α ≥ 1. ∀u ∈ Uα,0

1

n+ 1
u1/α
m ≤

1

|Ω|

∫
Ω
u1/α ≤ u(xc)

1/α, (2.4)

or
1

(n+ 1)
ζm(

1

α
) ≤ 1 ≤ ζ(

1

α
, xc) ≤ ζm(

1

α
) ≤ (n+ 1).

From this:
um ≤ cm(n, α)uc where cm(n, α) = (n+ 1)α; (2.5)

ζm(1) =
|Ω|um∫

Ω u
≤ cr,0(n, α) where cr,0(n, α) = (n+ 1)α. (2.6)

Proof. The right-hand part of the first inequalities (2.4-r) follows on applying the
generalisation of Hadamard’s inequality (1.2) given in Section 1.2 to the function Φ =
−u1/α. The left-hand part (2.4-l) follows from the fact that u1/α lies above a ‘cone’ base Ω

and height u
1/α
m . The next inequality is a combination of both parts of inequalities (2.4).

Inequality (2.6) follows from inequalities (2.1), with ξ = α, and the left-hand part
(2.4-l).

Here is an alternative proof of the left-hand inequality (2.4-l). We start with applying
inequality (1.3) at any point xp ∈ Ω:

−
∫

Ω
u1/α + |Ω|(u(xp))

1/α ≤ −
∫

Ω
x · ∇(u1/α).

Next apply (2.3), with ξ = α. This gives

|Ω|u(xp)
1/α ≤ (n+ 1)

∫
Ω
u1/α.

This inequality is best when xp = xm which gives the left-hand inequality (2.4-l) as stated
in the theorem.

Combining the next two Theorems improves on inequality (2.6).

THEOREM 2.2 Let Ω∗ = {x ∈ IRn | |x| < ρ}. Let U = Um(1− |x|/ρ) define a conical
graph over Ω∗. Let ξ ≥ 0.

|Ω∗|U ξm∫
Ω U

ξ
= cr(n, ξ), where cr(n, ξ) =

Γ(n+ ξ + 1)

Γ(n+ 1)Γ(ξ + 1)
. (2.7)

Proof. Using spherical polar coordinates, we find∫
Ω U

ξ∫
Ω 1

= U ξm

∫ 1
0 (1− t)ξtn−1 dt∫ 1

0 t
n−1 dt

= U ξm
Γ(n+ 1)Γ(ξ + 1)

Γ(n+ ξ + 1)
.

Refer to [PS, Ka1] for the definitions and properties of Schwarz symmetrisation. The
following result is in the standard books on convexity for Steiner symmetrisation, and is
also true for Schwarz symmetrisation. If v is concave over Ω, its Schwarz symmetrisation
v∗ is concave over the symmetrised domain Ω∗. (The result for Schwarz symmetrisation
is proved in some books by combining the Blaschke Selection Principle with the result for
Steiner symmetrisation.) This fact is used in the following proof.
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THEOREM 2.3 Let α ≥ 1, ξ ≥ 0. ∀u ∈ Uα,0

ζm(ξ) =
|Ω|uξm∫

Ω u
ξ
≤ cr(n, αξ), (2.8)

where cr is defined in the preceding lemma.

Proof. Translate the origin so that it is at xm, xm = 0. Define, for x∂Ω ∈ ∂Ω, the
cone

Uc(tx∂Ω) = u1/α
m (1− t).

Uc ∈ U1,0 and u ≥ Uαc .

Next, consider the Schwarz symmetrisation U∗c of Uc.∫
Ω
uξ ≥

∫
Ω
Uαξc =

∫
Ω∗

(U∗c )
αξ.

The level curve Uc = u
1/α
m (1− t) is geometrically similar to ∂Ω: it is {tx∂Ω | x∂Ω ∈ ∂Ω}.

|{x | Uc(x) > u1/α
m (1− t)}| = tn|Ω|.

From this U∗c is a ‘circular cone’, so the preceding lemma can be applied and gives the
result.

When ξ = 1 and α > 1 inequality (2.8) improves on inequality (2.6): in the case
α = 1 they are equal. For the application to the torsion problem, we note cr(n, 2) =
(n+ 1)(n+ 2)/2, the right-most expression in the inequality given in the Abstract.

2.3 Weighted ‘centroids’

Items in this subsection are not used elsewhere in this report.

Define, for ρ > 0,

xc(ρ) =

∫
Ω xρ∫
Ω ρ

.

With u ∈ U0,α, ξ > 0 and ρ = uξ, write

xc(ξ) =

∫
Ω xu

ξ∫
Ω u

ξ
.

We have xc(0) = xc – the usual centroid – and we expect that xc(∞) = xm. The proof of
the Hadamard inequality also gives∫

Ω
uξu1/α ≤ u(xc(ξ))

1/α
∫

Ω
uξ, or ζ(Ω, ξ, u, xc(ξ)) ≤ ζ(Ω, ξ+

1

α
, u, xc(ξ)).

We remark that, as in inequality (2.4), for u ∈ U0,α and 0 ≤ ξ ≤ 1/α,

1

n+ 1
u1/α
m ≤

1

|Ω|

∫
Ω
u1/α =

1

|Ω|

∫
Ω
uξu1/α−ξ ≤ u(xc(ξ))

1/α−ξ 1

|Ω|

∫
Ω
uξ,

the extreme parts of which may be rewritten

(
ζm(θ)

ζm(θ, xc(ξ))
)1/(αθ) ≤ (

um
u(xc(ξ))

)1/α ≤
n+ 1

ζ(ξ, xc(ξ))
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Because our interest, to date, has been in the torsion problem of Section 3, and the
usual ξ = 0 centroid, we have not yet explored possible inequalities involving weighted
centroids, or used them in any remaining parts of this report. Our lack of progress with
the Helmholtz problem, γ = 1, at the end of Section 4, and the usual ξ = 0 centroid,
makes it at least possible that something more – such as some form of generalisation of
the centroid – may be needed to generalise the results of the earlier parts of Section 4
obtained for 0 ≤ γ < 1.

2.4 n = 2: further identities

The items recorded in this subsection are not used in this report, for which the main focus
is general n. It is, however, the intention of one of the authors to attempt to get better
bounds for the torsion problem when n = 2.

In [KM, Kea2a] the notation is as follows. The quantities Q(k) are defined

Q(k) = T + kuH,

where
T = −u2

yuxx + 2uxuyuxy − u
2
xuyy = Q(0),

H = uxxuyy − u
2
xy.

Define also, for 0 < β < 1,

I(β) =
u2det(hessian(uβ))

β2(1− β)
.

Thus a superharmonic function u ∈ Uα if I(1/α) ≥ 0. Note

I(β) = u2β−1(T +
uH

(1− β)
).

Define

w =
1

2
(uxuyy − uyuxy, uyuxx − uxuxy).

Then
H = div(w) and T = 2w · ∇u.

An easy identity is
−|∇u|2H − (∆u)T = 4|w|2.

For the torsion problem, and the generalisation to uγ, 0 ≤ γ ≤ 1, w is the gradient of
P2/4 where P2 is defined in the Theorems 3.2 and 4.2. For further identities, see [KM].

3 The elastic torsion problem

3.1 Preliminaries

In their 1951 book [PS], and subsequent papers, Pólya and Szegő were concerned with
bounding various ‘physical’ domain functionals in terms of ‘geometrical’ ones. The geo-
metric functionals include (when n = 2) the area of Ω (or the measure of Ω for general n),
|Ω|, its centroid xc, its polar moment of inertia Ic about the centroid, etc.. The physical
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domain functionals arise from various partial differential equation problems. For ease of
exposition we consider, in this Section, just one problem, the elastic torsion problem. In
the actual physical problem concerning elastic torsion, n = 2: see [PS].

Given a domain Ω, the problem of finding a u, twice continuously differentiable in Ω
and continuous on the closure of Ω satisfying, for some given positive constant µ,

−∆u = µ in Ω,

u = 0 on the boundary of Ω,

is called the (St Venant elastic) torsion problem. There is no loss of generality in taking
µ = 1.

A functional of interest in some applications, e.g. [MK], is the maximum of the
torsion function, um, and its location xm, u(xm) = um = maxΩ u. Other functionals of
significance in elasticity include the following. The torsional rigidity is

S =
∫

Ω
u =

∫
Ω
|∇u|2 = −

1

n

∫
Ω
x · ∇u.

Another functional studied here is uc = u(xc), the torsion function evaluated at the
centroid, xc.

In [PS] there is some concern with nondimensional combinations of domain functionals.
Quantities like S|Ω|−2, SIc|Ω|

−4 – appropriate when n = 2 – and similar appear in tables
at the back of the book, and others are scattered throughout the text and elsewhere in
the literature. Amongst various ways of unifying the bounds on domain functionals, say
for some non-dimensional combination Q is to find positive lower bounds QLB and finite
upper bounds QUB so that the bounds have the form

QLB ≤ Q(Ω) ≤ QUB for Ω in some class of domains.

A favorite class of domains is the bounded convex domains.

For a survey of the elastic torsion problem in convex domains, for the case n = 2, see
[KM]. For an application of the ‘generalised torsion problem’ with n > 2, see [MK].

THEOREM 3.1 Let u be the torsion function of a convex domain Ω. Then the square
root of u,

√
u is concave.

For n = 2 this was proved in Makar-Limanov, [ML]. The result for higher space
dimensions was first proved in [Ken].

THEOREM 3.2 (Sperb [Sp]). Let u be the torsion function of a bounded convex
domain Ω. Then,

β + 2

2

∫
Ω
u1/β ≤ um

∫
Ω
u(1−β)/β, β > 0, (3.1)

3

2
≤
|Ω|um∫

Ω u
= ζm(1). (3.2)

Proof. Define the quantities Pk,

Pk = |∇u|2 + kµu.
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Henceforth µ = 1. In this paragraph we repeat proofs by Payne and by Sperb [Sp] that,
for convex Ω,

P2 ≤ 2um. (3.3)

P2 satisfies an elliptic differential inequality (or equation when n = 2),

∆P2 +
` · ∇P2

|∇u|2
= R(n) ≥ 0, ` = 2∇u−

1

2
∇P2,

and R(2) = |∇P2|2/(2|∇u|2). The coefficients in this differential inequality become sin-
gular at points where |∇u| = 0, and only at these points. An application of the maximum
principle establishes that the maximum of P2 occurs either at a point where |∇u| = 0 or
on the boundary of Ω. A calculation given on p.76 of [Sp] shows that at any point on ∂Ω,

∂P2

∂n
= (n− 1)|∇u|2M,

where M is the mean curvature of ∂Ω. When Ω is convex, M ≥ 0, and the Hopf form of
the maximum principle shows that it is impossible for the maximum of P2 to be attained
on ∂Ω. The details are given at pp.76-77 of [Sp]. Thus inequality (3.3) is established.
(The result was first established, for n = 2, by Payne.)

An application of the divergence theorem (to div(u1/β∇u) ) shows that∫
Ω
u1/β =

1

β

∫
Ω
u(1−β)/β|∇u|2.

Applying inequality (3.3), P2 ≤ 2um, in the preceding gives inequality (3.1) which at
β = 1 is

3

∫
Ω
u =

∫
Ω
P2 ≤ 2um|Ω|,

hence inequality (3.2).

Open Problem 3.1. Can inequality (3.3) be improved for torsion functions which are
in Uα,0, α ≥ 1, in such a way as to allow useful improvements to inequality (3.1)?

3.2 The new results

THEOREM 3.3 The torsion function u of a bounded convex domain Ω satisfies

3

2(n+ 1)2
≤

1

(n+ 1)2

|Ω|um∫
Ω u

≤
|Ω|uc∫

Ω u
, (3.4)

cr(n, 2)−1 ≤
|Ω|uc∫

Ω u
≤
|Ω|um∫

Ω u
≤ cr(n, 2). (3.5)

If, in addition, u ∈ U0,α for 1 ≤ α ≤ 2,

3

2(n+ 1)α
≤

1

(n+ 1)α
|Ω|um∫

Ω u
≤
|Ω|uc∫

Ω u
, (3.6)

cr(n, α)1−α ≤
|Ω|uc∫

Ω u
≤
|Ω|um∫

Ω u
≤ cr(n, α). (3.7)
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Proof. Inequalities (3.4) and (3.5) follow on using Theorem 3.1 and inequalities (3.6)
and (3.7).

The right-most parts of inequalities (3.7) follow from (2.6). From inequality (2.2) with
ξ = α and the Hadamard inequality (2.4)

1

|Ω|

∫
Ω
u ≤ u(α−1)/α

m

1

|Ω|

∫
Ω
u1/α ≤ u(α−1)/α

m u1/α
c ,

from which

1 ≤ (
|Ω|um∫

Ω u
)(α− 1) (

|Ω|uc∫
Ω u

) .

Using the rightmost inequality of (3.7) to control the first term, the um-term, of the last
inequality yields the leftmost inequality of (3.7).

From Theorem 3.2 and inequalities (2.5) (for u ∈ U0,α, 1 ≤ α ≤ 2), we have

3

2
≤
|Ω|um∫

Ω u
and um ≤ (n+ 1)αuc.

These yield inequalities (3.6). This completes the proof.

Open Problem 3.2. Find neater, improved inequalities of the form

f1(n, α) ≤
|Ω|uc∫

Ω u
,

where f1 is a simple, explicitly-given function with f1(n, 1) ≥ 1.

Open Problem 3.3. Find improvements to our inequalities

uc ≤ um ≤ cm(n, α)uc,

i.e. cm, specifying the extent to which uc differs from um. (In connection with cm, at
present, the partial differential equation is used only to get Kennington’s concavity result.
After that, we merely use (2.4).)

3.3 Exact solutions, possible best constants, related items

3.3.1 n = 1.

The case n = 1 is trivial: |Ω|uc/
∫
Ω u = 3

2 .

3.3.2 n = 2 and some closed-form torsion functions in some simple domains.

Simple exact solutions are convenient for checking against inequalities, and helping in the
formulation of conjectures. The solutions given in this section are polynomials. (Numer-
ous other exact solutions are available. There is some interest in these when the domain
Ω is easy to describe, and the solutions are elementary transcendental functions. See
references in [KM, PS].)

Considering quadratic and cubic polynomials for u one can solve the elastic torsion
problem in an ellipse and in an equilateral triangle. One finds the following.
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Ω {x
2

a2 + y2

b2
< 1} {y + a√

3
> 0,

√
3|x| < y − 2a√

3
}

u(x, y)
(1−x

2

a2−
y2

b2
)

2( 1
a2 + 1

b2
)

1
4
√

3a
(y + a√

3
)((y − 2a√

3
)2 − 3x2)

S =
∫
Ω u

π
4

ab

( 1
a2 + 1

b2
)

√
3a4

20

um
1

2( 1
a2 + 1

b2
)

a2

9

Ω1 Ω {x2 + y2 ≤ a2

3 }

The concavity set Ω1 is defined in subsection 3.3.4 below. For both the ellipse and the
equilateral triangle, xm coincides with the centroid.

For the ellipse, u is concave. For the equilateral triangle, u is not concave (and, in
fact, u1/α is not concave for any α < 2). For the ellipse, Ωe,

|Ωe|uc
S

= 2.

We expect that for a family of rectangles tending to an infinite strip,

|Ωs|uc
S

→
3

2
.

To date the extreme values we have found are
|Ω|uc/S = 20

9 for an equilateral triangle, and
|Ω|uc/S ∼

4
3 for a thin isosceles triangle or a thin sector.

We have no numerical evidence to contradict a conjecture that, at least amongst circular-
arc triangles, these are the extreme values.

3.3.3 n = 2: other known inequalities

The following isoperimetric inequalities do not depend on Ω being convex. The left-hand
of the following is given in [Pa1]:

fl(
8πS

|Ω|2
) ≡
|Ω|2

4πS
(1− (1−

8πS

|Ω|2
)1/2) ≤

um|Ω|

S
≤ 2(

|Ω|2

8πS
)1/2 ≤

|Ω|2

4πS
. (3.8)

Equality holds when Ω is a disk.

Let r = 8πS/|Ω|2. The function fl(r) increases over its range 0 ≤ r ≤ 1, from fl(0) = 1
to fl(1) = 2.

Inequality (3.8) is an example of a more elaborate inequality involving nondimensional
combinations (here r as defined above) rather than simple fixed numeric constants. We
have yet to explore whether the inequalities in Theorem 3.3 can be developed in this
direction. We remark that with pure numeric constants in

cl ≤
um|Ω|

S
≤ cr,

no useful combination with inequality (3.8) seems possible, as, for convex domains,

fl(r) ≤ fl(1) ≤ 2 and cr ≥
20

9
, 2/

√
r ≥ 2 and cl =

3

2
.
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3.3.4 n = 2: concavity sets

Define
Ωα = {x | D2u1/α is negative semidefinite }.

and xc,α as the centroid of Ωα. Makar-Limanov’s result is Ω = Ω2 when Ω is convex.

We are concerned with 1 ≤ α ≤ 2. The sets Ωα increase as α increases: see [Ken].
Some properties of Ω1 are established in [KM]: its components are simply connected.

If star-shaped properties were established for the Ωα it might be possible to use the
Corollary stated in Section 1.2.

3.3.5 n = 2: motivation and further problems

In a fluid mechanics problem, [Kea1], part of the problem involves the torsion problem
(with n = 2) in (convex) domains with given area and centroid.

Define, with a different use of α than elsewhere in this paper,

Cα = {Ω | Ω convex, centroid at origin, |Ω| = α}.

Nearly-circular convex domains occur in the application of [Kea1]. Let Bα ∈ Cα be
a disk. Of possible use in the applications related to [Kea1] are inequalities involving
µ = |Ω \Bα|/α. This leads to the following.

Open Problem 3.4. With the preceding notation, find cm(µ) so that

0 ≤ 1−
uc
um
≤ cm(µ),

and also cm(µ) tends to zero as µ tends to zero.

4 A semilinear problem

4.1 Preliminaries

Semilinear equations of kind broadly similar to those treated in this section arise in
applications: see [Sp]. For one where concavity properties are investigated and which
arose in one of the authors’ own researches, see [KS].

Consider now positive solutions u of the semilinear problem

−∆u = uγ, in Ω, u = 0 on ∂Ω. (4.1)

We consider mostly 0 ≤ γ < 1, but sometimes also allow γ = 1.

THEOREM 4.1 (Kennington [Ken]). Let 0 ≤ γ < 1. Let u be a positive solution of
problem (4.1) in a convex domain Ω. Then u(1−γ)/2 is concave.

See [Ken]. A generalisation of Makar-Limanov’s proof techniques to this semilinear
elliptic equation is given in [Kea2b]. A survey of some results related to this is given in
[Ka1].
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For this paragraph, we use this concavity result, but no other properties from the
p.d.e.. An application of inequality (2.4) gives

um ≤ (n+ 1)
2

1−γ uc. (4.2)

We now record some other inequalities. Here is Holder’s inequality in a form we can use:

(
1

|Ω|

∫
Ω
u(1+γ)/ξ) ≤ (

1

|Ω|

∫
Ω
u1+γ)1/ξ. (4.3)

For functions u ∈ U(1−γ)/2,0

|Ω|u1+γ
m∫

Ω u
1+γ
≤ cr,γ(n). (4.4)

For cr,γ(n) = N (n, γ), where N is defined in Theorem 4.3, this is established as follows.
Use (4.3) with ξ = 2(1 + γ)/(1− γ),

(
1

|Ω|

∫
Ω
u(1−γ)/2) ≤ (

1

|Ω|

∫
Ω
u1+γ)(1−γ)/(2(1+γ)).

and (2.4-l) with α = 2/(1− γ),

1

n+ 1
u(1−γ)/2
m ≤

1

|Ω|

∫
Ω
u(1−γ)/2.

As in the case γ = 0, we can improve on the preceding inequality using Theorem 2.3, this
time with ξ = 1 + γ and α = 2/(1− γ). This gives inequality (4.4) with

cr,γ(n) = cr(n,
2(1 + γ)

1− γ
). (4.5)

THEOREM 4.2 (Sperb [Sp]). Let 0 ≤ γ ≤ 1. Let u be a positive solution of prob-
lem (4.1) in a bounded convex domain Ω. Then

(1 +
β(γ + 1)

2
)
∫

Ω
u
γ+ 1

β ≤ u1+γ
m

∫
Ω
u(1−β)/β, β > 0, (4.6)

γ + 3

2

∫
Ω
u1+γ ≤ u1+γ

m |Ω| (4.7)

Proof. The proof techniques are similar to those of Theorem 3.2. Define the quan-
tities Pk,

Pk = |∇u|2 +
ku1+γ

1 + γ
. (4.8)

Sperb shows that, for convex Ω,

P2 ≤
2u1+γ

m

1 + γ
. (4.9)

P2 satisfies an elliptic differential inequality (or equation when n = 2): for the details see
[Sp].

An application of the divergence theorem (to div(u1/β∇u) ) combined with the p.d.e.
shows that ∫

Ω
u(1/β)+γ =

1

β

∫
Ω
u(1−β)/β|∇u|2.
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Applying inequality (4.9), in the preceding gives inequality (4.6). At β = 1 this is in-
equality (4.7), an inequality which is already in the literature. (See [Sp], p102, inequality
(6.66).)

Some observations that inequalities (4.4) and (4.5) give no information when γ tends
up to 1 are in order here. For example,

cr,γ(2) =
(2(1+γ)

1−γ + 2)(2(1+γ)
1−γ + 1)

2
,

which is unbounded when γ tends up to 1.

4.2 The new results, 0 ≤ γ < 1

The results (3.4) and (3.5) of Theorem 3.3 are the γ = 0 case of the following.

THEOREM 4.3 Let 0 ≤ γ < 1. Let u be a positive solution of problem (4.1) in a
bounded convex domain Ω. Define

N (n, γ) = (n+ 1)
2(1+γ)

1−γ .

Then

γ + 3

2
≤
|Ω|u1+γ

m∫
Ω u

1+γ
≤
|Ω|u1+γ

c∫
Ω u

1+γ
N (n, γ), (4.10)

|Ω|u1+γ
c∫

Ω u
1+γ

≤
|Ω|u1+γ

m∫
Ω u

1+γ
≤ cr,γ(n). (4.11)

Proof. The left-most inequality of (4.10) is inequality (4.7). The starting point for
the remaining inequalities of the theorem is the result of of Kennington that u(1−γ)/2 is
concave. The right-most inequality of (4.10) is inequality (4.2).

The left-most inequality of (4.11) is just uc ≤ um. The right-most inequality of (4.11)
is just inequality (4.4).

Some of the above inequalities give

γ + 3

2
≤ ζm(1 + γ) ≤ cr,γ(n), (4.12)

where, as we have remarked earlier, our best bounds so far have cr,γ(n) tending to infinity
as γ tends up to 1.

4.2.1 0 ≤ γ ≤ 1, n = 1

A short calculation gives
|Ω|u1+γ

c∫
Ω u

1+γ
=
γ + 3

2
.
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4.3 γ = 1

The methods we have used with γ < 1 have not, so far, yielded significant results when
γ = 1. Power-concavity can no longer be the sole ingredient. While Brascamp and Lieb’s
result – the next theorem we state – is valid all the way up to the boundary of Ω while no
power-concavity is, it seems possible, that in this γ = 1 case, the better concavity away
from the boundary may be important to get bounds generalising our γ < 1 ones.

The following result, due to Brascamp and Lieb, is proved in [Ken].

THEOREM 4.1.1 Let u be a positive solution of

−∆u = λ1u in Ω, u = 0 on ∂Ω.

Then log(u) is concave.

The function u is called the fundamental mode.

Consider the problem of finding some inequality, like inequality (4.12), of the form

2 ≤ ζm(2) ≤ cr,1(n), (4.13)

with cr,1(n) finite. The left-hand inequality is that of Sperb, proved earlier in this report.
If we succeeeded in finding a finite cr,1 we would have answered Question 9 in Payne,
[Pa2]:

Payne, [Pa2], Question 9. Is it possible to obtain, for (plane) convex Ω, an explicit
bound

um ≤ f(|Ω|,
∫

Ω
u2),

for the fundamental mode? f must be independent of λ1 and all other geometric quanti-
ties.

Numerous other problems related to generalising Theorem 4.3 suggest themselves.

Open Problem 4.(γ = 1).0. Find inequalities cm,1(n),

uc ≤ um ≤ cm,1(n)uc.

There are various lower bounds already available for ζm(k), where ζm is defined, as
before, by setting xp = xm in equation (1.1). A joint paper of Payne and Stakgold (treated
in [Sp] p104, and in [Pa2] p151), gave π/2 ≤ ζm(1). See [Sp] p207 gives, for the more
general semilinear problem −∆u = uγ,

2−2γ/(1+γ)
Γ( 1

1+γ )2

Γ( 2
1+γ )

≤ ζm(γ) for n = 2. (4.14)

The point xm might be replaced in some inequalities with xc.

Open Problem 4.(γ = 1).1. What inequalities can be found for ζ(k, xc) = |Ω|ukc/
∫
Ω u

k,
where u is the fundamental mode, e.g. for k = 2?

15



The starting point for developments in earlier sections was Hadamard’s inequality.
With apologies in advance that, so far, this has not proved useful in the γ = 1 case, here
are items related to it. The Hadamard inequality result (1.2) is∫

Ω
log(

u

uc
) ≤ 0,

or equivalently, for k ≥ 0,

|Ω| exp(
k

|Ω|

∫
Ω

log(u)) ≤ ukc |Ω|. (4.15)

Inequality (4.15) is similar in appearance to the following consequence of Jensen’s in-
equality

|Ω| exp(
k

|Ω|

∫
Ω

log(u)) ≤
∫

Ω
uk. (4.16)

(The other inequality (1.3) from our section 1.2 states:

0 ≤ |Ω| log(um)−
∫

Ω
log(u) ≤ −

∫
Ω
(x− xm) ·

∇u

u
,

and we haven’t yet seen a use for this.)

The logconcavity of the fundamental mode (or its k-th power for k > 0) is (for k = 1)

u(tx+ (1− t)xp) ≥ u(x)
tu(xp)

1−t t ∈ [0, 1].

Define
Ωt(xp) = {xp + t(y − xp) | y ∈ Ω}.

Integrating gives
1

|Ωt(xp)|

∫
Ωt(xp)

u ≥ u(xp)
1−t 1

|Ω|

∫
Ω
ut,

which can be written

ζ(t(Ω− xp), k, u, xp) ≤ ζ(Ω, tk, u, xp), t ∈ [0, 1], k > 0 .

The presence of sets Ωt(xp) in both this and in Theorem 1.3 leads to a wild hope that it
might be possible to combine them somehow.

4.4 0 ≤ γ ≤ 1. Further items for n = 2

See [Kea2a].

5 Speculation: possible further extensions

5.1 Elliptic p.d.e.

Suppose that ρ ∈ C(Ω̄) and g ∈ C(IR) are given, with ρ ≥ 0 and g nondecreasing. The
differential equation might be generalised to

−∆u = g(u)ρ.

[Ken] has results on the power-concavity of u when, for example g(u) = uγ with 0 ≤ γ < 1,
and ρ > 0 has suitable power-concavity.
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5.1.1 −∆u = ρ(x)

After being told of our ρ = 1, γ = 0 results, L. Ragoub
ragoub@mat.ulaval.ca or F40T011%SAKSU00.BITNET@VTBIT.CC.VT.EDU

considered this γ = 0 problem with more general ρ. (We remark that Sperb’s inequality
appears to be available only for ρ = 1.) Ragoub considered

S =
∫

Ω
uρ =

∫
Ω
|∇u|2,

and bounded quantities like |Ω|uc/S. (Ragoub makes greater use of the right-hand form
of S, and uses inequalities like the Rodemich and Poincaré inequalities. See Gilbarg and
Trudinger, 2nd ed..)

5.1.2 −∆u = g(u)

When k > 0 and g(u) = H(k − u) and H is the Heaviside step function, the problem
is called the ‘dead-core problem’. (Similar problems, also with decreasing g, are studied
in [KS].) When k is very large and positive this tends to the torsion problem. For the
dead-core problem,

√
u is concave.

5.2 Parabolic p.d.e.

The elliptic problem of Section 4 arises in connection with the large-time asymptotics of
the ‘porous medium equation’, µ > 1 in

ut = −∆uµ in Ω, u = 0 on ∂Ω,

with positive initial data u(., 0) with suitable power-concavity. Again we might investigate
inequalities concerning u(xc, t).
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A Appendix.
Vortex pairs: a possible area of application

In this application n = 2 and the domain on which the torsion problem is solved is denoted
A, while Ω has another use, e.g. Ω = (−∞,∞)× (0, b) for b > 0. The vortex pair problem
is to solve, given λ > 0, for (ψ, V, k) satisfying

−∆ψ = λHeaviside(ψ − V y − k) in Ω,

ψ = 0 on ∂Ω,

ψ → 0 as x→ ±∞,

ψx = 0 on x = 0.

There are faimilies of solutions. We restrict our attention to those which are symmetric
about x = 0 and which have ψx < 0 for x > 0. There are various methods of parametrising
the problem. Define the vortex core

A = {(x, y) | ψ(x, y) > V y + k}

and denote the centroid of A by (0, yc). Benjamin [Be] popularised a rearrangement
variational formulation in which the area and centroids of the sets allowed were fixed.
This variational formulation was later used in [T, Kea1, Bu]. Denote the area of A by α.

The goal in [Kea1] was to build on the approach of [BF] to show that, with the
centroids fixed throughout all solutions, considering variational solutions with connected
cores,

α = area(Aα)→ 0 =⇒ diameter(Aα)→ 0 .

A key step in getting to this is establishing

α = area(Aα)→ 0 =⇒ cap(Aα,Ω)→ 0 ,

where cap(Aα,Ω) denotes the electrostatic capacity of Aα relative to Ω. For details see
[Kea1]. A goal, as yet not achieved by this approach is to show that as α becomes ever
smaller the cores Aα are asymptotically circular. To make this more precise, define Bα to
be the disk, centroid (0, yc) the same as Aα, and with area α also the same as Aα. Then
the goal can be expressed as

α =→ 0 =⇒
|Aα \Bα|

α
→ 0 ,

A preliminary goal is to establish

α =→ 0 =⇒
|cap(Aα,Ω)− cap(Aα,Ω)|

α
→ 0 .
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One can image the program continuing: having established the asymptotic circularity,
eastablish that Aα is asymptotically elliptical with the small eccentricity having the right
rate of approach to zero with α. In establishing these, as begun in [Kea1], one requires
good estimates for kα, Vα, etc..

Here is a simple illustration of how inequalities of the kind in the main part of this
paper might find use. In some of the account we simplify to the case b =∞, the case of
vortex pairs. The notation is that of [Kea1] where Ψ denotes the elastic torsion function
for A, and subscript c denotes evaluation at the centroid.

ψc = k + V yc + Ψc,

= λ

∫
A
G(x, y; 0, yc) dxdy,

≥ λ

∫
B((0,yc),ρc)

G(x, y; 0, yc) dxdy where ρc = distance((0, yc), ∂A),

=
λρ2

c

4
(1 + log(

4y2
c

ρ2
c

) ) when b =∞.

ρc is the radius of the largest disk, centre (0, yc), contained in A. Also define Rc
to be radius of the smallest disk, centre (0, yc), containing A. Having shown that
diameter(Aα) → 0 as α → 0, we have that, for sufficiently small α, B((0, yc), Rc) ⊂ Ω.
An argument similar to that above establishing the left-hand-side of the inequality below
establishes the right-hand-side:

λρ2
c

4
(1 + log(

4y2
c

ρ2
c

) ) ≤ k + V yc + Ψc ≤
λR2

c

4
(1 + log(

4y2
c

R2
c

) ) when b =∞.

The identity

V yc =
1

α

∫
A

Ψ when b =∞,

and the inequality from the main part of this paper

1

6α

∫
A

Ψ ≤ Ψc ≤
4

α

∫
A

Ψ,

show that the last two terms of k + V yc + Ψc are, asymptotically for α small, of the
same order. Both are of smaller order that k. However, there is a major weakness in this
program. Though there is numerical evidence that A is convex (for all α), there is not
yet any simple proof (except via [T] and avoiding the whole strategy outlined above) that
A is convex even for α small. For this reason we have, as yet, not explored many of the
combinations of the numerous inequalities, e.g. those in [KM] as well as in this paper,
concerning convex A.

B Appendix.
An improved upper bound for the n = 2 torsion problem

Using a pair of well-known inequalities for the n = 2 torsion problem, the inequalities (3.5)
can be improved replacing c(2, 2) = 6 by 4. Let ρ denote the inradius of Ω. The first of
these inequalities, proved in [PS], is

1

8
ρ2|Ω| ≤ S,
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an inequality which becomes an equality when Ω is a disk. The second, proved in [Sp] is

um ≤
1

2
ρ2, for convex Ω,

an inequality which becomes an equality when Ω is a strip. Combining these last two
inequalities gives

|Ω|um
S
≤ 4,

as previously asserted. (See [BC] for an inequality which can be used to establish an
upper bound for |Ω|um/S for any simply connected Ω ⊂ IR2.)

C Appendix.
Centroid and circumcentre

THEOREM C.1 ([Du, Sc]) The centroid xc of a plane convex domain Ω having a cir-
cumscribed disk of radius Rcircum is at a distance at most 2zRcircum/3 from the centre
xcircum of the circumscribed disk, where z is the positive root of the equation

2z arccos(z) + z2 − 2
√

1− z2 = 0.

The figure for which |xc − xcircum| = 2zRcircum/3, to within rigid-body movements, is
unique and is a truncated half-disk ΩD. (ΩD is constructed from the half-disk, radius
Rcircum, centre O in x > 0, by truncating it removing two segments, one with an end points
at (0, Rcircum) and the other with an end-point at (0,−Rcircum). The ΩD is symmetric
about the x-axis.)
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