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Problems.

1. Show that: if the sum of the digits of a natural number N is divisible by 3 then 3 N .

Solution. Suppose the decimal representation of N is ak ak−1 . . . a0. Then

N = 10kak + 10k−1ak−1 + · · ·+ 10a1 + a0.

Now 10 ≡ 1 (mod 3); so
10` ≡ 1 (mod 3),

for any natural number `. So

N = 10kak + 10k−1ak−1 + · · ·+ 10a1 + a0

≡ ak + ak−1 + · · ·+ a1 + a0 (mod 3).

∴ 3 N if and only if 3 ak + ak−1 + · · ·+ a1 + a0.

In other words, 3 divides N if and only if 3 divides the sum of the digits of N .

2. Prove that for every integer n:

(i) 3 n3 − n; (ii) 5 n5 − n; (iii) 7 n7 − n; (iv) 11 n11 − n.

Solution.
(i) 3 divides exactly one of the three consecutive integers n− 1, n, n + 1 and

n3 − n = n(n2 − 1) = n(n− 1)(n + 1).

So 3 n3 − n.
(ii) 5 divides exactly one of the five consecutive integers n − 2, n − 1, n, n + 1, n + 2. In

terms of congruences, exactly one of n−2, n−1, n, n+1, n+2 is congruent to 0 modulo
5. Thus:

n5 − n = n(n4 − 1) = n(n2 − 1)(n2 + 1) = n(n− 1)(n + 1)(n2 + 1)
≡ n(n− 1)(n + 1)(n2 − 4) (mod 5)
≡ n(n− 1)(n + 1)(n− 2)(n + 2) (mod 5)
≡ 0 (mod 5)

So 5 n5 − n.
(iii) Exactly one of n − 3, n − 2, n − 1, n, n + 1, n + 2, n + 3 is congruent to 0 modulo 7.

Thus:

n7 − n = n(n6 − 1) = n(n3 − 1)(n3 + 1)

= n(n− 1)(n2 + n + 1)(n + 1)(n2 − n + 1)
≡ n(n− 1)(n2 + n− 6)(n + 1)(n2 − n− 6) (mod 7)
≡ n(n− 1)(n + 3)(n− 2)(n + 1)(n− 3)(n + 2) (mod 7)
≡ 0 (mod 7)

So 7 n7 − n.
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(iv) We could proceed via the methods above. Instead, let us observe that n is congruent
to exactly one of −5,−4,−3,−2,−1, 0, 1, 2, 3, 4, 5 modulo 11. Then, to show that 11
divides n11−n for any integer n, it is simply a matter of checking, for each congruence
possibility of n, that n11 − n (or a factor of n11 − n) is congruent to 0 modulo 11.
Note, first that:

n11 − n = n(n10 − 1).

• If n ≡ 0 (mod 11) there is nothing to check since n is a factor of n11 − n.
• (−1)10−1 ≡ 110−1 ≡ 0 (mod 11). So n10−1 ≡ 0 (mod 11) if n ≡ ±1 (mod 11).
• 25 = 32 ≡ −1 (mod 11). So 210 = (25)2 ≡ 1 (mod 11).

Hence (−2)10 − 1 ≡ 210 − 1 ≡ 0 (mod 11).
So n10 − 1 ≡ 0 (mod 11) if n ≡ ±2 (mod 11).

• 35 = 243 ≡ 1 (mod 11). So 310 = (35)2 ≡ 1 (mod 11).
Hence (−3)10 − 1 ≡ 310 − 1 ≡ 0 (mod 11).
So n10 − 1 ≡ 0 (mod 11) if n ≡ ±3 (mod 11).

• 25 = 32 ≡ −1 (mod 11). So 410 = (25)4 ≡ 1 (mod 11).
Hence (−4)10 − 1 ≡ 410 − 1 ≡ 0 (mod 11).
So n10 − 1 ≡ 0 (mod 11) if n ≡ ±4 (mod 11).

• 52 = 25 ≡ 4 (mod 11) and 45 = (25)2 ≡ 1 (mod 11).
So 510 = (52)5 ≡ 45 ≡ 1 (mod 11). Hence (−5)10 − 1 ≡ 510 − 1 ≡ 0 (mod 11).
So n10 − 1 ≡ 0 (mod 11) if n ≡ ±5 (mod 11).

So, for each congruence possibility of n, we find a factor of n11 − n is congruent to
0 modulo 11. So for any integer n, n11 − n ≡ 0 (mod 11). Hence for any integer n,
n n11 − n.

3. Show that n9 − n is not necessarily divisible by 9.

Solution. Now 29 − 2 = 510 and 96 510; so 9 need not divide n9 − n.

� The general result suggested by the previous two questions is:

Fermat’s Little Theorem. If n is an integer and p is a prime then p np − n.

4. Prove the following:

(i) 36n − 26n is divisible by 35, for every positive integer n;

Solution. Let N = 36n − 26n. Now 35 = lcm(5, 7). So to check that 35 N , it is
enough to show that 5 N and 7 N .
• Firstly,

N = 36n − 26n = 93n − 43n

≡ 43n − 43n (mod 5)
≡ 0 (mod 5),

and hence 5 N .
• Similarly,

N = 36n − 26n = 272n − 82n

≡ (−1)2n − 12n (mod 7)
≡ 1n − 1n (mod 7)
≡ 0 (mod 7),

and hence 7 N .
Thus, since 5 N and 7 N , we have 35 = lcm(5, 7) divides N = 36n − 26n.
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(ii) n5 − 5n3 + 4n is divisible by 120, for every integer n.

Solution. Let N = n5 − 5n3 + 4n. Then

N = n5 − 5n3 + 4n = n(n4 − 5n2 + 4)

= n(n2 − 1)(n2 − 4)
= n(n− 1)(n + 1)(n− 2)(n + 2).

So N is the product of the five consecutive integers: (n−2), (n−1), n, (n+1), (n+2).
Exactly one of these integers is divisible by 5, at least one is divisible by 4 and at least
one is divisible by 3. Further, if k ∈ {−2,−1, 0, 1, 2} and n + k is a factor of N that
is divisible by 4, then either n + k − 2 or n + k + 2 is a factor of N both of which are
even. That is, either (n + k)(n + k − 2) N or (n + k)(n + k + 2) N ; in either case,
we see that 8 N . Hence, 120 = lcm(3, 5, 8) divides N = n5 − 5n3 + 4n.

(iii) for all integers m and n, mn(m60 − n60) is divisible by 56 786 730.
Hint: 56 786 730 = 2.3.5.7.11.13.31.61.

Solution. Here we need Fermat’s Little Theorem and Euclid’s Lemma (for primes),
which is given below. From these we deduce some fairly easy but quite powerful
results.
� Euclid’s Lemma. If a prime p divides a product of integers ab then p must

divide at least one of a or b.

Corollary 1. If n is an integer and p is a prime then p n or p np−1 − 1.

Proof. Observe np − n = n(np−1 − 1). Hence the result follows immediately from
Fermat’s Little Theorem and Euclid’s Lemma.

Corollary 2. If m, n are integers, p is a prime and ` is a natural number then p
divides

mn(m`(p−1) − n`(p−1)).

Proof. If p m or p n then the result is true. So, suppose that p6 m and p6 n. Then
by the previous corollary p mp−1 − 1 and p np−1 − 1. Hence,

mp−1 ≡ 1 ≡ np−1 (mod p)

and so, for any natural number `,

m`(p−1) ≡ 1 ≡ n`(p−1) (mod p);

so that m`(p−1) − n`(p−1) ≡ 0 (mod p), i.e.

p m`(p−1) − n`(p−1).

So, in all cases, p mn(m`(p−1) − n`(p−1)).

Now observe the following:

mn(m60 − n60) = mn(m60(2−1) − n60(2−1))

= mn(m30(3−1) − n30(3−1))

= mn(m15(5−1) − n15(5−1))

= mn(m12(7−1) − n12(7−1))

= mn(m10(11−1) − n10(11−1))

= mn(m5(13−1) − n5(13−1))

= mn(m2(31−1) − n2(31−1))

= mn(m1(61−1) − n1(61−1)).

Hence, by the above corollary, each of the primes 2, 3, 5, 7, 11, 13, 31 and 61 divides
mn(m60 − n60). So, 56 786 730 = 2.3.5.7.11.13.31.61 divides mn(m60 − n60).
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5. Prove that n2 + 3n + 5 is never divisible by 121 for any positive integer n.

Solution. Observe that

n2 + 3n + 5 = (n + 7)(n− 4) + 33,

so that 11 n2 + 3n + 5 if and only if 11 (n + 7)(n− 4). Thus, if 116 (n + 7)(n− 4) then 11
(and hence 121) does not divide n2 + 3n + 5. So, assume 11 divides (n + 7)(n− 4). Then
11 n + 7 or 11 n− 4; but then 11 must divide both of n + 7 and n− 4, since

n + 7 ≡ n− 4 (mod 11).

Thus, 121 (n + 7)(n− 4). However, 1216 33. So 1216 n2 + 3n + 5 = (n + 7)(n− 4) + 33.
Hence, in all cases, 1216 n2 + 3n + 5.

6. What is the final digit of (· · · (((77)7)7) · · ·7).
There are 1001 7s in the formula.

Solution. The final digit of a (decimal) number is its remainder modulo 10. Now 72 =
49 ≡ −1 (mod 10). So 77 = (72)3.7 ≡ −7 (mod 10), and

(77)7 ≡ (−7)7 ≡ −(77) ≡ −(−7) ≡ 7 (mod 10).

Proceeding in this way, we see that ((77)7)7 ≡ 7 (mod 10), and in general

(· · · (((77)7)7) · · ·7) ≡ ±7 (mod 10),

where the sign is + if all together there is an odd number of 7s in the formula, and − if
there is an even number of 7s. Now, 1001 is odd. So the final digit of the given formula is
7.

7. What is the final digit of 7777
..

.7

.
There are 1001 7s in the formula.

Solution. Firstly, we will call an expression of the form

7777
..

.7

a tower of 7s. Observe that

74 = (72)2 ≡ (−1)2 ≡ 1 (mod 10).

Hence, modulo 10,

7k ≡


1 if k ≡ 0 (mod 4)
7 if k ≡ 1 (mod 4)
−1 if k ≡ 2 (mod 4)
−7 if k ≡ 3 (mod 4),

where k is a natural number. Thus to determine the last digit of a tower of 1001 7s,
we need to determine what a tower of 1000 7s is congruent to modulo 4. Now, 7 ≡ −1
(mod 4). Hence, modulo 4,

7m ≡

{
1 if m is even
−1 if m is odd,

where m is a natural number. A tower of 999 7s is certainly odd. So, a tower of 1000 7s
is congruent to −1 modulo 4 (and −1 ≡ 3 (mod 4) ). So, a tower of 1001 7s is congruent
to −7 modulo 10 (and −7 ≡ 3 (mod 10) ). Hence, a tower of 1001 7s must end in a 3.
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8. When 44444444 is written in decimal notation, the sum of its digits is A. Let B be the
sum of the digits of A. Find the sum of the digits of B.

Solution.
• First we will show that the sum of the digits of B is fairly small. Now 4444 < 10 000 =

104. Hence
44444444 < 104.4444 = 1017776,

and so 44444444 cannot have more than 17 776 digits. Thus, A the sum of the digits
of 44444444, cannot be more than 17 776.9 = 159 984, (since each digit is at most a
9). Of the natural numbers less than or equal to 159 984, the number with the largest
digit sum is 99 999. So B is not more than 45. Of the natural numbers less than or
equal to 45, the number with the largest digit sum is 39. So the sum of the digits of
B is not more than 12.

• Now we use the following result, (which is easily proved in the same way as question
1) recursively.

For any natural number N , N ≡ (sum of the digits of N) (mod 9).

Using this result we see that 44444444 is congruent to its digit sum A, modulo 9. Using
the result again, we see that A is congruent to its digit sum B, modulo 9. Using the
result one further time, we see that B is congruent to its digit sum, modulo 9. That
is,

44444444 ≡ A (mod 9)
≡ B (mod 9)
≡ (sum of the digits of B) (mod 9)

• Now we determine what 44444444 is congruent to modulo 9.

44444444 ≡ (4 + 4 + 4 + 4)4444 (mod 9)
≡ 164444 (mod 9)
≡ (−2)4444 (mod 9)
≡ (−2)3.1481+1 (mod 9)

≡
(
(−2)3

)1481
.(−2) (mod 9)

≡ (−8)1481.(−2) (mod 9)
≡ 11481.(−2) (mod 9)
≡ 1.(−2) (mod 9)
≡ 7 (mod 9)

Putting these three facts together we get

(the sum of the digits of B) ≡ 7 (mod 9)

and the sum of the digits of B is a natural number less than or equal to 12. Thus

(the sum of the digits of B) = 7.
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