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1. Prove that for any natural number n > 2,
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2. Prove for any natural number n that

i) 1+3+5+4---+2n—1=n?%

)
(i) 12+ 2243 +--- +n? = tn(n+1)(2n + 1);
(iif) 1P+ 23+ 3%+ +n® = In*(n+ 1)%
(iv) 2 +42+ 7+ - + (3n — 2)® = in(6n® — 3n — 1);
(v) 22452+ 8+ -+ (3n— 1)? = in(6n® 4+ 3n — 1)



Solution.
(i) Let P(n): 1+3+5+---+2n—1=n’
e First we prove P(1).
LHS of P(1) =
=12 = RHS of P(1).
So P(1) is true.

e Now we prove that for any natural number k “if P(k) is true then P(k+1) is true.”
So assume P(k) is true, i.e.

1+3+5+---+2k—1=Fk"
Now try to deduce P(k + 1):

LHS of P(k+ 1) =14+3+5+---+2k—1+2(k+1)—1
= (LHS of P(k)) +2(k+1) — 1
= (RHS of P(k)) + 2k + 1, (by inductive assumption)
=k +2k+1
= (k+1)?
— RHS of P(k +1).
So P(k + 1) is true, if P(k) is true.
e Hence, by induction P(n) is true for all natural numbers n.
(i) Let P(n): 12422432+ ...+ n?={ln(n+1)2n+1).
o Firstly,

LHS of P(1) = 12

[

— 1(14+1)(2.1+1) = RHS of P(1).

So P(1) is true.
e Now assume P(k) is true, for some natural number k, i.e.

12+22 43+ + k2 = th(k+1)(2k + 1),
and deduce P(k + 1):

LHS of P(k+1) =12 + 22 + 3>+ + K + (k + 1)?
= (LHS of P(k)) + (k + 1)
= (RHS of P(k)) + (k + 1)?, (by inductive assumption)
= 1k(k+ 1)(2k + 1) + (k+ 1)
=3(k+1)(k(2k+1)+6(k+1))
= (k +1)(2k? + 7k + 6)
Lk +1)(k +2)(2k + 3)
(k+1)(k+14+1)(2(k+1)+1)
— RHS of P(k +1).

D= O

So P(k + 1) is true, if P(k) is true.

e Hence, by induction P(n) is true for all natural numbers n.



(iif) Let P(n): 13+23+43%+.. .+ n®=1in(n+1)%
o Firstly,
LHS of P(1) =13 =1
= 1.1%(1+ 1)® = RHS of P(1).
So P(1) is true.
e Now assume P(k) is true, for some natural number k, i.e.
P+22 43+ + kB =%k + 1)%
and deduce P(k + 1):
LHSof P(k+1) =13+ 22 + 3%+ + KB + (b +1)°
= (LHS of P(k)) + (k + 1)
= (RHS of P(k)) + (k + 1), (by inductive assumption)
= le(k +1)2 4 (k+1)3
=2k + 1)K +4(k+1))
= Z(k+1)2( + 4k + 4)
=1k +1)%(k +2)?
=1k +1)%(k+1+1)
— RHS of P(k +1).
So P(k + 1) is true, if P(k) is true.
e Hence, by induction P(n) is true for all natural numbers n.
(iv) Let P(n): 12442+ 7>+ + (3n—2)% = In(6n* — 3n — 1).
o Firstly,
LHS of P(1) =12 =1
= 1.1(6.17 — 3.1 — 1) = RHS of P(1).
So P(1) is true.
e Now assume P(k) is true, for some natural number £, i.e.
P +424+ 7+ + (3k—2)% = Jk(6k* — 3k — 1)
and deduce P(k + 1):
LHS of P(k+1) = 12+ 42 + 72 4+ ...+ 3k — 2)> + (3(k + 1) — 2)*
= (LHS of P(k)) + (3(k +1) — 2)*
= (RHS of P(k)) + (3(k+1) — 2)2, (by inductive assumption)
= 1k(6k% — 3k — 1) + 9k* + 6k + 1
L(6k® — 3k* — k + 18k* + 12k + 2)
(6> + 15k% + 11k + 2)
(k4 1)(6k* 4 9k + 2)
(k+1)(6(k+1)* — 12k — 6 + 9%k + 2)
(k+1)(6(k+1)* — 3k — 4)
(k+1)(6(k+1)* —3(k+1)—1)
— RHS of P(k + 1).
So P(k + 1) is true, if P(k) is true.

e Hence, by induction P(n) is true for all natural numbers n.
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(v) Let P(n): 22+52482+ -+ (3n—1)2 = in(6n? +3n —1).
o Firstly,
LHS of P(1) =22 =4
= 1.1(6.1* + 3.1 — 1) = RHS of P(1).
So P(1) is true.

e Now assume P(k) is true, for some natural number £, i.e.
1
22452 +8" .-+ (3k— 1) = 5k(6k2+3k—1)

and deduce P(k + 1). We could follow an approach similar to the previous exercise;
instead, we will demonstrate another technique: that of expanding an expression in
k in powers of k + 1 by replacing k by K+ 1 — 1.
LHS of P(k+1) =22+ 52 + 82 + -+ (3k — 1)+ (3(k + 1) — 1)°

= (LHS of P(k)) + (3(k +1) —1)°

= (RHS of P(k)) + (3(k+1) — 1)2, (by inductive assumption)

= 2k(6k* + 3k — 1) +9(k +1)* — 6(k + 1) + 1

= 2k(3k(2k+1) — 1) +9(k + 1)* = 6(k+ 1) + 1
- k( ((k+1)—1)(2(k+1) —1) _1) L9k +1)2 —6(k+1)+1

3(2(k +

(k+1)

N[

k(3 )2—3(k+) 1)—1)+9(k+1)2—6(k+1)+1
(C —1)(6(k +1)* = 9(k +1) +2) + 5 (18(k +1)* = 12(k + 1) + 2)
( 1)(6(k + 1)2 —9(k+ 1)+2)
—(6(k+1)*—9(k+1)+2)
k+1)(18(k+1)—12)+2)

1
2
1
2
1
2

+
_|_

:%<(k+ 1)(6(k+1)* — 9(k + 1) + 2)
—(k+1)(6(k+1)—9) —
+(k+1)(18 k+1)—12)+2)

:%(k+1)(6(k+1)2— 9(k +1) +2

— 6(k+1)+9
—18(k+1) — 12)
=3(k+1)(6(k+1)*+3(k+1)—1)

— RHS of P(k +1).

So P(k + 1) is true, if P(k) is true.

e Hence, by induction P(n) is true for all natural numbers n.



3. Prove that for any natural number n,

2(\/n—+1—1)<1+%+---+\/i5<2\/5.

1 1
Solution. Let P(n): 2(vn+1-1)<1+ 7 +- 4 NG < 2y/n. Now P(n) should be
n

thought of as two simultaneous inequalities, namely:
LHS(n) < M(n) and M(n) < RHS(n),
where

LHS(n) :=2(vVn+1-1),
1 1
M(n) :zl—i—E—i—---—i—% and

RHS(n) := 2y/n.

(M is mnemonic for “middle”.)
o Firstly,

V2-1)(V2+1 2 _ 2
V2+1 V2+1 141

LHS(1) = 2(vZ — 1) = X

and
M(1) =1 < 2 = 21 = RHS(1).

So P(1) is true.
e Now assume P(k) is true, for some natural number k, i.e.
M(k) > LHS(k) and M(k) < RHS(k),
and deduce P(k+ 1):
1 1 1
M(k+1) =14 —=+-- 4 — +
b+ V2 VE o VE+T
1
= M(k) +
) kE+1
1

k+
=2(vVEk+1-1)+

=2(Vk+2-1)-2

2

> LHS(k) + , (by inductive assumption)

[

1
k+

VE+2-vVE+1)+

:

1
VE+1
VE+2-VEFDWEF2+VEFT) 1

VE+2+VE+1 VE+1
2 1

— +
VE+2+vVE+1  VE+1
2 1

— +
VE+1+vVE+1 VE+1

2 1
— + =2(vVk+2—1)=LHS(k + 1),
2Vk+1  VEk+1 ( ) ( )

—_

=2(vVk+2-1)—
=2(VE+2-1)

>2(Vk+2-1)

=2(Vk+2-1)




and

1 1 1
Mk+1) =14 —=+--+—+
( ) V2 Vi VE+1

—

< RHS(k) +

= 2VEk +

, (by inductive assumption)

vVE+1
1
vVE+1

=2W—2<\/ﬁ—m+¢%
:QW_Q(\/W\;W\/E;(X];?+\/E)+\/]:?
:Nm_x/%ﬂ/lfr\/klﬁ
<2\/k—+1_\/k+1i\/k+l+\/kl+1

—2VEF - L oV 1=RHS(k+1).

— +
2Wk+1 VEk+1

i.e. LHS(k +1) < M(k +1) < RHS(k + 1).
So P(k + 1) is true, if P(k) is true.
e Hence, by induction P(n) is true for all natural numbers n.
4. Prove 3" > 2" for all natural numbers n.
Solution. Let P(n): 3" > 2"
o Firstly,
LHS of P(1) =3 =3
> 2 = 2! = RHS of P(1).
So P(1) is true.
e Now assume P(k) is true, for some natural number k, i.e.
3h > oF
and deduce P(k + 1):
LHS of P(k + 1) = 3F+1
=3"3
> 2%.3 (by inductive assumption)
> 2k.2
_ gkl

— RHS of P(k+1).

i.e. LHS of P(k 4+ 1) > RHS of P(k+ 1).

So P(k + 1) is true, if P(k) is true.
e Hence, by induction 3™ > 2" for all natural numbers n.



5. Prove Bernouilli’s Inequality which states:

If > —1 then (1 + )" > 1 + nz for all natural numbers n.

Solution. Let P(n): (14+2)">1+nx,ifz > —1.
o Firstly,

LHS of P(1) = (14 z)' =142
=1+ 1.z = RHS of P(1).

So P(1) is true.

e Now assume P(k) is true, for some natural number k, i.e.
(1+z)f>1+ ke, ifxe > -1
and deduce P(k + 1):

LHS of P(k+1) = (14 z)**!

= (1+2)(1+2)

= (LHS of P(k)).(1+ )

> (RHS of P(k)).(1+ z), (by inductive assumption ... 1+ z > 0 since z > —1)
=(1+kx)(1+x)

=1+ (k+ 1)z + ka?

> 1+ (k+ 1)z, (since k > 0,22 > 0, so that kz? > 0)

— RHS of P(k +1).

So P(k + 1) is true, if P(k) is true.

e Hence, by induction P(n) is true for all natural numbers n.

6. Prove that, if sinx # 0 and n is a natural number then

sin 2"x

cosx - cos2x - --cos 2"
2" sinz’

Solution. Here we need the identity
sin 2a = 2 sin o cos «,

for any number «.

n
gn—1l, _ sin 2"z

Let P(n): cosz-cos2x---cos , if sinz # 0.

2" sin x
o Firstly,

94
LHS of P(1) = cosx = M, (since sinz # 0)
2sinz

sin 2x
2lsinx RHS of P(1)

So P(1) is true.



e Now assume P(k) is true, for some natural number k, i.e.

sin 2k 2

cosx - cos 2 - - -cos 28 1y = , if sinz # 0

~ 2ksing
and deduce P(k + 1):

LHS of P(k + 1) = cosx - cos 2z - - - cos 281z, cos 2%z
= (LHS of P(k)). cos 2"z
= (RHS of P(k)). cos 2k, (by inductive assumption)

sin 2k
= o sin - cos 2F ¢
_ sin2ktlyg
- 2.2ksinx
_ sin2Fly
-~ 2ktlging
= RHS of P(k +1).

So P(k + 1) is true, if P(k) is true.

e Hence, by induction P(n) is true for all natural numbers n.
7. Prove that for any natural number n > 2,

1 1 1 2
< —.

(1—75)(1—75)"'(1—ﬁ) 2
Solution. We will need the following inequality:
Forn>2, n> Vn + 1.
We prove this as follows. Assume n > 2.

n?—2n+1=(n-1>%>0

Son?>2n—1

=n+n-—1
>n+2-1
=n+1

Hence n > vn + 1.

We will use a slight variation on the usual induction. In ladder terminology our
occurs for n = 2.

1 1 1 2
Let P(n): (1——

ﬂ)(l_%)"'(l_%)<ﬁ'

[13

rst” rung



o Firstly,

V2 -1

V2
(V2-1)(vV2+1)
V2(vV2+1)

LHS of P(2) =1— — =

Sl

—

+
S

2
T2

N
(SIS

— RHS of P(2).
So P(2) is true.

e Now assume P(k) is true, for some natural number k > 2, i.e.

(1= )= 5) (-2 <3

and deduce P(k + 1):
LHS of P(k +1) = (1 — —=)(1— —) L L

2t U )
= (LHS of P(k)) - (1 ! )

E+1
), (by inductive assumption)

< (RHS of P(k)) - (1— k1+
2 1

e e

C2(WEk+1-1)

VR

C2(WEH+1-1D)(VE+1+1)

 RVE+RL(WVETL+1)
2(k+1-1)

T RE+1+vVETD)
2

Ck(k+1+VE+1)
2

—

k(k+1)+kvVE + 1
2

< , (since k >VEk+1fork >2
E(k+1)+vVE+1VE+1 ( )
2

E(k+1)+k+1
2

(k+1)?
= RHS of P(k + 1).

i.e. LHS of P(k + 1) < RHS of P(k +1).
So P(k + 1) is true, if P(k) is true.

e Hence, by induction P(n) is true for all natural numbers n > 2.
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8. Prove that for any natural number n,

Solution. Let P(n): —-—.—.-.

o Firstly,
1 1
LHS of P(1) === —
1

v3.1+1

— RHS of P(1).

So P(1) is true.
e Now assume P(k) is true, for some natural number k, i.e.
1 3 5 2k —1 < 1
2 46 2k T \VBk+1

and deduce P(k + 1):

1 35 2k—1 20k+1)—1

B 2k +1
= (LHS of P(k)) Y

2k +1
2k + 2’

< (RHS of P(k)) -
1 1
VBE+1 1+ 5
1 1
1 1
2 1
V3k + 1 \/1 + 521 +
1

- 203k+1) |  3ktl
\/3k 14501 + ey
1

<
6kt2 | 2kl
\/3k T 14250 + G
1

- 6k+2+1
\/3/€ +1+ ohrL
1

V3k+1+3
1

3(k+1)+1
— RHS of P(k+1).

(by inductive assumption)

i.e. LHS of P(k + 1) < RHS of P(k+ 1).
So P(k + 1) is true, if P(k) is true.
e Hence, by induction P(n) is true for all natural numbers n.
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9. Prove that 7>" — 48n — 1 is divisible by 2304 for every natural number n.

Solution. Let P(n): 2304]| f(n) where f(n) = 7" —48n — 1.
e Firstly, f(1) = 72! —48.1 — 1 =0 and 2304 |0. So P(1) is true.
e Now assume P(k) is true, for some natural number k, i.e.

2304 | £(k).
We now deduce P(k +1).

Fk+1) =720+ _48(k4+1) —1
=772 48k +1) -1
= (7?F — 48K —1).49 + (48k +1).49 —48(k +1) — 1
= 49.f(k) + (48k +1).49 — 48(k +1) — 1
= 49.f(k) + (49 — 1).48k + 49 — 48 — 1
= 49.f(k) + 2304k
=0 (mod 2304), since 2304 | f(k) by the inductive assumption.
So P(k + 1) is true, if P(k) is true.
e Hence, by induction P(n) is true for all natural numbers n.

10. For every natural number n, show that

(1+V5)" — (1 —5)"
2n /5

Up =
is a natural number.
In fact, u, is the nth Fibonacci number.

Solution. Before we apply induction we will find the following helpful. Observe that, for
any numbers a, b and natural number n,

a™tt — bt = (a4 b)(a" — b") —ab(a Tt =",
Let « =1+ /5 and 8 =1—+/5. Then

a+8=2
af=1-5=—4.

Also u, can be expressed more compactly as

an_ﬁn

on /5

Now we are ready to apply induction. We shall employ a variant of the usual induction. In

Uy =

ladder terminology, we show:
e we can get onto the first two rungs; and that
e if we can get onto the (k— 1)st and kth rungs then we can get onto the (k+ 1)st rung.

(At least, this is the general idea! ... we don’t quite prove we can get onto the first rung, but
we do the next best thing! ... and consequently we need to modify our inductive assumption
slightly as well!)

am — ﬁn
Let P(n) : Up € N where Uy, = W
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o Firstly,

(14vE)0 - (1= _1-1

Uy = 20'\/5 = \/5 :OGD\IU{O}
" A+ VB -1 -vB) 2vh C1eN
e 215 o5 '

e Now assume that for some natural number £k,

up—1 € NU{0}, and
up € N.

We now deduce ug4+1 € N.

B ak—i—l _ﬁk—i—l B (a —i—ﬂ)(ak _ ﬁk) o aﬁ(ak_l _ﬁk—l)
UL Tk 2k+1 /5
_ 2a* — 5" + 4" - g
B 2k+1 /5
ok — ﬁk af-1 ﬁk_l
BV A N

= Uk + Ug—1.

Now wug, ur—1 are nonnegative integers (by our inductive assumption); so their sum is
again a nonnegative integer. Also, uy,ug—1 are not both zero (since we have assumed
ug, € N); so their sum is a positive integer. Hence,

ug+1 € N, of ug—1 € NU{0} and ui € N.

e Hence, by induction u, € N for all natural numbers n ... and uy = 0.
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