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Abstract

We determine all linear codes C' containing the constant code F, for
which there is a weight-preserving group of semilinear automorphisms
which acts transitively on the set of nontrivial cosets of E in C.
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1 Introduction

A linear code C' of length n over GF(q), where ¢ is a power of some prime
p, is a subspace of the vector space GF(q)". We regard GF(q)™ as the set of
all functions f : X — GF(q) for some set X of size n. If X = {z1,...,2,}
then f corresponds to the n-tuple (f(z1),..., f(x,)) and we often refer to the
elements of X as coordinates. Given f € C', the weight of f is the number of
elements x; € X such that f(z;) # 0. We call C' a constant weight code if all
nonzero elements of C' have the same weight. In particular, the 1-dimensional
code E consisting of all the constant functions has constant weight n and is
called the constant code.

The Hamming dual over GF(q) is the code of length n = (¢4 —1)/(q — 1)
given by the restriction of all linear functions f : GF(q)¢ — GF(q) to a set
of representatives for the 1-dimensional subspaces of GF(q)¢. If f # 0, the
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kernel of such a linear function has dimension d — 1 and f(a) # 0 if and only
if a ¢ ker(f). Thus all nonzero codewords have weight (¢ —1)/(¢ — 1) —
(¢t —1)/(¢ — 1) = ¢¢1. For each positive integer k& we can construct a
constant weight code of weight kg?~! by taking the restriction of all linear
functions f : GF(q)? — GF(q) to some multiset X of elements of GF(q)?
such that X contains precisely k elements from each 1-dimensional subspace.
Such a code is known as a replication of a Hamming dual. In fact, Bonisoli
[2] proved that, disregarding coordinates on which every codeword is zero,
all constant weight codes over GF(q)? can be constructed in this manner.
Bonisoli’s proof was combinatorial and inductive, whereas Ward and Wood
[10, 11], later derived character theoretic proofs.

A map o : GF(q)" — GF(q)" is called semilinear if o preserves addition
and there exists a field automorphism a of GF(¢) such that for all A € GF(q)
and v € GF(¢)", we have (A)? = A*v?. Note that, if & = 1 then o is linear.
Let ¢ be the Frobenius automorphism of GF(q), that is, ¢ raises each element
of GF(q) to its p'™ power, where ¢ is a power of the prime p. Then ¢ induces
a semilinear automorphism 74 of GF(¢)" such that 7, maps each f € GF(¢)"
to the function with evaluation (f(z1)?, f(22)%,..., f(z,)?). Any semilinear
automorphism is then a combination of some linear automorphism and a
power of 74. The automorphism group of a linear code C' C GF(q)" is the
group of all semilinear transformations of GF(¢)" which fix C' setwise and
preserve weights. If ¢ is a prime then all semilinear maps are linear and
the automorphism group consists of all monomial transformations fixing C'
([7],[8, p 238]), that is, all transformations of GF(¢)" given by monomial
matrices. When ¢ is not a prime, then the automorphism group of C' is a
subgroup of the group generated by all monomial transformations and 7,
(c.f. [8, p 238]).

When studying locally 2-arc transitive graphs with certain properties in
[3] it became necessary to know all linear codes C' containing the constant
code FE, for which there is a weight-preserving group G of semilinear auto-
morphisms which acts transitively on the set of nontrivial cosets of F in C.
The main result of this paper is a determination of all such C' and G. Before
stating our theorem we need the following setup.

Let M be an m-dimensional vector space over GF(q), where ¢ is the power
of some prime p. Let X be a set of size n and let I’ be the vector space of all
functions f : X — M with pointwise addition. Then F' = M™. From now on
we consider a code to be a subspace of F'; the classical case is where m = 1.
By the weight of f € F we mean the number of x € X such that f(x) # 0.
Each g € Sym(X), induces a linear automorphism o, of F' such that for all



f € F and x € X, we have

—1

for(x) = fz? ).

This is the action of Sym(X) on M™ given by permuting coordinates. Also,
for each h € T'L(m,q), h induces a semilinear automorphism 7, of F via,

f(x) = (f(x))"

forallz € X and f € F. Note that if h € I'Li(m, ¢) is scalar multiplication by
the field element A then 7, induces scalar multiplication by A on F. Also each
automorphism 73, induced by I'L(m, ¢) commutes with each automorphism
o4 induced by Sym(X). Hence Aut(F') contains a subgroup

W = (m,,04 | h € I'L(m,q),g € Sym(X)) = I'L(m, q) x S,.

Let E be the subgroup of F' given by all constant functions. Then W is
the largest weight preserving group of semilinear automorphisms of F', which
fixes F setwise,

If we take X = GF(g)? for some positive integer d then F = M4" and
AT'L(d, q) < Sym(X). The Frobenius automorphism ¢ of GF(¢q), which raises
each element to its p'® power, induces a semilinear automorphism of M and
of GF(¢)¢. Hence there is an automorphism o4 of F' such that for all f € F
and z € GF(¢)4,

foo(x) = f(@),

and an automorphism 7, such that

fro(x) = (f(2))”.

Since AT'L(d, q) = AGL(d, q) x (¢}, this enables us to define a homomorphism
U : AT'L(d,q) — W such that if ¢ € AGL(d,q) then ¥(g) = o,, while
U(p) = 7404. In other words, ¥ embeds AT'L(d,q) in I'L(m,q) x S, such
that each element g € ATL(d,q) with associated field automorphism ¢,
induces an action on F' by permuting coordinates in the same way that it
acts on GF(q)? and by applying ¢’ to each entry.

We can now state our theorem.

Theorem 1.1. Let M = GF(q)™, n > 1, E the subspace of M™ of all
constant functions and C' < M™ such that given any two distinct coordinates
x,y there exists f € C such that f(x) # f(y). Let G be a group with (1, |
h € GL(m,q)) < G < W such that G fizes C setwise and acts transitively
on the set of nontrivial cosets of C N E in C.



(1) If E < C and |C| = (¢™)%" for some d > 1 then there exists S C
GF(q)? of size n such that C is the restriction to S of the set of all affine
functions [ : GF(q)¢ — GF(q)™. Moreover, there exists K < ATL(d, q)
and a K-invariant subset S of GF(q)? such that the projection of K
onto TL(d, q) acts transitively on the set of 1-spaces of GF(q)? and
G = (m | h € GL(m,q)) x ¥(K).

(2) If ENC = {0} and |C| = (¢™)? for some d > 1 then there exists S C
GF(q)? of size n such that C' is the restriction to S of the set of linear
functions f : GF(q)¢ — GF(q)™. Moreover, there exists J < I'L(d, q)
and a J-invariant subset S of GF(q)? such that J acts transitively on
the set of 1-spaces of GF(q)? and G = (1, | h € GL(m, q)) x ¥(J).

Furthermore, in both (1) and (2), if m > 1 then d = 1.
We have the following remarks.

Remark 1.1. 1. The codes in part (2) of Theorem 1.1 are constant weight
codes and are replications of Hamming duals.

2. If d = 1 then Theorem 1.1 only requires that S is a K- or J-invariant
subset of GF(q).

3. Suppose that J < T'L(d, q) acts transitively on the set of 1-spaces of
GF(q)¢. Letting Z be the group of scalars in GL(d, q) it follows that
JZ is transitive on the set of nonzero vectors, that is, JZ is the point

stabiliser in an affine 2-transitive group. All such groups are known
(see [4, 5, 6]).
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2 Proof of Theorem 1.1

We begin by constructing the codes C' and groups G stated in Theorem 1.1
and show that they have the desired properties.

Let M = GF(q)™ and let d be a positive integer such that if
m > 1 then d = 1. Let F' be the vector space of all functions
f:GF(q)¥ — M, let L be the subspace of all linear functions, F
be the subspace of all constant functions and A = L & F be the
subspace of all affine functions.



Given S C GF(q)? and f € F we denote the restriction of f to S by fi,. We
have corresponding vector spaces F|, Ly, £, and A,. Note that if S spans
GF(¢) then L = L, and A = A,. Recall the automorphisms o, and 7, of
F.

We have the following lemma.

Lemma 2.1. The subspace L is fixed setwise by each 1, such that h €
GL(m,q), by each o, such that g € GL(d,q) and by 1404. Moreover, if
J < TL(d, q) acts transitively on the set of 1-spaces of GF(q)¢ then (m, | h €
GL(m, q)) x U(J) acts transitively on the set of nontrivial elements of L.

Proof. Each 7, such that h € GL(m, q) clearly fixes L setwise and L is a well
known submodule for the permutation module of GL(d,¢q) and so each o,
such that g € GL(d, q) fixes L setwise. Hence the only nontrivial part is to

prove that 7,0, fixes L setwise.
Let f: GF(¢) — M be a linear function. Then for all a,b € GF(q),

freoe(a+b) = (f((a+ b))
— (f@ b))

= (f@7)" + (f(b° )
= [77(a) + [7(b)

and for all A\ € GF(q),

= Af7%(a)).

Hence f7¢°¢ is linear and so L is fixed setwise by (7, | h € GL(m,q)) x
U(T'L(d,q)).

Let J < TL(d, q) which acts transitively on the set of 1-spaces of GF(q)?.
By Block’s Lemma [1], J also acts transitively on the set of hyperplanes of
GF(q)%. Let fi, f € L be linear functions. Suppose first that d = 1. Then
there exists h € GL(m, ¢) such that f{"* = f, and so (1, | h € GL(m,q)) %
U(J) acts transitively on the set of nontrivial elements of L.

Suppose now that d > 2. Note that this implies that M = GF(¢) and
so Wy = ker(f;) and Wy = ker(f;) both have dimension d — 1. Since J
acts transitively on hyperplanes, there exists g € J such that (W;)9 ' = Wh.

Hence fllp(g) = Afy for some A € GF(q). Now there exists h € GL(1, q) such

5



that 7, induces the automorphism of F' corresponding to scalar multiplication
by A~! and hence f')™ = f,. Thus (r, | h € GL(1,q)) x ¥(J) acts

transitively on the set of nonzero elements of L. O]

Lemma 2.2. Let J < T'L(d, q) which acts transitively on the set of 1-spaces
of GF(q)* and let S be a nontrivial J-invariant subset of GF(q)?. Then
(th | h € GL(m,q)) x U(J) acts transitively on the set of nonzero elements

OfL|S.

Proof. Since J acts transitively on the set of 1-spaces of GF(q)? it follows
that S spans GF(¢)? and so Lj; = L. Let g € J. As U(g) € Aut(F) and g
fixes S setwise, it follows that W(g) induces an automorphism of Fj, such that
(fis)¥@ = (f¥©),,. Moreover, (1, | h € GL(m, q)) x ¥(J) fixes L, setwise.
Since restriction to S intertwines the action of ¥(.J) on L and the action of
¥(J) on L it follows from Lemma 2.1 that (7, | h € GL(m, q)) x ¥(J) acts
transitively on the set of nonzero elements of L. O

We now look at the subspace A of all affine functions f : GF(q)? — M.
We let 7 denote the projection map of AT'L(d, q) onto I'L(d, q).

Lemma 2.3. The subspace A is fived setwise by each 1, such that h €
GL(m,q), by each o, such that g € AGL(d,q) and by T40,. Moreover, if
K < ATL(d,q) such that w(K) acts transitively on the set of 1-spaces of
GF(q)?, then (, | h € GL(m,q)) x V(K) acts transitively on the set of
nonzero cosets of E in A.

Proof. Clearly A is fixed setwise by (7, | h € GL(m,q)). It is also a well
known submodule of the permutation module for AGL(d, q), see for example
19, Section 3(B)]. Since 740, fixes E setwise and by Lemma 2.1 fixes L setwise,
it follows that 7404 fixes A = E' @ L setwise.

Note that L provides a set of coset representatives for F'in A. Let fi, fo €
L be nontrivial linear functions. Suppose first that d = 1. Then f; = f3" for
some h € GL(m,q) and (7, | h € GL(m, q)) x V(K) acts transitively on the
set of nontrivial cosets of E in A.

Suppose next that d > 2. Then M = GF(q) and W) = ker(f;) and
Wy = ker(fs) both have dimension d — 1. Since 7(K) acts transitively on
1-spaces, by Block’s Lemma [1] it also acts transitively on hyperplanes and
so there exists g = g1g2 € K such that g; is a translation, g, € I'L(d,q),
and (W)% = W,. Hence (E + f,)¥@ = E + \f, for some A € GF(q).
Now there exists h € GL(1,q) such that 7, induces the automorphism of
F corresponding to scalar multiplication by A~' and hence (E + f,)¥@™ =
E + f5. Thus (1, | h € GL(1,q)) x V(K) acts transitively by conjugation on
the set of nontrivial cosets of F in A. ]



Lemma 2.4. Let K < ATL(d, q) such that w(K) acts transitively on the set
of 1-spaces of GF(q)? and let S be a nontrivial K-invariant subset of GF(q)<.
Then (1, | h € GL(m,q)) x V(K) acts transitively on the set of nontrivial
cosets of Eyg in Aj.

Proof. This follows from Lemma 2.3 in the same manner that Lemma 2.2
follows from Lemma 2.1. O

We now determine all C' satisfying the hypotheses of Theorem 1.1.

Proposition 2.1. Let E < C < M" such that |C| = |M|% for some
positive integer d > 1 and for any two distinct coordinates x,y, there ezists
f € C such that f(x) # f(y). Suppose that there exists G with (1, | h €
GL(m,q)) < G < W such that G acts transitively on the set of nontrivial
cosets of E in C. Then there exists a spanning subset S C GF(q)? such
that C is the restriction to S of all affine functions from f : GF(q)? — M.
Moreover, if m > 1 then d = 1.

Proof. Suppose first that m = 1, that is M = GF(q). Let D be a (d+1) xn
matrix over GF(q) whose rows form a basis for C' as a GF(q¢)-space, such
that the first row is (1,1,...,1) € E, and let S be the set of column vectors
of D with the first coordinate removed, so S C GF(q)?. If two of the column
vectors of D were equal then we would have a pair of distinct coordinates
x,y such that f(z) = f(y) for all f € C, a contradiction. Thus D has no
repeated columns and so there are at most ¢% choices for the columns of
D. Hence n = |S| < ¢%. Furthermore, as the rank of D with the first row
removed is d, it follows that S spans GF(g)¢. For 1 < i < d, the (i + 1)®
row of D gives the i'" coordinate of each element of S, and hence is the
evaluation of the i*" projection map from GF(q)¢ to M at the vectors in S.
Thus the last d rows of D provide a basis for the group of all linear functions
f : GF(q)* — M restricted to S, where we think of each vector of length
n in the space generated by the last d rows of D as the evaluation of some
linear map on S. In addition, the first row is the restriction of a constant
function to S and so C' is the set of restrictions to S of all affine functions
f:GF(q)¢— M.

Now suppose that m > 2. In this case C' is invariant under (7, | h €
GL(m,q)). Since GL(m, q) contains a subgroup isomorphic to GL(1, ¢™), G
contains a subgroup {7, | h € GL(1, ¢")} which preserves a GF(¢g")-structure
on M. However, since (1, | h € GL(m,q)) < G, it follows that G does not
preserve such a structure. Thinking of M as the additive group of GF(¢™)
and C as a GF(¢™)-space, we can find d + 1 linearly independent functions
which generate C', the first of which can be taken to be the constant function



(1,1,...,1), which lies in E. Let D be the (d+ 1) X n matrix whose rows are
given by the evaluation of these d+ 1 functions and note that n > d+1 since
C = Mo < M™. As C has dimension d + 1 over GF(¢™) we can echelonize
D so that it is of the form

. Id><d B
0
where B is a d X (k — d — 1) matrix whose entries lie in GF(¢™).

Suppose that B contains an entry z which does not belong to the subfield
GF(q) and let v be the row of D containing such an element. Now GL(m, q)
contains a subgroup isomorphic to I'L(1,¢™), and hence G contains an ele-
ment 73, such that h € GL(m, q) centralises 1 but does not centralise x. Then
75, maps v to a vector whose first d + 1 entries agree with v but at least one
of the last n — d — 1 entries does not agree with v. However, G preserves C'
and any element of C' agreeing with v in the first d + 1 coordinates must be
equal to v. This contradicts v» # v. Hence all the entries of B lie in the
subfield GF(q).

Recall that for each g € G, there exists h € I'L(m, q) and g € S,, such
that for all f € C' and = € X we have f9(z) = (f(«? ))". It follows that
the number r(f) of distinct values in GF(¢)™ taken by the values of f is
constant over G-orbits in C. Also r(f) is constant over all vectors in F + f.
Since G acts transitively on the set of nontrivial cosets of C/E it follows
that r(f) is constant on C\E, equal to r say. Suppose that d > 2 and let
vi and vy be the last two rows of the matrix D. Let A € GF(¢™)\ GF(q)
and let w = vi + Avy € C\E. We need to determine the number of values
in GF(¢™) taken by w. We have already seen that the entries in v; and
in vy lie in GF(q) and so the entries of w are of the form a + Ab for some
a,b € GF(q). Now if a; + Aby = as + by for some aq, by, az, by € GF(q) then
1(ay —ag) + A(by — by) = 0. Then as 1 and A are GF(g¢)-linearly independent
in GF(¢™), it follows that a; = ag and b; = by. Hence w takes on precisely
r values in GF(¢™) if and only if, whenever the i and j™ coordinates of v,
are equal then so are the ™" and j*® coordinates of v,. However, since d > 2,
we see that the (d — 1) and (d + 1)* coordinates of v, are both equal to 0
but the (d — 1) coordinate of v is equal to 0 while the (d + 1)™ coordinate
is equal to 1. Hence d = 1.

Now let S be the set of n columns of D with the first entry removed.
There is no repetition amongst the elements of S, and so n = |S| and we can
regard S as a subset of GF(g). Furthermore, the first row is the evaluation of



a constant function from GF(q) to M restricted to S, while the second row is
the evaluation of a linear function from GF(q) to M restricted to S. Hence
C' is the restriction to S of the set of all affine functions f : GF(q) — M.
Thus the proposition is proved. ]

Corollary 2.1. Let C" < M™ such that |C'"| = |M|¢ for some positive integer
d > 1 and for any two coordinates x,y € X, there exists f € C' such that
f(z) # f(y). Suppose that there exists a group G with (1, | h € GL(m,q)) <
G < W which acts transitively on the set of nonzero vectors of C'. Then
there exists a spanning subset S C GF(q)? such that C is the restriction to
S of all linear functions from GF(q)? to M. Moreover, if m > 1 then d = 1.

Proof. Since ENC" = {0} and FE is fixed setwise by G it follows that C' =
E @ C', which has size |[M|**!, is determined by Proposition 2.1. The result
then follows by taking the last d rows of the generator matrix in the proof of
Proposition 2.1 to be a set of generators for C". O

We now turn our attention to finding G.

Proposition 2.2. Let d > 1 and S be a spanning subset of GF(q)¢ such
that C' < M™ 1is the restriction to S of the set of all affine functions from
GF(q)? to M. Suppose that there exists (m, | h € GL(m, q)) < G < W which
acts transitively on the set of nontrivial cosets of E in C. Then there exists
K < ATL(d,q) such that S is a K-invariant subset, m(K) acts transitively
on the set of 1-spaces of GF(q)* and G = (1, | h € GL(m, q)) x ¥(K).

Proof. Letg € G. Since (13, | h € GL(m, q)) < G and I'L(m, ¢) = GL(m, q¢) x
(¢), we may assume that g = 7450, € G, where g € S, and 0 <7 < || — 1.
Then 7 is a semilinear map of the vector space M, where (Af)? = A\?' f7 for
each f € M™ and A € GF(q). Also g fixes setwise C < M™ and so g° is a
semilinear map with associated field automorphism ¢°. Hence if ¢' # 1 then
g° # 1. If g=o0, € S, with g # 1, then we also have g“ # 1, as otherwise
there would exist distinct =,y € X such that f(x) = f(y) for all f € C, a
contradiction.

Recall the (d+1)xn matrix D which generates C' (as a GF(¢™)-space) and
the set S C GF(q)? C GF(¢™)? of column vectors of D with their first entry
removed. Let S = {ay,...,a,} such that a; corresponds to the 5t column of
D and note that g € 5, gives a permutation of S such that (a;)? = a;,. We
aim to construct from g = 740, € G, an element ¢’ € AI'L(d, ¢) such that ¢’
fixes S setwise, (¢')° = ¢° and the associated field automorphism of ¢’ is ¢'.

Let f € C be arow of D, that is, the i*® entry of f is f(a;), where a; € S
corresponds to the i*" column of D. Then f9 € C as G fixes C setwise. If



m =1 then M = GF(¢) and so f9 is a GF(gq)-linear combination of the rows
of D. On the other hand, if m > 2 then M = GF(q)™. However, since the
rows of D lie in GF(¢)" and g = 7,0, fixes GF(q)" setwise, we also have that
179 is a GF(g)-linear combination of the rows of D. As this is true for each
row of D, there is a matrix Q € GL(d+ 1, q) such that for each j, the j** row
of QD is the image of the j* row of D under g. Moreover, as g centralises
the first row (1,...,1) of D and S spans GF(q), it follows that

I 0
(5 %)

where b € GF(q)? and P € GL(d, q). ‘

Now for each a; € S we have that f9(a;) = (f(a;,-1))*". On the other
hand, f9 corresponds to the same row of QD as f corresponds to in D, and
f9(a;) is the j™ entry of the row of QD associated with f79. Hence as,

]~ Lot

i

it follows that
b+ Pa; = (aj,-1)°

Hence a;, 1 = (b + Pa;)? ". Thus we can define an element g’ € ATL(d, ¢)
by a@)™" = (b + Pa)? ", for all a € GF(g)%, such that ¢’ fixes S setwise and
(¢")° = g°. Let

K = (¢ | 745i0, € G) < ATL(d, q).

Then S is a K-invariant subset of GF(¢q)¢ and G = K9 Note also,
that g = 750, = ¥(¢'), and so G = (1, | h € GL(m, q)) x ¥(K).

All that remains to prove is that 7(K) acts transitively on the set of 1-
spaces of GF(q)?. Now G acts transitively on C/E = M?. If d = 1 then we
trivially have that w(K') acts transitively on 1-spaces and so we assume that
d > 2. Thus by Proposition 2.1, m =1 and G = (1, | h € GL(1,¢q)) x ¥(K).
As (1, | h € GL(1,q)) induces scalar multiplication on C, it follows that
U(K) acts transitively on the set of 1-dimensional subspaces of C'/E. Let W
and W, be distinct hyperplanes of GF(q)?. Then there exist linear functions
f1, f2 : GF(q¢)¥ — M such that ker(f,) = W, and ker(fy) = W,. Moreover,
(f1)is: (f2)|s € C and lie in different E-cosets. Hence there exists g € W(K)
such that (E+ f1)? = E+ A fs. Then g = 7,40, for some g € K. Let g = g1g»
such that gy is a translation and g, € T'Li(d, ¢). All functions in F + f; are
constant on W (since Wy = ker(f1)) and so are all functions of (E + f1)7¢'9".

Meanwhile all functions of E + A fy; are constant on W5 and so ng > = Ws.
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Thus 7(K) acts transitively on the set of hyperplanes of GF(¢)¢. Hence by
Block’s Lemma, 7(K) acts transitively on the set of 1-spaces and the proof
is complete. O]

Corollary 2.2. Let d > 1 and S be a spanning subset GF(q)? such that
C" < M™ is the restriction to S of the set of all linear functions from GF(q)?
to M. Suppose that there exists G with (1, | h € GL(m,q)) < G < W
which acts transitively on the set of nonzero vectors of C'. Then there exists
J < TL(d, q) such that S is J-invariant, J is transitive on the set of 1-spaces

of GF(¢)¢ and G = (1, | h € GL(m, q)) x ¥(J).

Proof. Since E N C" = {0} and E is fixed setwise by G it follows that G
acts transitively on the set of nontrivial cosets of F in C' = E @& C’". Thus
G is determined by Proposition 2.2 and so there exists K < AT'L(d, q) such
that G = (7, | h € GL(m,q)) x ¥(K). Since each § = 7450, € G fixes
both F and C’ setwise, it follows that the matrix ) obtained in the proof
of Proposition 2.2 is completely decomposable and so the permutation ¢
obtained in AT'L(d, ¢) actually lies in I'Li(d, ¢). Letting J = K = 7m(K), the
result follows. m
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