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Abstract

An elusive permutation group is a transitive permutation group
with no fixed point free elements of prime order, or equivalently, no
nontrivial semiregular subgroups. We provide several new construc-
tions of elusive groups, some of which enable us to build elusive groups
with new degrees.

1 Introduction

A transitive permutation group on a set {2 is called elusive if it does not
contain a fixed point free element of prime order, or equivalently, no nontrivial
semiregular subgroups. The first elusive groups were constructed in [6] and
were the affine groups AGL(1, p?), where p is a Mersenne prime, acting on the
set of lines of the affine plane AG(2,p). Further examples and constructions
were provided in [3]. It was determined in [9] that the only elusive groups with
a transitive minimal normal subgroup are the wreath products My, wr K, of
the Mathieu group M;; and a transitive subgroup K of S, acting on 12*
points. Despite the existence of elusive groups, every transitive permutation
group of degree at least two has a fixed point free element of prime power
order [6, Theorem 1].

Let G be a permutation group on a set . The 2-closure G® of G is the
largest subgroup of Sym(€2) which has the same orbits on ordered pairs as G.



For example, the 2-closure of a 2-transitive group is the full symmetric group.
We say that G is 2-closed if G = G®. Given a graph I', any permutation
of the vertices of I' which preserves the orbits of Aut(I') on ordered pairs
preserves adjacency and hence must be an automorphism of I'. Thus Aut(I")
is a 2-closed permutation group.

In 1981, Marusic [15] asked if every vertex-transitive digraph has a fixed
point free automorphism of prime order. This question was later reproposed
by Jordan [13]. The existence of such an automorphism reveals much infor-
mation about the structure of the digraph and allows it to be represented in
a compact way, see [2]. Semiregular automorphisms have been particularly
useful in constructing Hamiltonian paths [16, 17] and cycles [1] in families of
vertex-transitive graphs, and in the classification of vertex-transitive graphs
of small orders [14]. Cubic arc-transitive graphs whose quotient with re-
spect to a semiregular automorphism is a tree have been classified in [11].
Marusi¢ and Scapellato [18, Theorem 3.3] proved that all vertex-transitive
cubic graphs have a fixed point free automorphism of prime order and more
recently it has been shown that so do all vertex-transitive graphs of valency
4 [5]. It was shown in [10] that all vertex-transitive, locally quasiprimitive
graphs have a semiregular automorphism. This includes all 2-arc-transitive
graphs and all arc-transitive graphs of prime valency.

Klin [4] extended the question of Marusi¢ and Jordan to a more general
setting and asked if every transitive 2-closed group contains a fixed point free
element of prime order. The conjecture that every transitive 2-closed group
contains a fixed point free element of prime order is now referred to as the
polycirculant conjecture, for more discussion see [3]. The results of [9] imply
that all minimal normal subgroups of a counterexample are intransitive.

Let &€ be the set of degrees for which elusive groups occur. Marusi¢ [15,
Theorems 3.3 and 3.4] showed that prime powers do not belong to £ and nor
do integers of the form mp where p is a prime and m < p. The AGL(1, p?)
examples given in [6] have degree p(p+ 1) where p is a Mersenne prime while
elusive groups of degree 7¥.12 and p*.2" where p is a Mersenne prime and
2" > p were constructed in [3, Pages 328, 329]. It was also shown in [3,
Theorem 4.1(c)] that & is closed under multiplication and the question of
whether or not £ has density zero was posed.

In Section 2 we provide a new construction of elusive groups which proves
the following.

Theorem 1.1. Let p = 2° —1 be a Mersenne prime and ¢, . . ., ¢, be distinct
odd primes dividing p — 1. Then for every k > 1,n > { and jy,...,j, > 0,
there exists an elusive group of degree p*2"q]" ... q¢'.

We will see in Lemma 2.7 that the set of all degrees provided by The-



orem 1.1 has density zero. In Section 3, we provide a new construction of
elusive groups using the permutation module for AT'L(1, p?). Example 3.4 is
particularly interesting as it is the first known example of an elusive group
with an elementary abelian minimal normal subgroup N such that the sta-
biliser in NV of point is not a hyperplane and G is not the wreath product in
product action of an elusive group. In Section 4, we give a degree doubling
construction. Neither of these two constructions give us new degrees but we
see in Section 5 that they allow us to describe all elusive groups of degree
at most 30. We also show that none of the examples constructed in this pa-
per are 2-closed and so do not provide counterexamples of the polycirculant
conjecture.
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2 New degrees

The following theorem [3, Theorem 3.1] gives a general basis from which to
construct elusive groups.

Theorem 2.1. Let Gy be a subgroup of GL(V') for some finite vector space V/,
and suppose that GG1 has order coprime to the characteristic of V. Let H;
be a subgroup of Gy, and W be an H,-invariant proper subspace of V. Then
the action of V' x (G1 on the set of right cosets of W x H is elusive if and
only if

(a) the images of W by Gy cover V'; and

(b) every conjugacy class of elements of prime order in G1 meets H;.

Theorem 2.1 does not hold in the case where the characteristic of V'
divides |G4|. For example, if V = GF(3)?, G; = GL(2,3), W is a l-space
and H; is the stabiliser in G of W, then conditions (a) and (b) hold but the
action of V' x Gy on the set of right cosets of W x H; is not elusive. We have
the following theorem in the noncoprime case.

Theorem 2.2. Let Gy be a subgroup of GL(V') for some finite vector space V
over a field of characteristic p, and suppose that p divides |G1|. Let H; be a
subgroup of Gy and W be an Hi-invariant proper subspace of V. Then the
action of V' x (G1 on the set of right cosets of W x H; is elusive if and only if



(a) the images of W by Gy cover V;
(b) every conjugacy class of elements of prime order in Gy meets Hy; and

(c) for each element vh of order p, with v € V and h € Hy, there is an
image U of W under GGy which is fixed by h such that vh fixes some
translate of U.

Proof. Let G =V x Gy and H =W x H;. Note that the elements of prime
order in (G are of three types:

1. elements of V,
2. elements of order r # p,
3. elements of order p which are not in V.

All elements in V' fix a point (that is, a right coset) if and only it the images
of W under G, cover V. Since r # p, a Sylow r-subgroup of G is also a
Sylow r-subgroup of G and so by Sylow’s Theorem, all elements of prime
order r # p are conjugate to an element of GG; and all elements of order r
in H are conjugate to an element of H;. Hence all elements of prime order
r # p in G fix a point if and only if all conjugacy classes of elements of order
r in G; meet H;.

If wg € G with v € V and g € G; has order p then g has order p.
Moreover, the conjugates of vg are of the form vg’ for some v € V and ¢
conjugate in Gy to g. Note that if (b) holds then every element wg of order p
is conjugate to an element vh for some h € Hy. The element vh fixes a coset
Huk with v € V and k € G, if and only if vh fixes the translate W* + u*,
that is (W* + u* + v)* = W* 4 u*. Note that this requires W* to be fixed
by h. Hence all elements of order p fix a coset of H in G if and only if all
conjugacy classes of G of elements of order p meet H; and (c) holds. n

We also require the following lemma which determines when an action is
faithful.

Lemma 2.3. Let G be a subgroup of GL(V') for some finite vector space V.
Let Hy be a subgroup of Gy, and W be an Hi-invariant proper subspace of
V. Then the action of V x GG on the set of right cosets of W x H; is faithful
if and only if Ngec, W9 = {0}.

Proof. Let K be the kernel of the action of V' x GG; on the set of right cosets
of W x Hy. Then K = Nyeq(W x Hy)? and so K NV = Nyea, W,

Suppose that K NV is trivial. Then since V' and K are normal subgroups
of G they commute. However, G; < GL(V') and so V is self-centralising in
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V x Gy. Hence K = 1. Thus K # 1 if and only if K NV is nontrivial and
the result follows. ]

We will often use the following result.

Theorem 2.4. ([3, Theorem 5.3]) Let E be a half-transitive permutation
group with orbits O; having the following properties:

(a) The action of E on each O; is regular.
(b) Ifa; € O; and o € Oy fori # j, then either E,, = E,; or B, E,; = E.
Then E® contains a semiregular permutation.

Note that if F is an elementary abelian p-group and each £, has codi-
mension 1 then the hypotheses of Theorem 2.4 hold.

Using Theorem 2.1, a doubling construction was provided in [3, Theorem
3.3], whereby given a certain elusive group of degree p2" for some Mersenne
prime p such that 2" > p, a new elusive group of degree 2"*1p was con-
structed. The following construction allows us to multiply the degree by
certain primes and in the case where this prime is 2 gives us a more general
doubling construction than that in [3].

Construction 2.5 (A priming construction). We start with an elusive
permutation group G = V x (a) of degree p™{¢ with point stabiliser H =
W x (b), where

1. V is a finite dimensional vector space over the field GF(p),
2. a € GL(V) of order k, such that k is coprime to p,
3. W is a codimension m subspace of V' whose stabiliser in (a) is (b).

We then take ¢ to be a prime which divides k.
Let
Vi=VveVe. -V

q copies

and let g be the linear transformation of the vector space V' given by
(1,...,1,a)7 where 7 = (123...q) permutes the ¢ copies of V. Next let
Y = (g) and

W=wWaeVaeVe aV.
q—l?::)pies

Then M = ((b,...,b)) is the stabiliser of W’ in Y. Finally, let G* =V’ x Y
and H* = W' x M.



Theorem 2.6. Let G* and H* be as obtained from Construction 2.5. Then
the action of G* on the set of right cosets of H* is elusive of degree p™(q.

Proof. By Theorem 2.1, the images of W under (a) cover V', and so the images
of W' under Y cover V'. Note that Lemma 2.3 implies that N;iV® = {0}.
Thus Nyey (W')Y = {0} and so by Lemma 2.3, the action of G* on the set of
right cosets of H* is faithful.

Now
(a=V/a . a=V/a qli=D/atl)r fori =1 (mod q)
9= (attD/a=1, C.L(H_l)/q, Coa /et fori=g—1  (mod q)
(a/e,..., a'?) for i =0 (mod q)

Hence ¢ has order gk. Let ¢° be an element of Y of prime order r. Suppose
first that i # 0 (mod ¢). Then ¢ divides the order of g* and so 7 = ¢q. The
only elements of order ¢ in Y are ¢*, ¢**, ..., g% 2% and ¢«Y*. However, ¢
divides k, which contradicts i # 0 (mod ¢). Hence if ¢* has prime order then
i =0 (mod ¢) and so

g =(a"",..., a"9).

Then a'/? is an element of (a) of prime order and so by Theorem 2.1, a*/4 lies
in (b). Hence g € M. Thus Theorem 2.1 implies that G* acts elusively on
the set of right cosets of H* of index p™q/. n

Note that V', ¢, any prime dividing k, W', G* and H* satisfy the ini-
tial conditions of Construction 2.5 and so we can apply the construction
recursively.

For each Mersenne prime p, the elusive groups AGL(1,p?) = C? x Cjo_y
of degree p(p + 1) give us a starting point from which to use Construction
2.5. For example, when p = 7 we can construct examples of degree 7.2¢.3
for all i > 3 and j > 0. In general, for any Mersenne prime p = 2° — 1
such that p — 1 = 2¢7" ... ¢%" we can use Construction 2.5 to build elusive
groups of degree p?“q{1 ...@ for any n > ¢ and ji,...,5. > 0. We can
then use the construction of [3, Theorem 3.2] to find elusive groups of degree
p’@"q{l ...q) for all k > 1. Thus we have proved Theorem 1.1. For each
of the examples constructed, note that W’ has codimension 1 in V'’ and so
we can use Theorem 2.4 to find fixed point free elements of order p in their
2-closures. Thus none of the examples constructed are 2-closed and their
2-closures are not elusive.

We now look at the density of the set of all degrees provided by Theorem
1.1. All logarithms are to the base 2.



Lemma 2.7. The set of all degrees given in Theorem 1.1 has density zero.

Proof. Let S(z) be the set of all degrees given in Theorem 1.1 which are less
than z, that is, all integers of the form p"“Q"q{1 ... @) where p is a Mersenne
prime, £ > 1, p < 2", each ¢; is an odd prime dividing p — 1 and j; > 0.
We divide S(z) into two disjoint subsets Si(x) and Ss(z) such that Si(x)
contains all integers of the form p*27¢l* ... ¢/r with p < log(z) while Sy(z)
contains all integers of the form p*27¢]" ... ¢/ with p > log(x).

Let p be a Mersenne prime such that p < log(z). Then p contributes at
most log(z)" 2 integers to Si(z). Now the number of prime divisors of p — 1
is less than log(p — 1) which in turn is at most log(log(x)). An upper bound
for the number of Mersenne primes less than or equal to log(x) is log(log(x))
and this allows us to show that

tim 2 _ g
T—00 x

Next let p be a Mersenne prime such that p > log(x). Then there are at
most x/log(x) multiples of p which are less that x. Furthermore, if 2! — 1
is prime then [ is prime and so there are at most 7(log(z)) Mersenne primes

less than x, where 7(t) is the number of primes less that t. Since 7(t) ~ @,
we see that s
tim 1220 _
T—00 x
Hence s s 5
IS@ IS ISl
T—00 x T—00 €T
[

3 Permutation module examples

First we note the following lemma.

Lemma 3.1. Let S be a subset of the points of the affine plane AG(2,q),
with g odd, which meets every line in an odd number of points. Then S is
the whole plane.

Proof. Let V be the set of all functions f : GF(q)? U{c0} — GF(2). Then
V= G?F(q)q2+1 and has a codimension 1 subspace W given by the set of all
functions f € V such that the sum of f(v) over all v € GF(q)? U {oo} is
equal to 0. For each P C GF(q)?, let fp € V be the function given by

fol) = {

1 ve PU{o0o}
0 otherwise
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Since each line [ of AG(2,q) has ¢ points and ¢ is odd, we have f; € W.
Moreover, since W has dimension ¢? it follows from [19, Theorem 6] that W
is spanned by the set of all such f;. Now as S meets every line of AG(2, q)
in an odd number of points, it follows that

> fs)filv) =0

vEGF(q)2U{oo}

for each line I. Thus fg € W+. Since W+ is the set of constant functions we
have that S is the whole plane. O

We now have the following construction.

Construction 3.2. Let p be a Mersenne prime and let X be the set of all
functions f : GF(p?) — GF(2). Note that X is a p*-dimensional vector
space over GF(2) and G; = ATL(1,p?) acts on X via the action f9(v) =
f(v9 ") for all f € X and g € Gy. The vector space X is the permutation
module for the action of G; on GF(p?). Now G acts irreducibly on the
codimension one subspace V' of X given by

V={fex| ) fly=0}

veGF(p?)

See for example [19, p 7]. Let H; be the stabiliser in G; of GF(p) and let

W={fevl| > fl)=0}

vEGF(p)

a codimension one subspace of V. Now let G =V x Gy and H = W x Hy,
and consider the action of GG on the set of right cosets of H.

Theorem 3.3. Let G and H be as given by Construction 3.2. Then the
action of G on the set of right cosets of H is elusive of degree 2p(p + 1).

Proof. Since (7 is irreducible on V', Lemma 2.3 implies that the action of G
on the set of right cosets of H is faithful. Since the action of G; on the set of
lines of the affine plane AG(2, p) is elusive (by Theorem 2.1), it follows that all
elements of Gy of prime order are conjugate to an element of H;. Let f € V
and let S = {v € GF(p?) | f(v) # 0}. Since p is odd, and > vearpy /() =0
it follows that S # GF(p?). Thinking of GF(p?) as a GF(p) vector space,
Lemma 3.1 implies that there is some line [ of the affine plane AG(2, p) such
that S meets / in an even number of points and so ) ., f(v) = 0. Hence
f lies in some image of W under G;. It remains to check condition (c) of
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Theorem 2.2. If fh, for f € V and h € H;, has order 2 with both f and h
nontrivial then h has order 2 and f* = f. Now H; & C,_; x Cy and has only
three involutions hi, ho, hs where hy is multiplication by —1, hy is the p*™®
power map, and hy = hihy. The involution h; fixes setwise GF(p?)\ GF(p)
and is fixed point free on this set. Thus if f € V is fixed by h; then for
each orbit {vy,ve} of (hy) on GF(p?)\ GF(p) we have f(v;) = f(vz) = 1
or f(v1) = f(v2) = 0. Thus > scp, f(v) = 0 and since f € V' we have
> vearp) /() = 0 and so f € W. Hence fhy fixes W and (c) is satisfied
for fhy. Similarly, hy is also fixed point free on GF(p?)\ GF(p) and so any
f € V fixed by hy also lies in W and again (c) is satisfied for fhy. The
element hj fixes a unique 1-dimensional GF(p)-space [ of GF(p?) pointwise
and is fixed point free on the remaining points. Hence if f € V is fixed by hs
then - o f(v) = 0. Thus f lies in the image {f" € V[ > ., f'(v) = 0} of
W, and this image is fixed by hg and fhs. Hence condition (c) of Theorem
2.2 holds for all involutions fh for h € H; and so the action of G on the set
of right cosets of H is elusive. O]

We note that the examples yielded by Construction 3.2 do not give us any
new degrees. Moreover, since W is a hyperplane of V', Theorem 2.4 implies
that the 2-closure of GG contains a fixed point free element of order 2.

In the case where p = 3 we also obtain the following example.

Example 3.4. Let X be the set of all functions f : GF(3?) — GF(2). Note
that X is a 9-dimensional vector space over GF(2) and Gy = AT'L(1,9) acts
on X via the action f9(v) = f(v9 ') for all f € X and g € G;. Now Gy acts
irreducibly on the codimension one subspace V of X given by

V={feXx| ) fl)=0}L

veGF(32)
Let H; be the stabiliser in G of GF(3) and so H; stabilises the subspace
U={fe€V|fisconstant on GF(3)}

of V' of codimension two. Now let G =V x (G and H = U x Hy, and consider
the action of G on the set of right cosets of H.

Lemma 3.5. Let G and H be as given by Example 3.4. Then the action of
G on the set of right cosets of G on H is elusive of degree 48.

Proof. Since the action of Gy on the set of lines of AG(2,3) is elusive, every
conjugacy class of elements of prime order in (G; meets H;. Note that the
images of U under GG correspond to the lines of AG(2,3) with each image
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of the form {f € V | f constant on '} for some line I. Let f € V. Then a
quick check sees that there is some line I’ such that f is constant on I’ and so
the set of images of U under G covers V. It remains to verify condition (c)
of Theorem 2.2. If fh, for f € V and h € Hy, has order 2 with both f and h
nontrivial then A has order 2 and f* = f. Moreover, if f € U then fh clearly
fixes U and so it suffices to just look at the elements f € V\U fixed by h.
There are three involutions hy, ho, hs of Hy, where h; is multiplication by —1,
hy is the cube map and hg = h1hs. We define three functions fi, fo, f3 € V
with f;(v) = 0 for all v ¢ GF(p). On GF(3) we define the functions as
follows:

f1(0) =0, /(1) = 1, f1(2)
f2(0) = 1, f2(1) = 1, f2(2)
f3(0) = 17f3(1) = 07f3(2)

Note that f1, fa, f3 provide a set of representatives for the translates of U in
V. If hy fixes f € V\U then f(1) = f(2) and so f € U + f;. Moreover, fhy
interchanges U and U + f; while fixing U + f> and U + f3. Hence condition
(c) holds for fhy. Similarly, for hs = hihy. However, if f € V\U is fixed
by hy then fhs may not fix any of the translates of U. Instead, let £ be a
primitive element of GF(9) and let [ = {0,£2,£}. Then [ is a 1-dimensional
GF(3)-space which is fixed by hy and hy interchanges €2 and €. Then hs fixes
the image U' = {f : f € V | f constant on [} of U and similar arguments
as above show that if f € V is fixed by hy then fhy fixes a translate of U’.
Thus condition (c¢) of Theorem 2.2 holds for all involutions fh with h € H;
and so (G is elusive. O]

1
0
1

Let G be an elusive permutation group with elementary abelian minimal
normal subgroup N. If all orbits of NV have length p then the hypotheses of
Theorem 2.4 automatically hold while they may not necessarily hold if they
have length p?. Note that in the unique minimal normal subgroup V of the
group G given by Example 3.4, the stabiliser of a point has codimension 2 and
hence all orbits of V' have length 4. In this case we see that the intersection
of any two images of U has codimension 2 in U and so the hypotheses of
Theorem 2.4 still hold, and the 2-closure contains a fixed point free element
of order 2. The only other known construction of elusive permutation groups
where the orbits of an elementary abelian minimal normal subgroup do not
have length p is as follows: Let GG be an elusive permutation group on a set €2
with minimal normal elementary abelian p-subgroup N such that the orbits
of N have length p. Then [3, Theorem 4.1] implies that G wr S}, acts elusively
on QF. Moreover, N¥ is an elementary abelian minimal normal subgroup of
G wr S, and has orbits of length p*. The fact that G wr S, is not 2-closed
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and its 2-closure contains fixed point free elements of order p follows from
the fact that the 2-closure of GG contains fixed point free elements of order p
and [3, Theorem 5.2].

If we attempt to generalise Example 3.4 to higher primes the obvious
choice for U would be

U={feV|fisconstant on GF(p)}.

However, this has codimension p — 1 in V while |G, : H;| = p(p + 1). Hence
for Mersenne primes p > 3, the images of U under G; do not cover V.

4 Generalised doubling construction

In [3] a degree doubling construction was given for certain elusive groups
which is encompassed by our priming construction (Construction 2.5). The
following construction places the doubling construction in a wider context.

Construction 4.1. Let p = 2' — 1 be a Mersenne prime and let V = GF(p)*
with basis vectors ey, es, €3, 4. For a,b € GF(p), not both 0, let

a b 00 10 0 0

| =bao0o0 o1 o0 0

Xl,a,b - 0 0 1 0 ) X?,a7b - 0 0 a b

0 00 1 00 —b a

Also let

1 0 00 100 0 0010
o =100 010 0 o001
T=1o o0 100'™ loo1 0o [’ 1000
0 0 01 000 —1 0100

Then X = (X1.4b, X2.00,05T1, T2 | a,b € GF(p)) = I'L(1, p?) wr Cy and pre-
serves the decomposition V' = (e, ea) @ (e3,e4). Let W = (€1, €2,€3). Then
Xy = {71, T2, X1.a0; X2.c0 | ¢ € GF(p)*,a,b € GF(p)) and so | X : Xy | = 211,
Moreover, since (x2,a5 | @,b € GF(p)) acts transitively on the set of nonzero
vectors of (es, eq) it follows that the set W of images of W under X covers
V. Let S < X such that S acts transitively on W and every element of
order 2 in S fixes some element of W. Then by Theorem 2.1, the action of
G =V x S on the set of right cosets of W x Sy is elusive of degree p.2/+1.
Note that we cannot choose S = X as the element o does not fix an
element of WW. One possible choice for S is (X1,a.6: X2.00, 20 | @, b € GF(p)),
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which has index 2 in X. The doubling construction given in [3, Theorem 3.3]

is the case where S = (X2, .4,0) With z1, x5 chosen so that xa.., ., has order
2

p* —1.

We note here that Construction 4.1 can be generalised in the following
manner which allows repeated doubling. It also encompasses all the doubling
constructions in [8].

Construction 4.2. Let V' be a vector space over a field of characteristic p,
G1 < GL(V) of order coprime to p, and W a subspace of V' with stabiliser H;
in G; such that V x (G acts elusively on the set of right cosets of W x H;. Let
X = G, wrC, preserve the decomposition V=V &V and let W =V & W.
Then since the set of images of W under G, covers V, it follows that the set
W of images of W covers V and has size 2|G : H;|. Moreover, each element
of X of prime order r # 2 is conjugate to an element of Xy = G; x Hj.
Thus by Theorem 2.1, if there exists S < X which is transitive on W and
such that every element of order two in S is conjugate in S to an element of
Sy then V x S acts elusively on the set of right cosets of V' x Sy .

5 The elusive groups of degree up to 30

All transitive permutation groups of degree up to 30 have been determined
by Hulpke [12] and are available in GAP [7]. Using the results of Marusi¢
[15, Theorems 3.3 and 3.4] that there are no elusive groups of degree p* or
mp, where p is a prime and m < p, the only possible degrees less than or
equal to 30 for elusive groups are 12, 18, 24 and 30. All elusive groups of
degree 12 were given in [3, Figure 1] and they are the transitive subgroups
of My in its action on 12 points. Searching through the GAP database we
see that there are no elusive groups of degree 18 or 30 and that there are 19
elusive groups of degree 24. The elusive groups of degree 24 fall into three
families:

1. Fifteen groups of the form G = C§ x S where S is a 2-group of order
24,2526 27 or 28 acting faithfully on Cj, and G, = C3 x S,. Since a
Sylow 2-subgroup of GL(4,3) is isomorphic to I'Li(1,9) wr Cy, all these
examples arise from Construction 4.1.

2. Three groups of the form G = C§ x K where K = AT'L(1,9), AGL(1,9)
or C2 x Qg, and G, = CJ x K, where K, is the stabiliser in K of a
point in its elusive action of degree 12. When K = AT'L(1,9), this is
the example we get from Construction 3.2 with p = 3 and the remaining
two are transitive subgroups.
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3. An index two subgroup of Mo wr Sy = (Ag *Cs) wr Cs in its imprimitive

action of degree 24.

Theorem 2.4 shows that the groups in the first two families are not 2-

closed while [3, Theorems 5.1 and 5.5] can be used to show that the 2-closure
of the last example contains Ag and hence is not elusive.
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