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On minimal subdegrees of finite primitive

permutation groups

Michael Giudici, Cai Heng Li, Cheryl E. Praeger,

Ákos Seress and Vladimir Trofimov∗

Abstract. We study the minimal non-trivial subdegrees of finite primitive permutation
groups that admit an embedding into a wreath product in product action, giving a
connection with the same quantity for the primitive component. We discover that the
primitive groups of twisted wreath type exhibit different (but interesting) behaviour from
the other primitive types.
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1. Introduction

For a transitive permutation group G on a set Ω, a suborbit of G relative to a
point α ∈ Ω is a Gα-orbit Γ, and its size |Γ| is the corresponding subdegree of G. A
suborbit Γ, and the corresponding subdegree, are said to be non-trivial provided
Γ 6= {α}. In general, a non-trivial subdegree may be equal to 1. However, if G is
primitive and not cyclic of prime order, then α is the unique fixed point of Gα,
and consequently all non-trivial subdegrees of a non-cyclic primitive permutation
group are greater than 1. Let MinSubDeg(G) denote the minimum of the non-
trivial subdegrees of G, and note that the transitivity of G implies that the value
of MinSubDeg(G) is independent of the choice of α. The aim of this paper is to
study MinSubDeg(G) for several types of finite primitive permutation groups G.

The O’Nan–Scott Theorem partitions the finite primitive permutation groups
into a number of disjoint types. For several of these types, each group G of the
type admits a natural embedding into a wreath product H oSk in its product action
on a Cartesian power ∆k, where k ≥ 2, H is a primitive permutation group on
the smaller set ∆, and H is induced by G. The group H is called the primitive
component of G relative to the Cartesian decomposition ∆k. The definitions of
the product action of a wreath product, and the primitive component are given
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formally in Section 2. We study the relationship between MinSubDeg(G) and
MinSubDeg(H) for these types of primitive groups.

The socle of a finite group is the product of its minimal normal subgroups.
For each primitive group G having O’Nan–Scott type PA, HC or CD (see Sec-
tion 2 for definitions of these types), Soc(G) = Soc(H o Sk) = Soc(H)k, and for
these O’Nan–Scott types complete information about MinSubDeg(G) in terms of
MinSubDeg(H) and k is given by our first theorem.

Theorem 1.1. Let G be a finite primitive permutation group such that G ≤ H oSk

acting in product action on ∆k, with primitive component H and k ≥ 2. Suppose
further that Soc(G) = Soc(H o Sk) and is non-abelian. Then MinSubDeg(G) =
k · MinSubDeg(H). Moreover, let δ ∈ ∆ and α = (δ, . . . , δ) ∈ ∆k, and let Γ be
a Gα-orbit in ∆k \ {α} of minimum length. Then there exists a minimum length
Hδ-orbit Γ0 in ∆ \ {δ} such that either

(a) Γ =
⋃

1≤i≤k Γi where Γi consists of all k-tuples (δ1, . . . , δk) such that δj = δ
for j 6= i, and δi ∈ Γ0, or

(b) each k-tuple in Γ has exactly two entries in Γ0, with the remaining entries
all equal to δ. Moreover, H ≤ H0 o S` in product action on ∆ = ∆`

0 with
primitive component H0, Soc(H) = Soc(H0 o S`) (where possibly ` = 1 in
which case H0 = H), |Γ0| = 4`, and (H0, |∆0|) is one of (PGL(2, 7), 21),
(PGL(2, 9), 45), (M10, 45), or (PΓL(2, 9), 45).

Corollary 1.2. Let G be a finite primitive permutation group of O’Nan–Scott
type PA, HC or CD acting on a set ∆k (where k ≥ 2) with primitive component
H ≤ Sym(∆). Then MinSubDeg(G) = k ·MinSubDeg(H).

Remark 1.3. (a) In Theorem 1.1 (b), G ≤ H0 o S`k in product action with prim-
itive component H0 relative to the decomposition Ω = ∆`k

0 . Moreover, for each
possibility for (H0, |∆0|), the stabiliser (H0)δ0 (where δ0 ∈ ∆0) has a unique orbit
in ∆0 of length MinSubDeg(H0) = 4 (see [4, Lemma 3.1]), and we show in Propo-
sition 3.2 that there are examples of groups G as in (b), corresponding to each
group H0, for each even integer k.

(b) The study of MinSubDeg(G) for finite primitive groups G was motivated
by problems concerning edge-transitive graphs. Each suborbit Γ of a primitive
group G on Ω relative to a point α corresponds to a G-orbit Γ̂ in Ω × Ω, namely
Γ̂ := {(αg, βg) |β ∈ Γ, g ∈ G}, and this correspondence is bijective. Moreover,
for each such G-orbit Γ̂, its ‘pair’ Γ̂∗ := {(β, γ) | (γ, β) ∈ Γ̂} is also a G-orbit in
Ω × Ω, and so corresponds to a Gα-orbit Γ∗ in Ω. The suborbits Γ and Γ∗ have
the same size, but they are equal if and only if Γ̂ = Γ̂∗, that is to say, if and only
if Γ̂ is symmetric. In any case the union Γ̂ ∪ Γ̂∗ may be regarded as the set of
arcs (ordered pairs of adjacent vertices) of a graph with vertex set Ω that admits
G as an edge-transitive group of automorphisms. The valency of this graph is the
subdegree |Γ| if Γ̂ is symmetric, and is 2|Γ| otherwise.
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The graphs Γ̂ ∪ Γ̂∗ of minimum valency for a given group G, as Γ ranges over
all non-trivial suborbits, arose in [8] in the investigation of limits of convergent
sequences of finite vertex-primitive graphs with respect to a certain metric on the
space of locally finite, vertex-transitive graphs. The minimum valency graphs for
the primitive groups G occuring in Theorem 1.1 can be characterised by extending
the arguments used in the proof of that result. If some minimum length non-trivial
suborbit Γ for G, relative to α, corresponds to a symmetric G-orbit Γ̂ in Ω × Ω,
then all minimum valency graphs will arise from such suborbits. However, if all
minimum length non-trivial suborbits Γ correspond to non-symmetric G-orbits Γ̂,
then some rather delicate analysis is needed to sort out the possibilities for the
minimum valency graphs. The results are given in Theorem 1.4.

A suborbit Γ of a transitive permutation group G on Ω, relative to a point
α, is said to be symmetric if the corresponding G-orbit Γ̂ in Ω× Ω is symmetric.
We extend this notion to arbitrary Gα-invariant subsets of Ω as follows. If Σ is a
Gα-invariant subset of Ω, then Σ is a union

⋃
i∈I Γi of some Gα-orbits Γi, i ∈ I.

We say that Σ is symmetric if the corresponding union Σ̂ =
⋃

i∈I Γ̂i of G-orbits in
Ω×Ω is symmetric or, equivalently, if Γ∗i ⊆ Σ for all i ∈ I. From Remark 1.3 (b),
it is clear that the minimum valency G-edge-transitive graphs with vertex set Ω
are those with arc set Σ̂, for some symmetric Gα-invariant subset Σ ⊆ Ω \ {α}
of minimum length. Thus we define MinVal(G) to be the minimum length of the
symmetric Gα-invariant subsets of Ω \ {α}.

Theorem 1.4. Let G, H, k, α, δ be as in Theorem 1.1. Then MinVal(G) = k ·
MinVal(H). Let Γ be a symmetric Gα-invariant subset of ∆k \ {α} of length
MinVal(G). Then there exists a symmetric Hδ-invariant subset Γ0 of ∆ \ {δ} of
length MinVal(H) such that either (a) or (b) of Theorem 1.1 holds for Γ,Γ0, and
if case (b) holds then Γ is a Gα-orbit and MinVal(G) = MinSubDeg(G).

This theorem is used in [8] to elucidate the structure of a family of these limit
graphs. Minimum valency graphs for primitive groups also arose in the study
of finite distance transitive graphs in [13], since a G-vertex-primitive, distance-
transitive graph must be a graph Γ̂ corresponding to one of the smallest two
non-trivial subdegrees |Γ|. Estimates of minimal subdegrees of finite primitive
permutation groups also play a role in the analysis of permutation group algorithms
for computing a composition series, see [1, 3] and [14, Chapter 6].

There is one O’Nan–Scott type that admits natural embeddings into a wreath
product in product action to which Theorem 1.1 does not apply, namely the twisted
wreath type TW (defined in Section 2). As with the other types, for every prim-
itive group G of type TW we have G ≤ H o Sk acting on ∆k, where H is the
primitive component of G and k ≥ 2. However, Soc(G) = T k for some non-
abelian simple group T , while Soc(H) ∼= T × T , so that Soc(G) is not equal to
Soc(H o Sk). The socle of G acts regularly on ∆k and G is a semidirect product
Soc(G) o P , for some transitive subgroup P of Sk. In fact, for these groups the
relationship between MinSubDeg(G) and MinSubDeg(H) given in Corollary 1.2
fails spectacularly. For a group P , we denote by MinDeg(P ), called the minimal
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degree of P , the least positive integer n such that P acts faithfully and transitively
on a set of size n. The analogue of Corollary 1.2 in Theorem 1.5 below gives an in-
equality relating MinSubDeg(G) and MinSubDeg(H), one side of which can be an
equality infinitely often. Since Soc(G) = T k, we can identify the point set with T k

and we take the identity as the point α, so that Gα = P . In analogy with Theorem
1.1(a), we define a certain collection of points in T k\{1} (see Construction 4.1)
and prove that MinSubDeg(G) is always attained by a Gα–orbit containing one of
these special points. Further, there is a partial analogy to Theorem 1.1(b), in that
we show how to obtain additional minimal length suborbits in certain situations
(see also Lemma 4.13).

Theorem 1.5. Let G be a finite primitive permutation group of O’Nan–Scott type
TW and suppose that G = Soc(G) o P ≤ H oSk acting on a set ∆k (where k ≥ 2)
with primitive component H ≤ Sym(∆). Then

(a) max{MinSubDeg(H),MinDeg(P )} ≤ MinSubDeg(G) ≤ k ·MinSubDeg(H),
and there are infinitely many examples with MinSubDeg(G) = MinDeg(P ) =
MinSubDeg(H).

(b) MinSubDeg(G) is always attained by a shortest suborbit of the form (fR,t)P ,
with fR,t as in Construction 4.1 for some (R, t) in the set R defined there.
Moreover, MinSubDeg(G) can sometimes also be attained for suborbits not
of this form.

Thus although there are certain similarities, the behaviour of primitive groups
of type TW is different from that of primitive groups of types HC, CD and PA.
Moreover, we wonder whether it is perhaps never possible for MinSubDeg(G) with
G of type TW, to achieve the bound of Theorem 1.1.

Question 1.6. Is it true that, for all finite primitive permutation groups G =
Soc(G) o P ≤ H o Sk of type TW, with P,H as in Theorem 1.5, the inequality
MinSubDeg(G) < k ·MinSubDeg(H) holds?

In Section 2, as promised, we give the information needed about the O’Nan–
Scott types and the product action of wreath product groups. Then in Section 3
we prove Theorem 1.1 and Proposition 3.2. In our final Section 4, we not only
prove Theorem 1.5, but we also introduce a method that enables us to compute
many of the short suborbits of primitive groups of type TW.

2. Wreath products in product action, and
O’Nan–Scott types

Wreath products in product action: The wreath product W = Sym(∆) oSk is the
semidirect product W = Sym(∆)k o Sk where, for h = (h1, . . . , hk) ∈ Sym(∆)k
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and σ ∈ Sk, σ−1hσ = (h1σ−1 , . . . , hkσ−1). The point set for the product action of
W is the Cartesian product Ω = ∆× · · · ×∆ = ∆k and the action is given by the
following, where h = (h1, . . . , hk) ∈ Sym(∆)k, σ ∈ Sk, and (δ1, . . . , δk) ∈ Ω.

(h1, . . . , hk) : (δ1, . . . , δk) 7→ (δh1
1 , . . . , δhk

k )
σ : (δ1, . . . , δk) 7→ (δ1σ−1 , . . . , δkσ−1)

Primitive subgroups of wreath products: Suppose that G ≤ W and G is primitive
on Ω. If G projected onto an intransitive subgroup of Sk, then the product M of
the direct factors of Sym(∆)k corresponding to a G-orbit in {1, . . . , k} would be
G-invariant and intransitive on ∆k, and hence M would be an intransitive normal
subgroup of the group MG, while MG would be primitive since G is primitive.
Thus the primitivity of G on Ω implies that G projects onto a transitive subgroup
of Sk, and G acts on {1, . . . , k} in the same way that it permutes the entries of
the points of Ω.

Let G1 be the stabiliser of the point 1 in this action, so that G1 ≤ Sym(∆)×
(Sym(∆) o Sk−1), and let H denote the image of G1 under the natural homomor-
phism π1 : G1 → Sym(∆) to the first direct factor of this direct product. By [9,
2.2], there is an element w ∈ Sym(∆)k ∩ kerπ1 such that the conjugate Gw lies in
H o Sk. We replace G by Gw and thereby assume that G ≤ H o Sk.

The group G1 induces the permutation group H on the set of first entries of
points of Ω. It follows from the primitivity of G on Ω that H is primitive on ∆,
and we call H the primitive component of G relative to the decomposition ∆k of
Ω. Thus the primitive group G satisfies G ≤ H oK where H is primitive on ∆ and
K is transitive on {1, . . . , k}.

The converse is not quite true (see [5, Theorem 4.5]): H oK ≤ Sym(∆) o Sk is
primitive in its product action on ∆k if and only if H is primitive but not regular
on ∆, and K is transitive on {1, . . . , k}. (A permutation group is regular if it is
transitive and the only element that fixes a point is the identity element.)

O’Nan–Scott types: There are several case subdivisions of finite primitive permu-
tation groups, representing different versions of the so-called O’Nan–Scott Theo-
rem. We use the 8-type subdivision introduced in [12]. There are four types which
contain some primitive groups that cannot be embedded into a wreath product in
product action. In our notation these are the types HA, AS, HS, SD. These types
correspond (approximately) to the basic primitive groups defined by Cameron, see
[5, Section 4.3, Theorem 4.6]; Cameron calls a finite primitive group G basic if G
is not a subgroup of a wreath product Sym(∆) o Sk in product action on ∆k, for
any k ≥ 2.

Suppose that G ≤ Sym(Ω) and G is primitive on Ω. We give minimal defining
features for each type, explain the acronym, and make a few comments relevant
to embeddability in wreath products in product action.

The type HA: G has a non-trivial abelian normal subgroup N . Such groups are
contained in the Holomorph of the Abelian group N .
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For all groups G of type HA, Ω can be identified with a finite vector space V ,
G is a group of affine transformations of V , and N is the group of translations.
Moreover G = N o G0 where G0 is an irreducible subgroup of GL(V ). Some
but not all groups of type HA can be embedded in a wreath product in product
action. This occurs if and only if G0 leaves invariant a direct sum decomposition
of V = U ⊕ · · · ⊕ U as a sum of k subspaces of dimension dim(V )/k; in this case
G ≤ H o Sk with H a primitive group of affine transformations of U .

The type AS: G has a unique minimal normal subgroup T , and T is a non-abelian
simple group. Such groups are Almost Simple.

Again, it is possible for a primitive group G of type AS to be embedded in
a wreath product in product action. However such embeddings are rare, and
have been classified in [12, Proposition 6.1 and Table 3]. We point out that for
any of these rare embeddings G ≤ H o Sk, where H is the primitive component,
Soc(G) 6= Soc(H oSk), and in particular Theorem 1.1 does not apply. In particular,
these rare primitive groups of type AS that admit such embeddings are not basic
according to the definition in [5, page 103], and in fact are counter-examples to [5,
Theorem 4.7].

The types HS and SD: Soc(G) = T k for some non-abelian simple group T and
integer k ≥ 2, and a stabiliser Soc(G)α

∼= T is a diagonal subgroup. Either Soc(G)
is a minimal normal subgroup and the type is SD (Simple Diagonal), or k = 2
and Soc(G) is the product of two simple normal subgroups of G. Here the type is
HS (and G is contained in the Holomorph of the Simple group T ).

No primitive group of type HS or SD can be embedded in a wreath product
in product action, see [12, Proposition 8.1]. For the other four types, named HC,
CD, PA, TW, all groups of these types admit natural embeddings into wreath
products in product action.

The types HC and CD: Soc(G) = T k for some non-abelian simple group T
and integer k ≥ 2, and a stabiliser Soc(G)α is a non-simple subdirect subgroup
of Soc(G). Either Soc(G) is a minimal normal subgroup and the type is CD
(Compound Diagonal), or k is even, k ≥ 4, and Soc(G) is the product of two
isomorphic minimal normal subgroups of G. Here the type is HC (and G is
contained in the Holomorph of a ‘Compound group’ ).

Each group G of type HC or CD admits a natural embedding into H o S` in
product action with primitive component H being a basic primitive group. For the
type HC, ` = k/2 and H is of type HS, while for the type CD, H is of type SD,
see [12, Sections 3.5, 3.9, and Proposition 8.1]. In particular Soc(G) = Soc(H oSk).

The type PA(Product Action): Soc(G) = T k for some non-abelian simple group
T and integer k ≥ 2 and, for some α ∈ Ω, the stabiliser Soc(G)α = Rk, where
1 < R < T .
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Each group G of type PA admits a natural embedding into H o Sk in prod-
uct action with primitive component H of type AS with socle T . In particular
Soc(G) = Soc(H o Sk), see [12, Section 3.10].

The type TW (Twisted Wreath): Soc(G) = T k for some non-abelian simple group
T and integer k ≥ 2, and a stabiliser Soc(G)α is the identity subgroup, that is,
Soc(G) is regular, so that we may identify Ω with T k.

More details are given about the structure of G in Section 4. In particular,
G ≤ Sym(T ) o Sk in product action on T k, and the primitive component H of G
relative to this decomposition is of type HS with Soc(H) ∼= T ×T , see [12, Section
3.6]. This means that Soc(G) = T k is not equal to Soc(H o Sk) ∼= T 2k.

3. Proof of Theorem 1.1 and Theorem 1.4

Let G, H, k,∆k, α, δ be as in Theorem 1.1. We use the notation introduced in the
paragraph preceding the statement of Theorem 1.1. In particular let N = Soc(G),
so that N = Soc(H o Sk) = Mk, where M = Soc(H), and Nα = Mk

δ . Also, by
assumption, N is non-abelian, and it follows from the O’Nan–Scott Theorem that
for the types where N = Soc(G) = Soc(H o Sk), we have Nα 6= 1, and hence
Mδ 6= 1. Before giving a proof of Theorem 1.1, we collect together a few facts
about G. Recall that G1 denotes the subgroup of index k in G that fixes the first
entries of points of ∆k.

Lemma 3.1. (a) Gα acts transitively on the set {1, . . . , k} of entries of the k-
tuples in ∆k.

(b) The only fixed points of Nα in ∆k, and of Mδ in ∆, are α and δ respectively.

(c) Let Γ be a Gα-orbit in ∆k \ {α}. Then Γ contains a point γ = (γ1, . . . , γk)
with γ1 6= δ. If L(γ) denotes the set of all i such that γi 6= δ, then u =
|L(γ)| ≤ k, and |Gα : (G1 ∩ Gαγ)| = u′|Γ|, where u′ is the length of the
Gαγ-orbit in L(γ) containing the point 1, and in particular u′ ≤ u.

(d) With γ, L(γ), u as in part (c), let m be the minimum of the lengths of the
Mδ-orbits in ∆ \ {δ}, let d1 be the length of the Hδ-orbit containing γ1 and,
for j ∈ L(γ) \ {1}, let mj be the length of the Mδ-orbit containing γj. Then
m > 1, d1 ≥ MinSubDeg(H), and each mj > 1, and |Gα : (G1 ∩ Gαγ)| ≥
k d1 ·

∏
j∈L(γ)\{1} mj ≥ k MinSubDeg(H)mu−1.

Proof. (a) As noted in Section 2, G acts transitively on the set {1, . . . , k} of
entries of the k-tuples in ∆k, and as G = NGα, so also does Gα.

(b) The set F of fixed points of Mδ in ∆ is a block of imprimitivity for H in
∆, and it follows that the subset F k of ∆k is a block of imprimitivity for H o Sk,
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and hence also for G. Since G is primitive, we conclude that F k = {α}, and hence
that F = {δ}.

(c) Since Gα fixes α, and fixes Γ setwise, it follows that u = |L(γ)| is indepen-
dent of the choice of γ ∈ Γ and satisfies 1 ≤ u ≤ k. By part (a) we may assume
that L(γ) contains 1, so γ1 6= δ. Now Gαγ fixes L(γ) setwise and hence contains
G1 ∩Gαγ as a subgroup of index u′ ≤ u, so |Gα : (G1 ∩Gαγ)| = |Γ| · u′ ≤ |Γ| · u.

(d) It follows from part (b) that m > 1 and each mj > 1. Let Γ′0 = γHδ
1 , the

Hδ-orbit containing γ1. Then d1 = |Γ′0| ≥ MinSubDeg(H). Since N ≤ G1 and N
is transitive on ∆k, it follows that G1 = (G1 ∩Gα)N . Also, since G1 induces the
group H on the first entries of points of ∆k, it follows that G1 ∩ Gα induces the
group Hδ on the first entries of points of ∆k. This implies that each point of Γ′0
occurs the same number, say v, times as the first entry of a point of γG1∩Gα (the
orbit of G1 ∩Gα containing γ), so |γG1∩Gα | = vd1, and

|Gα : (G1 ∩Gαγ)| = k |(G1 ∩Gα) : (G1 ∩Gαγ)| = k |γG1∩Gα | = kvd1.

Thus to complete the proof it is sufficient to show that v ≥
∏

j∈L(γ)\{1} mj . Now
G1 ∩Gα contains the subgroup X := 1×Mk−1

δ and each point of the X-orbit γX

has first entry γ1, so v ≥ |γX |. Finally it follows from the definition of the mj that
|γX | =

∏
j∈L(γ)\{1} mj . ut

Proof of Theorem 1.1. Let Ω = ∆k. Consider the set
⋃

1≤i≤k Γi, where Γi

consists of all k-tuples (δ1, . . . , δk) such that δj = δ for j 6= i, and δi lies in a fixed
Hδ-orbit Γ0 in ∆ \ {δ}. By Lemma 3.1, Gα is transitive on entries, and since G1

induces the group H on the first entries of points in Ω, it follows that such a set is
a Gα-orbit. If |Γ0| = d := MinSubDeg(H), then this Gα-orbit has length kd. We
will show that the minimum length of the non-trivial Gα-orbits is kd. In addition
we will prove that either all Gα-orbits of length kd are of this form, or (H, |∆|) is
as in (b) and a Gα-orbit of length kd is either of this form or is one of the orbits
specified in (b).

Suppose that Γ is a Gα-orbit in Ω \ {α} of minimum length. Then |Γ| =
MinSubDeg(G) ≤ kd. By Lemma 3.1, Γ contains a point γ = (γ1, . . . , γk) with
γ1 6= δ, and if L(γ), u,m, d1 and the mj are as in Lemma 3.1 (d), then we have
|Gα : (G1 ∩ Gαγ)| ≥ kd1

∏
j∈L(γ)\{1} mj ≥ kd1m

u−1 ≥ kd2u−1. On the other
hand, by Lemma 3.1 (c), |Gα : (G1 ∩Gαγ)| = u′|Γ| ≤ kdu. Thus d1 = d, |Γ| = kd,
and either (i) u = 1, or (ii) u = u′ = 2 and the Mδ-orbit containing γi (where
L = {1, i}) has length 2. In either case, MinSubDeg(G) = k · MinSubDeg(H).
Moreover, in case (i), Γ has the form considered in the previous paragraph, and
part (a) holds.

Assume now that case (ii) holds, and in particular that the Mδ-orbit in ∆
containing γi has length 2. Then, by [4, Theorem 2.3], H ≤ H0 o S` in product
action on ∆ = ∆`

0, with primitive component H0 ≤ Sym(∆0) as in part (b), and
with Soc(H) = Soc(H0 oS`) (possibly with ` = 1 in which case H0 = H). Moreover,
by [4, Lemma 3.2] applied to M = Soc(H), Mδ has exactly 2` orbits of length 2
in ∆, and they form a single orbit Γ′′0 of Hδ of length 4`. We also have in case (ii)
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that |Gαγ : (G1 ∩Gαγ)| = u′ = 2, and hence that Gαγ is transitive on L = {1, i}.
This implies that γ1 and γi lie in the same Hδ-orbit, and hence that Γ′0 = Γ′′0 of
length 4`, and part (b) holds. ut

Proof of Corollary 1.2. ¿From the brief descriptions of the O’Nan–Scott
types in Section 2, it is clear that Theorem 1.1 applies to all finite primitive
permutation groups of types PA, HC and CD. Thus Corollary 1.2 is an immediate
consequence of Theorem 1.1. ut

Now we demonstrate that there are examples in part (b) of Theorem 1.1. By
[4, Lemma 3.2], for (H,∆) as in Theorem 1.1 (b), there is a unique Hδ-orbit Γ0

in ∆ \ {δ} that contains Soc(H)δ-orbits of length 2, and this orbit Γ0 has length
4`. The proof of Theorem 1.1 shows that, in Theorem 1.1 (b), a minimum length
Gα-orbit Γ in ∆k \ {α} has length 4`k, and for γ = (γ1, . . . , γk) ∈ Γ, exactly two
entries of γ differ from δ and these two entries lie in Γ0. For simplicity, we will
construct examples in the case ` = 1, but examples may be obtained by a similar
construction for general `.

Proposition 3.2. Let (H,∆) be as in Theorem 1.1 (b) with H = H0 and ` = 1.
Let Γ0 be the unique Hδ-orbit in ∆ \ {δ} of length 4, and let M = Soc(H) and
h ∈ H \M .

(a) Suppose that k is even, and X is any transitive subgroup of Sk with {1, 2}
as a block of imprimitivity. Then the subgroup

G = 〈Mk, (h, h, . . . , h), X〉

of H o Sk is primitive on ∆k of type PA, and Gα has two orbits of length 4k
as in Theorem 1.1 (b).

(b) Let G0 = 〈M4, (h, 1, h, 1)(1234), (h, 1, h, 1)(24)〉 ≤ H o S4. Then G0 is prim-
itive on ∆4 of type PA, and Gα has four orbits of length 16 = 4k as in
Theorem 1.1 (b).

The construction in part (b) above can be generalised for any imprimitive
subgroup of Sk inducing D8 on a block of length 4.

Proof. Suppose first that G, H,Ω satisfy the hypotheses of Theorem 1.1, and that
there exists a minimum-length Gα-orbit Γ in Ω \ {α} as in Theorem 1.1 (b), with
the parameter ` = 1 and H = H0. Then, as discussed in the paragraph preceding
the proposition, there is a unique Hδ-orbit Γ0 in ∆ \ {δ} of minimum length,
|Γ0| = 4, and setting M = Soc(H), Mδ has two orbits in Γ0 of length 2. Moreover,
if γ = (γ1, . . . , γk) ∈ Γ then exactly two of the γi lie in Γ0 and the rest are equal to
δ. Suppose without loss of generality that γ1, γ2 ∈ Γ0, and set L = {1, 2}. Then
the proof of Theorem 1.1 shows that 4k = |Γ| = |Gα : Gα,L|.|Gα,L : Gαγ |, and
we have (Mδ)k = Soc(G)α ≤ Gα,L. Now Soc(G)α has four orbits in Ω consisting
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of points of the form (γ′1, γ
′
2, δ, . . . , δ) with γ′1, γ

′
2 ∈ Γ0, and each of these orbits

has length 4. Hence |Gα,L : Gαγ | is a multiple of 4. Since Gα is transitive on
{1, . . . , k}, |Gα : Gα,L| ≥ k/2, and hence is equal to either k/2 or k. The examples
in parts (a) and (b) correspond to the cases k/2 and k respectively.

If |Gα : Gα,L| = k/2, then L is a block of imprimitivity for the action of
G on {1, . . . , k}, and we must have |Gα,L : Gαγ | = 8. If X is any transitive
subgroup of Sk for which L is a block of imprimitivity, then the subgroup G =
〈Mk, (h, h, . . . , h), X〉 of H o Sk is primitive on ∆k of type PA and Gα has one
orbit of (minimum) length 4k as in Theorem 1.1 (a), and two additional orbits of
length 4k that contain some points of the form (γ′1, γ

′
2, δ, . . . , δ), where γ′1, γ

′
2 ∈ Γ0.

On the other hand, if |Gα : Gα,L| = k then L is not a block of imprimitivity
for the action of G on {1, . . . , k}. If k = 4, we have the following example for this
case: G = 〈M4, (h, 1, h, 1)(1234), (h, 1, h, 1)(24)〉 is a primitive subgroup of H o S4

of type PA, Gα has one orbit of (minimum) length 16 as in Theorem 1.1 (a),
two orbits of length 16 as in the previous paragraph corresponding to the block
of imprimitivity {1, 3} of D8, and two additional orbits of length 16 (and one of
length 32) that contain some points of the form (γ1, γ2, δ, δ), where γ1, γ2 ∈ Γ0. ut

Proof of Theorem 1.4. Let G, H, k, α, δ be as in Theorem 1.1, and let Γ be
a symmetric Gα-invariant subset of ∆k \ {α} of length MinVal(G). Then Γ is a
union

⋃
i∈I Σi, where each Σi is a Gα-orbit in ∆k \ {α}. Thus

MinVal(G) = |Γ| ≥ |I| ·MinSubDeg(G). (3.1)

Next let Σ be a Gα-orbit of length MinSubDeg(G). Then Σ∪Σ∗ is a symmetric
Gα-invariant subset of ∆k \ {α} of length |Σ| if Σ is symmetric, or 2|Σ| otherwise,
and it follows that

MinVal(G) ≤ |Σ ∪ Σ∗| ≤ 2 MinSubDeg(G) (3.2)

and similarly MinVal(H) ≤ 2 MinSubDeg(H). Hence, for the Gα-invariant subset
Γ =

⋃
i∈I Σi in the previous paragraph, the set I has size at most 2.

Now let Φ0 be a symmetric Hδ-invariant subset of ∆\{δ} of length MinVal(H),
and let Φ be the subset of ∆k \ {α} constructed as in Theorem 1.1 (a) using Φ0

as the set Γ0. Then Φ is a symmetric Gα-invariant subset of ∆k \ {α} and hence
k · |Φ0| = |Φ| ≥ MinVal(G). Thus

MinVal(G) ≤ k ·MinVal(H) ≤ 2k ·MinSubDeg(H). (3.3)

Suppose first that there is a symmetric Gα-orbit Σ of length MinSubDeg(G).
Then every symmetric Gα-invariant subset of ∆k \ {α} of length MinVal(G) is
a single symmetric Gα-orbit of length MinSubDeg(G). Hence by Theorem 1.1,
MinVal(G) = k · MinSubDeg(H) and all such Γ must satisfy (a) or (b) of that
theorem. In case (a), since Γ is symmetric it follows that the Hδ-orbit Γ0 involved is
also symmetric, and hence MinVal(G) = k ·MinVal(H). Also, in case (b), it follows
from [4, Lemma 3.2] that in this case also Γ0 is symmetric (see also the discussion
before Proposition 3.2) so again we find that MinVal(G) = k ·MinVal(H). Thus
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Theorem 1.4 is proved in this case. We may therefore assume that all Gα-orbits
of length MinSubDeg(G) are non-symmetric.

Suppose next that Γ = Σ1 ∪ Σ2 is a symmetric Gα-invariant subset of length
MinVal(G) in ∆k \ {α}, where Σ2 6= Σ1. Then by (3.1) and (3.2), |Σ1| = |Σ2| =
MinSubDeg(G), Σ∗

1 = Σ2, and MinVal(G) = 2 MinSubDeg(G). Moreover, by
Theorem 1.1, and since the Σi are not symmetric, it follows as above that The-
orem 1.1 (a) holds for each Σi. Thus for each i ∈ I there exists an Hδ-orbit Γi0

of length MinSubDeg(H) such that Σi =
⋃

1≤j≤k Σij , where Σij consists of all
k-tuples (δ1, . . . , δk) such that δ` = δ for ` 6= j and δj ∈ Γi0. Then since Γ is sym-
metric it follows that Γ∗10 = Γ20, and hence (a) holds for Γ with Γ0 = Γ10 ∪ Γ20.
Also, by Theorem 1.1, MinVal(G) = 2 MinSubDeg(G) = 2k ·MinSubDeg(H) and
applying (3.3) we conclude that MinVal(H) = 2 MinSubDeg(H) so that Theo-
rem 1.4 is proved in this case also.

Thus we may assume in addition that each symmetric Gα-invariant subset Γ
of ∆k \{α} of length MinVal(G) is a Gα-orbit. Then, since all Gα-orbits of length
MinSubDeg(G) are non-symmetric, we have MinVal(G) > MinSubDeg(G).

By Lemma 3.1 (c), Γ contains a point γ = (γ1, . . . , γk) ∈ Γ with γ1 6= δ. Let
L(γ) denote the set of all i such that γi 6= δ and u = |L(γ)|. If u = 1 then Γ is
as in Theorem 1.1 (a) for some symmetric Hδ-invariant subset Γ0 of ∆ \ {δ}, so
MinVal(G) = |Γ| = k |Γ0| ≥ k ·MinVal(H), and equality holds by (3.3). If u = 1
for all such Γ then Theorem 1.4 is proved. Thus we may assume that u ≥ 2 for
some Γ. Then by Lemma 3.1 (c) and (3.3),

|Gα : (G1 ∩Gαγ)| = |Γ| · u′ ≤ ku′MinVal(H) ≤ 2ku′ MinSubDeg(H) (3.4)

and u′ ≤ u, while by Lemma 3.1 (d) (using the notation there),

|Gα : (G1 ∩Gαγ)| ≥ k MinSubDeg(H) ·
∏

i∈L\{1}

mi ≥ k MinSubDeg(H)mu−1.

(3.5)
If m = 2 then by [4, Lemma 3.2] there is a symmetric Hδ-orbit Γ0 of length
MinSubDeg(H), and Γ0 can be used as in Theorem 1.1 (a) to construct Gα-orbits
of length MinSubDeg(G) that are symmetric since Γ0 is symmetric. However we
are assuming that all such suborbits are non-symmetric, and hence m ≥ 3. Thus
3u−1 ≤ mu−1 ≤ 2u′ ≤ 2u, and hence u = u′ = 2 and m ≤ 4. Without loss of
generality L(γ) = {1, 2}. By Lemma 3.1 (c), since u′ = 2, it follows that Gαγ

contains an element g that interchanges positions 1 and 2 in the k-tuples in ∆k,
say g = (h1, . . . , hk)σ where σ ∈ Sk and σ interchanges 1 and 2. Since g fixes
γ we have γh1

1 = γ2 and γh2
2 = γ1, and since g fixes α each of the hi must fix

δ. In particular, γ1 and γ2 = γh1
1 lie in the same Hδ-orbit. Moreover, since

Γ is a symmetric Gα-orbit, G also contains an element g′ = (h′1, . . . , h
′
k)σ′ that

interchanges α and γ. Since g′ maps γ to α we have that γ
h′1
1 = γ

h′2
2 = δ and h′i

fixes δ for all i > 2. Let j be such that jσ′ = 1. Then since g′ maps α to γ we have
that δh′j = γ1. In particular this means that j ≤ 2. If j = 1 then h′1 interchanges
δ and γ1, while if j = 2 then h′2h1 interchanges δ and γ2. In either case, since the
points γ1 and γ2 lie in the same Hδ-orbit in ∆\{δ}, the H-orbit (δ, γ1)H in ∆×∆
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is symmetric. Hence in (3.5), we can replace MinSubDeg(H) by MinVal(H), and
combining with (3.4) we obtain mu−1 ≤ u, which is impossible. Thus the proof of
Theorem 1.4 is complete. ut

4. Proof of Theorem 1.5

We define a twisted wreath product by following the description in [15, page 269].
Let T be a finite non-abelian simple group, P a group with a proper subgroup Q
and let φ : Q → Aut(T ) be a homomorphism. We define the complete base group
B to be the set of maps f : P → T under pointwise multiplication and so B ∼= T |P |.
The group P acts on B by

fp(x) = f(px) for all x, p ∈ P, f ∈ B.

We define X to be the semidirect product BoP with respect to this action. Define
the φ–base group

Bφ = {f : P → T | f(pq) = f(p)φ(q) for all p ∈ P, q ∈ Q}. (4.1)

This group is isomorphic to T k where k = |P : Q|. Also Bφ is normalised by
P , and so Bφ and P generate the subgroup Xφ = Bφ o P of X which we call
the twisted wreath product T twrφ P of T by P with respect to φ. This group Xφ

acts faithfully and transitively on Ω = Bφ as follows: each element of Xφ is of
the form f ′ · p with f ′ ∈ Bφ and p ∈ P , and maps f ∈ Bφ to (f · f ′)p, where
(f · f ′)p(x) = f(px) · f ′(px) (for x ∈ P ). The subgroup Bφ ≤ Xφ is regular, and
Bφ = Soc(Xφ).

The action is primitive if and only if Inn(T ) 6 φ(Q), φ−1(Inn(T )) is a core
free subgroup of P , and φ extends to no larger subgroup of P (see [2]). Under
these conditions, Xφ is primitive of type TW and, as described in Section 2,
Xφ ≤ H oP ≤ Sym(T ) oSk in product action on Ω = T k. The primitive component
H is the semidirect product H = T oφ(Q), acting on T . The orbits of the stabilizer
H1 of 1 ∈ T are the conjugacy classes of T under φ(Q) and so MinSubDeg(H) =
Cφ(Q)(T ), the length of the shortest non-trivial conjugacy class of T under φ(Q).

For f ∈ Bφ and R ≤ P , let fR = {fp | p ∈ R} denote the R-orbit containing f .
The suborbit fP of Xφ containing f has length |P : CP (f)|. For p ∈ P , p ∈ CP (f)
if and only if fp(x) = f(px) = f(x) for all x ∈ P . Note that if f(px) = f(x) for
some x ∈ P , then f(py) = f(y) for all y ∈ xQ, since y = xq for some q ∈ Q and
so f(py) = f(pxq) = f(px)φ(q) = f(x)φ(q) = f(xq) = f(y). Thus to check that
fp = f it is sufficient to check that f(px) = f(x) for all x in some left transversal
for Q in P . We have the following important construction of elements in Bφ.

Construction 4.1. Let t ∈ T\{1} and R < P such that φ(Q ∩ R) 6 CAut(T )(t).
We define the element f = fR,t as follows. For each x ∈ R and q ∈ Q let
f(xq) = tφ(q), and for each x ∈ P \RQ let f(x) = 1. This function f is well-defined
since if xq = x′q′, with x, x′ ∈ R and q, q′ ∈ Q, then q′q−1 = (x′)−1x ∈ Q ∩ R,
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and hence φ(q′q−1) centralises t, whence tφ(q) = tφ(q′). Also it follows from the
definition that f ∈ Bφ. We also define the following set

R = {(R, t) | t ∈ T,R < P, R ∩Q 6 φ−1(Cφ(Q)(t))}.

We now show that R stabilises fR,t.

Lemma 4.2. Suppose that Xφ = T twrφ P is primitive with primitive component
H = T o φ(Q) and let (R, t) ∈ R. Then fR,t is the unique element f ∈ Bφ such
that f(x) = t for all x ∈ R and f(x) = 1 for all x /∈ RQ. Moreover, R ≤ CP (fR,t)
and the subdegree |(fR,t)P | divides |P : R|.

Proof. Let fR,t as obtained by Construction 4.1. Since R ∪ (P\RQ) contains a
set of coset representatives for Q in P , any function in Bφ agreeing with fR,t on
R ∪ (P\RQ), is equal to fR,t. Hence the first part of the lemma follows.

Let f = fR,t and let r ∈ R. Then for all x ∈ R, we have rx ∈ R and
so fr(x) = f(rx) = t. Moreover, for all x /∈ RQ we have rx /∈ RQ and so
fr(x) = f(rx) = 1. Then as f is the unique such element of Bφ it follows that
fr = f . Thus R 6 CP (f) and so the stabiliser in P of f contains R, whence |fP |
divides |P : R|. ut

We now show that the elements fR,t determine the minimum subdegree of Xφ.

Lemma 4.3. Let Xφ = T twrφ P be a primitive permutation group acting on its
base group Bφ. Then MinSubDeg(Xφ) = min{|(fR,t)P | | (R, t) ∈ R}. Moreover,
for some (R, t) ∈ R, MinSubDeg(Xφ) = |(fR,t)P | = |P : R| ≤ k ·MinSubDeg(H).

Proof. Let f ∈ Bφ such that |fP | = MinSubDeg(Xφ). As |fP | > 1, f 6= 1 and
so there exists p ∈ P such that 1 6= f(p) = fp(1). Hence there exists p ∈ P such
that t = fp(1) 6= 1. Let R be the stabiliser in P of fp. Let q ∈ Q ∩ R. Then
t = fp(1) = (fp)q(1) = fp(q) = (fp(1))φ(q) = tφ(q). Hence φ(Q ∩ R) 6 Cφ(Q)(t).
Define fR,t as given by Construction 4.1. Then by Lemma 4.2, the subdegree
|(fR,t)P | divides |P : R|. However, |P : R| = |fP | = MinSubDeg(Xφ) and so
|(fR,t)P | = |P : R|. Thus the first parts of the lemma hold.

Let t ∈ T with |tφ(Q)| = Cφ(Q)(T ), the length of the smallest nontrivial conju-
gacy class of T under Q, and R = φ−1(Cφ(Q)(t)) 6 Q. Then |(fR,t)P | ≤ |P : R| =
k ·MinSubDeg(H), and hence we obtain MinSubDeg(Xφ) ≤ k ·MinSubDeg(H). ut

Note that Lemma 4.3 does not assert that all minimal length suborbits are
of the form (fR,t)P , and indeed this need not be the case, see Lemma 4.13 and
Example 4.14.

We now establish lower bounds on MinSubDeg(Xφ).

Lemma 4.4. Suppose that Xφ = T twrφ P is primitive with primitive component
H = T o φ(Q). Then MinSubDeg(Xφ) ≥ MinSubDeg(H).

Proof. Fix a set {c1, c2, . . . , ck} of left coset representatives for Q in P with
c1 ∈ Q, and identify Bφ = Soc(Xφ) with T k = T1 × · · · × Tk, by the map f 7→



14 M. Giudici, C. H. Li, C. E. Praeger, Á. Seress and V. Trofimov

(f(c1), . . . , f(ck)). Let α ∈ Bφ denote the function f(c1) = · · · = f(ck) = 1, so
α = 1Bφ

and P = (Xφ)α. Let Pi denote the stabilizer of Ti in the conjugation
action of P on {T1, . . . , Tk}. We have P1 = Q, since Q 6 P1 by (4.1), and
|P : P1| = k = |P : Q|. Moreover, it follows from (4.1) that the subgroup of
Aut(T1) induced by the conjugation action of P1 is φ(Q).

Let f ∈ Bφ be arbitrary, satisfying f(c1) 6= 1. Then |fP | ≥ |fP1 |, and this
latter quantity is at least Cφ(Q)(T ) since the functions in fP1 have at least so many
different first coordinates. Since any g ∈ Bφ \ {α} satisfies g(ci) 6= 1 for some i,
it follows that |gP | ≥ |gPi | ≥ Cφ(Q)(T ). Hence MinSubDeg(Xφ) = min{|fP | | f ∈
Bφ \ {α}} ≥ Cφ(Q)(T ) = MinSubDeg(H). ut

We can determine a necessary and sufficient condition for equality to hold in
Lemma 4.4.

Lemma 4.5. Suppose that Xφ = T twrφ P is primitive with primitive component
H = T oφ(Q) and let f ∈ Bφ. Then |fP | = MinSubDeg(H) if and only if f = fR,t

as obtained by Construction 4.1, where |tφ(Q)| = MinSubDeg(H), R is transitive
on {1, . . . , k} and R ∩Q = φ−1(Cφ(Q)(t)).

Proof. Suppose first that f = fR,t as stated in the lemma. Then

|P : R| = k|Q : R ∩Q|
|R : R ∩Q|

= |Q : R ∩Q| since R is transitive

= Cφ(Q)(T ) since R ∩Q = φ−1(Cφ(Q)(t))
= MinSubDeg(H).

By Lemma 4.2, |fP | divides |P : R| and so by Lemma 4.4, equality holds.
Conversely, suppose that |fP | = MinSubDeg(H). As |fP | > 1, f 6= 1 and so

there exists p ∈ P with 1 6= f(p) = fp(1). Hence there exists p ∈ P such that
t = fp(1) 6= 1.

Now (fp)P = fP and so MinSubDeg(H) = |(fp)P | ≥ |(fp)Q|. However, for q ∈
Q, fpq(1) = fp(q) = (fp(1))φ(q) = tφ(q). So |(fp)Q| ≥ Cφ(Q)(t) ≥ MinSubDeg(H).
Hence (fp)P = (fp)Q and |tφ(Q)| = MinSubDeg(H).

Let R be the stabiliser in P of fp. Since (fp)P = (fp)Q it follows that Q is
transitive on (fp)P . Hence P = RQ and so R is transitive on {1, . . . , k}.

For all r ∈ R, r−1 fixes fp and so fp(r) = fpr−1
(1) = fp(1) = t. Then as

P = RQ it follows from (4.1) that the set of values taken by f is contained in
tφ(Q). Hence f(1) 6= 1 and we can choose p = 1, that is, f(r) = t for all r ∈ R. Let
g ∈ R∩Q. Since g ∈ R we have fg = f , and in particular, f(g) = t. On the other
hand, since g ∈ Q and using (4.1), f(g) = f(1)φ(g) = tφ(g), and it follows that
g ∈ φ−1(Cφ(Q)(t)). Thus φ(Q∩R) 6 Cφ(Q)(t). Since P = RQ, Lemma 4.2 implies
that fR,t is the unique element of Bφ which evaluates to t at each element of R.
Hence f = fR,t. By assumption MinSubDeg(H) = |fP |, which by the definition
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of R is equal to

|P : R| = |P : Q||Q : Q ∩R|
|R : Q ∩R|

=
k

k
|Q : φ−1(Cφ(Q)(t)||φ−1(Cφ(Q)(t)) : Q ∩R|

= MinSubDeg(H)|φ−1(Cφ(Q)(t)) : Q ∩R|.

Hence R ∩Q = φ−1(Cφ(Q)(t)) and the proof is complete. ut

The following general construction will be used to obtain examples exhibiting
this behaviour.

Construction 4.6. Let Q be an almost simple group with socle T and let t be
an element from the smallest Q–conjugacy class of T . Then Q acts faithfully on
a set of size n = |tQ|. Let P = Sn, k = |P : Q| and φ : Q → Aut(T ) such that
φ(q) is conjugation by q. This allows us to construct Xφ = T twrφ P . Suppose
that φ does not extend to any overgroup of Q in P . Then the action of Xφ on
Bφ

∼= T k is primitive with primitive component H = T o φ(Q) (see [11]), and it
follows from the definition of t that n = MinSubDeg(H). Let R = Sn−1. Since Q
is a transitive subgroup of P in its action on n points, P = RQ and hence R acts
transitively on [P : Q]. Furthermore, R∩Q = φ−1(Cφ(Q)(t)). Thus we may apply
Construction 4.1 and obtain an element f = fR,t. By Lemma 4.2, |fP | divides
|P : R|. However, |P : R| = n = MinSubDeg(H) = MinDeg(P ) and so by Lemma
4.4, MinSubDeg(Xφ) = MinSubDeg(H) = MinDeg(P ).

We now provide examples of groups Q to which we can apply Construction 4.6.

Example 4.7. Let p ≡ 3 (mod 4) be a prime and let Q = PGL(2, p). Then the
smallest Q-conjugacy class in T = PSL(2, p) is the set of involutions. Let t be an
involution. Then |tQ| = p(p−1)/2 and CQ(t) = D2(p+1). Thus CQ(t) is a maximal
subgroup of Q. Let n = p(p − 1)/2. Then as Q = Aut(T ) and Q is a primitive
subgroup of Sn, it follows that NSn(Q) = Q. By [10], if p ≡ 7 (mod 8) then Q is
a maximal subgroup of An while if p ≡ 3 (mod 8) then Q is a maximal subgroup
of Sn. Hence, as NSn

(Q) = Q, the only possible overgroups of Q in P are An or
Sn. However, neither of these two groups have PGL(2, p) as a homomorphic image
and so it follows that φ : Q → Aut(T ) does not extend to any larger subgroup
of P = Sn. Hence we can use Construction 4.6 to obtain a primitive group
Xφ = T twrφ P such that MinSubDeg(Xφ) = MinSubDeg(H) = MinDeg(P ).

Example 4.8. Let Q = T = J1 and t be one of the 1463 involutions. Then
CQ(t) is a maximal subgroup of Q and by [10], Q is a maximal subgroup of A1463.
Moreover, as Q = Aut(T ) it follows that NS1463(Q) = Q. Thus the only overgroups
of Q in P = S1463 are A1463 and P . As neither group has J1 as a homomorphic
image, it follows that φ : Q → Aut(T ) does not extend to any larger subgroup of
P . Hence we can use Construction 4.6 to obtain a primitive group Xφ = T twrφ P
such that MinSubDeg(Xφ) = MinSubDeg(H) = MinDeg(P ).
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Example 4.9. Let Q = T = M11 and t be one of the 165 involutions. Then CQ(t)
is a maximal subgroup of Q and as Q = Aut(T ) it follows that NS165(Q) = Q.
Then by [10], the only overgroups of Q in P = S165 are A11, S11, A165 and S165.
Since none of these four subgroups have M11 as a homomorphic image it follows
that φ : Q → Aut(T ) does not extend to any larger subgroup of P . Hence we
can use Construction 4.6 to obtain a primitive group Xφ = T twrφ P such that
MinSubDeg(Xφ) = MinSubDeg(H) = MinDeg(P ).

We also have another lower bound on MinSubDeg(Xφ) which, together with
Lemma 4.4, establishes the lower bound for the first assertion of Theorem 1.5.

Lemma 4.10. Suppose that Xφ = T twrφ P is primitive. Then MinSubDeg(Xφ) ≥
MinDeg(P ).

Proof. Using the notation introduced in the proof of Lemma 4.4, for any f ∈
Bφ \{α} the group P acts transitively on fP by definition. Hence if we prove that
P acts faithfully on fP then it follows that MinSubDeg(Xφ) = min{|fP | : f ∈
Bφ \ {α}} ≥ MinDeg(P ).

The subgroup F := 〈fP 〉 of Bφ is normalised by P , and hence the product
FP is a subgroup satisfying P < FP ≤ Xφ. Since Xφ is primitive, the stabiliser
P is maximal and hence FP = Xφ, which implies that F = Bφ. Suppose that
some p ∈ P acts trivially on fP . Then p centralises a generating set of Bφ, so
p centralises Bφ. However, CXφ

(Bφ) is normal in Xφ since Bφ is normal, and
CXφ

(Bφ) intersects Bφ trivially. Thus, since Bφ is the unique minimal normal
subgroup of Xφ, it follows that CXφ

(Bφ) = 1. Hence p = 1. ut

The following example provides an instance where MinSubDeg(T twrφ P ) =
max{MinDeg(P ),MinSubDeg(H)}, but MinDeg(P ) 6= MinSubDeg(H).

Example 4.11. Let p be a prime with p ≡ ±1 (mod 5), let P = PSL(2, p), T =
A5, Q ∼= A5, and let φ be an isomorphism between Q and Inn(A5). Moreover,
let R be a maximal parabolic subgroup of P . Then R ∩ Q is trivial, or a cyclic
subgroup 〈t〉 for some t ∈ Q. In any case, there exists t ∈ Q with R ∩ Q ≤ 〈t〉,
and for this t, we have, by Lemma 4.2, |fP

R,t| ≤ |P : R| = p + 1. If p > 11 then
MinDeg(P ) = p+1, and it follows from Lemma 4.10 that MinSubDeg(T twrφ P ) =
MinDeg(P ) = p+1 > MinSubDeg(H) = 12. If p = 11, then MinDeg(P ) = 11 and
so by Lemma 4.4, MinSubDeg(T twrφ P ) = 12 = MinSubDeg(H).

We now give another construction of elements in Bφ which allows us to con-
struct minimal length suborbits other than (fR,t)P .

Construction 4.12. Let R < P and choose a set S = {s1, . . . , sl} of representa-
tives for the (R,Q)–double cosets in P . Suppose that for each si, there exists ti ∈ T
such that φ(Rsi ∩Q) 6 CAut(T )(ti). We define the element f = fR,S,t1,...,tl

∈ Bφ

as follows. For all x ∈ Rsi, let f(x) = ti and for each q ∈ Q let f(xq) = f(x)φ(q) =
t
φ(q)
i . Note that this is well defined, since if xq ∈ Rsi, then q ∈ Rsi ∩Q and so φ(q)
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centralises ti. Thus f ∈ Bφ. Note also, that if s1 ∈ R then fR,S,t1,1,...,1 = fR,t as
yielded by Construction 4.1.

Lemma 4.13. Suppose that Xφ = T twrφ P is primitive with primitive component
H = Toφ(Q). Let S = {s1, . . . , sl} be a set of representatives for the (R,Q)-double
cosets in P and let t1, . . . , tl ∈ T such that φ(Rsi ∩ Q) 6 CAut(T )(ti). Then the
element fR,S,t1,...,tl

∈ Bφ obtained from Construction 4.12 is the unique element
f ∈ Bφ such that for each i = 1, . . . , l, f(x) = ti for all x ∈ Rsi. Furthermore,
R 6 CP (fR,S,t1,...,tl

) and if (fR,t1)
P is a minimal length nontrivial suborbit and

at least one of t2, . . . , tl is nontrivial then (fR,S,t1,...,tl
)P is also a minimal length

suborbit which is not of the form (fR′,t)P for any (R′, t) ∈ R.

Proof. Since Rs1 ∪ . . . ∪ Rsl contains a set of left coset representatives for Q
in P , it follows that fR,S,t1,...,tl

is the unique element f ∈ Bφ such that for all
i = 1, . . . , l and x ∈ Rsi, we have f(x) = ti.

Let f = fR,S,t1,...,tl
and let r ∈ R be arbitrary. Let i ∈ {1, . . . , l} and let x ∈

Rsi. Then rx ∈ Rsi and so fr(x) = f(rx) = ti. As this is true for all i, it follows
by the uniqueness of f , that fr = f and so R 6 CP (f). If (fR,t1)

P is a minimal
length nontrivial suborbit then t1 6= 1 and by Lemma 4.2, R is the stabiliser of
fR,t1 in P . We have just proved that R fixes f , and hence, by the minimality
of |(fR,t1)

P |, and Lemma 4.3, it follows that R = CP (f) and |fP | = |(fR,t1)
P |.

Finally we prove that fP does not contain fR′,t for any (R′, t) ∈ R. Suppose to
the contrary that fR′,t ∈ fP for some (R′, t) ∈ R. Then, by Lemmas 4.2 and 4.3,
and the minimality of |fP |, it follows that R′ is the stabiliser of fR′,t in P . Since
R is the stabiliser of f it follows that R′ = Rp for some p ∈ P . However, fR′,t

is nontrivial on a single double (R′, Q)-coset in P , whereas, by assumption, f is
nontrivial on at least two double (R,Q)-cosets. Hence (fR,S,t1,...,tl

)P is not of the
form (fR′,t)P , for any (R′, t) ∈ R. ut

Example 4.14. Let P , T , Q, φ, R and t be as in Example 4.11. Note that
for p > 11, we have MinSubDeg(Xφ) > MinSubDeg(H). When p > 60, R is
intransitive on the set of left cosets of Q in P . Choose a set S = {s1, s2, . . . , sl} of
representatives for the (R,Q)-double cosets in P with s1 = 1. Then for each si,
Rsi ∩ Q is either trivial or cyclic, and so for each i ≥ 2, there exists ti 6= 1 with
φ(Rsi ∩Q) 6 Cφ(Q)(ti). Then by Lemma 4.13, (fR,S,t,t2,...,tl

)P is a minimal length
suborbit which is not of the form (fR′,s)P for any (R′, s) ∈ R.

Our next two examples give infinite families of twisted wreath product groups
(Gn)n≥0 where MinSubDeg(Gn)/ MinSubDeg(Hn) → 1 as n → ∞ with excep-
tional behaviour for the example in Example 4.15 involving A6 and for the example
in Example 4.16 involving A7.

Example 4.15. Let P = An for some n ≥ 6, let Q = T = An−1, and let φ(q)
be the conjugation by q for all q ∈ Q. Then the primitive component is H ∼=
An−1 o An−1. Let t = (1, 2, 3) and let R = CP (t) ∼= A3 × An−3. Then by
Lemma 4.2, |(fR,t)P | ≤ 2

(
n
3

)
. In fact, equality holds here, as there is no larger
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subgroup of P whose intersection with Q centralises t. By [6, Theorem 5.2A],
when n > 6, there is no S 6 P , with |S| > |R| such that S ∩ Q centralises some
nontrivial element of T . Moreover, when n > 6 MinSubDeg(H) = 2

(
n−1

3

)
and so

in this case

MinSubDeg(T twrφ P ) = |fP
R,t| =

n

n− 3
MinSubDeg(H).

If n = 6 then |(fR,t)P | = 40 and MinSubDeg(H) = 12. However, computa-
tions in GAP [7] show that there are suborbits of lengths 36, 24, and 15 in
A5 twrφ A6. A suborbit of length 15 is the suborbit containing fR,t, where R =
〈(1, 3, 2, 4)(5, 6), (1, 3, 5)(2, 4, 6)〉 ∼= (S2 o S3) ∩A6 and t = (1, 3)(2, 4).

Example 4.16. Let P = An for some n ≥ 7, T = An−2, Q = (Sn−2×S2)∩An
∼=

Sn−2, and let φ(q) be the conjugation by q for all q ∈ Q. Then the primi-
tive component is H ∼= An−2 o Sn−2. Let t = (1, 2, 3) and let R = CP (t) ∼=
A3 × An−3. By Lemma 4.2, |(fR,t)P | ≤ 2

(
n
3

)
. In fact, equality holds here

as there is no larger subgroup of P whose intersection with Q centralises t. If
n ≥ 8 then 2

(
n
3

)
is the minimal non-trivial suborbit length in An−2 twrφ An be-

cause by [6, Theorem 5.2A], there is no larger subgroup S 6 P , with |S| > |R|
such that S ∩ Q centralises some nontrivial element of T . Hence in this case
we have MinSubDeg(H) = 2

(
n−2

3

)
and MinSubDeg(T twrφ P ) = |(fR,t)P | =

n(n−1)
(n−3)(n−4) MinSubDeg(H). When n = 7 we have MinSubDeg(H) = 15. More-
over, for the subgroup S = 〈(1, 2)(4, 5), (1, 3, 5)(4, 6, 7)〉 ∼= PSL(3, 2) and element
s = (1, 5)(2, 4), we have φ(S ∩ Q) = Cφ(Q)(s) and so |(fS,s)P | = |P : S| = 15 =
MinSubDeg(T twrφ P ) = MinSubDeg(H).

Proof of Theorem 1.5. Part (a) follows follows immediately from Lemmas 4.2,
4.4 and 4.10, and from Example 4.7. Part (b) follows from Lemma 4.3 and Example
4.14. ut
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