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ABSTRACT. We give a unified approach to analysing, for each positive integer s, a
class of finite connected graphs that contains all the distance transitive graphs as
well as the locally s-arc transitive graphs. A graph is in the class if it is connected
and if, for each vertex v, the subgroup of automorphisms fixing v acts transitively
on the set of vertices at distance i from v, for each ¢ from 1 to s. We prove that
this class is closed under forming normal quotients. Several graphs in the class are
designated as degenerate, and a nondegenerate graph in the class is called basic
if all its nontrivial normal quotients are degenerate. We prove that, for s > 2,
a nondegenerate, nonbasic graph in the class is either a complete multipartite
graph, or a normal cover of a basic graph. We prove further that, apart from
the complete bipartite graphs, each basic graph admits a faithful quasiprimitive
action on each of its (1 or 2) vertex orbits, or a biquasiprimitive action. These
results invite detailed additional analysis of the basic graphs using the theory of
quasiprimitive permutation groups.

1. INTRODUCTION

In this paper we introduce and analyse a family of finite edge-transitive graphs,
the locally s-distance transitive graphs, that contains the distance transitive graphs
which first arose in the famous ‘intersection matrices’ paper of D. G. Higman [12]
(see [20, 17, 13] for recent surveys of distance transitive graphs), and other important
families such as the locally s-arc transitive graphs (see [10]).

The parameter s is a positive integer, and a graph is said to be locally (G, s)-
distance transitive if G is an automorphism group of the graph, the diameter is at
least s and if, for each vertex v and each positive integer ¢ < s, the subgroup of G
stabilising v acts transitively on the set of vertices at distance ¢ from v. Whenever
G is the full automorphism group of the graph, we say the graph is locally s-distance
transitive. A graph is locally distance transitive if it is locally s-distance transitive
for s equal to the diameter of the graph. Locally distance transitive graphs that are
not distance transitive are called distance-bitransitive in [18] and are examples of
distance biregular bipartite graphs studied by C. Delorme in [4].

The family of locally 1-distance transitive graphs contains the (rather large) family
of arc-transitive graphs, and so in our analysis we focus on the sub-family with s > 2.
Since all distance transitive graphs are locally s-distance transitive for each s up to
the diameter, the value of s can be unbounded. For example, for each positive
integer d, the d-dimensional cube @), is distance transitive and has diameter d, and
hence is locally d-distance transitive.

Note that each connected component of a locally s-distance transitive graph is
locally s'-distance transitive, where s’ is the minimum of s and the diameter of
the connected component. Therefore we will limit our study to connected locally
s-distance transitive graphs. More precisely, we examine a family LDT(s) that is
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slightly larger than the class of connected locally s-distance transitive graphs, namely
it consists of all connected graphs I' that are locally s'-distance transitive where s’
is the minimum of s and the diameter of I'. In other words, this family consists of
all the locally s-distance transitive connected graphs, as well as the locally distance
transitive graphs with diameter less than s. Whenever I lies in LDT(s), there exist
possibly several subgroups G of the automorphism group Aut(I') such that I' is
locally (G, s')-distance transitive for s’ as above, and for such a group G, we say
that I € LDT(s) relative to G.

We define in Section 2.3 a notion of “G-normal quotient” and show that the family
LDT(s) is closed under this operation (see Lemma 2.12).

Theorem 1.1. If s > 1 and I" € LDT(s) relative to G, then each G-normal quotient
of T also lies in LDT(s) relative to a quotient of G.

We show in Lemma 2.3 that, for every s > 1, LDT(s) contains all complete
graphs K,,, complete bipartite graphs K,, ,, regular complete multipartite graphs
K5, and cycles C;. Among these graphs, K;, K; and the graphs K, with r >
2 (which we call stars) arise in an exceptional way as G-normal quotients (see
Lemma 5.3) and we call these graphs degenerate, and all other graphs in LDT(s)
nondegenerate. Moreover, if I' € LDT(s) relative to G, then we say that I' is G-basic
if I' is nondegenerate and all its nontrivial G-normal quotients are degenerate. It
is possible for a graph I' to lie in LDT(s) relative to different subgroups G, Gy of
Aut(I"), and to be G-basic but not Go-basic. A simple family of bipartite examples
is given in Corollary 3.4 to illustrate this, and there are also infinitely many non-
bipartite examples, see Remark 3.5. Nevertheless, the importance of the notion of
G-basic is evident in our main reduction result, Theorem 1.2. See Section 2.3 for
the notion of cover.

Theorem 1.2. Let s > 2 and I' € LDT(s) relative to G. If I is nondegenerate,
not G-basic, and not isomorphic to K,,p with m > 3,0 > 2, then I' is a cover of
a quotient graph I'n such that I'y is (G/N)-basic (in LDT(s) relative to G/N ) for
some nontrivial N < G.

The status of the graphs K, is explored further in Section 4. Our next major
result demonstrates the importance of quasiprimitive permutation groups in the
study of G-basic graphs in LDT(s). An action of a group H on a set V' is faithful if
only the identity fixes all elements of V', and a faithful action of H is quasiprimitive
if each nontrivial normal subgroup of H is transitive. If I' € LDT(s) relative to G,
for some s > 1, we let Gt := (G,|v € VT'). Note that G* = G if I is not bipartite,
and in general Gt has at most two vertex-orbits (see Lemma 2.4).

Theorem 1.3. Let s > 1 and suppose that I' € LDT(s) relative to G. Then I' €
LDT(s) relative to G*. Moreover, if I' is G -basic, then either I = K, ,, for some
m,n, or Gt is faithful on each vertez-orbit and quasiprimitive on at least one.

This theorem is proved at the end of Section 6, and follows from a more technical
and detailed version, Theorem 6.2. It opens the way for application of the theory
of quasiprimitive permutation groups in the study of locally s-distance transitive
graphs.

In Section 2, we lay out the definitions we will need and prove preliminary results,
including Theorem 1.1. Sections 3 and 4 concern examples. We prove Theorem 1.2
in Section 5. We make a first analysis of G-basic graphs in Section 6, proving
Theorem 1.3. In Section 7, we outline links with other families of graphs.
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Several open questions in Sections 2, 4 ,6 and 7 point to possible directions for
future study of this class of graphs.

2. GENERAL THEORY OF LOCALLY (G, s)-DISTANCE TRANSITIVE GRAPHS

2.1. Basic graph theoretic notation. All graphs in this paper will be assumed
to be undirected, simple (no multiple edges or loops), finite, and connected. For a
graph I', we denote its vertex set by VI' and its edge set by ET'. For two vertices
of I', x and y, the distance between = and y, denoted by dr(zx,y), is the length
of a shortest path between them. For a vertex v € VI' and a positive integer i,
we define I';(v) = {w € VI' | dr(v,w) = i}. For a connected bipartite graph, the
relation on VT defined by v ~ w if and only if dr(v, w) is even, is an Aut(I")-invariant
equivalence relation with two equivalence classes, called the biparts of I'.

The diameter of T' is diam(I") = max{dr(z,y) | z,y € VI'}. For v € VI let
diamp(v) := max{dr(z,v) | x € VI'}, called the local diameter at v. If I' is vertex-
transitive then diamp(v) is the same for all vertices v and hence equals diam(T").
On the other hand if I' is bipartite and Aut(I') is edge-transitive but not vertex-
transitive, then the Aut(I')-orbits in VI are the biparts (see Lemma 2.4) and hence
diamr(v) is constant over all vertices v in each bipart. For vertices v in at least
one bipart we have diamp(v) = diam(I"), and for vertices u in the other bipart,
diamp(u) is either diam(I") or diam(I') — 1. For example, if I' is the smallest star
K, with VI' = {u,v,w} and ET' = {{u,v}, {u,w}}, then diamp(u) = 1 while
diamp(v) = diamp(w) = diam(I") = 2. Notice that if there are two values for local
diameters, then diam(I") is even. Indeed, if diam(T") is odd and I' is bipartite, then
there is a shortest path of length diam(T") starting from either of the biparts.

Let K,, be a complete graph with n vertices and C; a cycle of size t. We denote
the complete bipartite graph with parts of size m and n by K,,, ,. Also K, denotes
a regular complete m-partite graph whose parts have size b.

2.2. Basic properties of locally (G, s)-distance transitive graphs. For ease
of reference, we repeat the following definitions.

Definition 2.1. A graph I is called locally (G, s)-distance transitive if s < diam(T"),
and for each vertex v, G, acts transitively on I';(v) for all i < s. A locally (G, s)-
distance transitive graph with s = diam(I") is simply called locally G-distance tran-
sitive. A (G, s)-distance transitive graph is a locally (G, s)-distance transitive graph
such that G is transitive on VT

These concepts are sometimes used without reference to a particular group G,
especially when G' = Aut(I").

Definition 2.2. Fix s > 1. Let LDT(s) be the set of connected graphs I' that are
locally (G, s')-distance transitive for some G' < Aut(I"), where s’ = min{s, diam(T")}.
For such I'; G, we say that I" € LDT(s) relative to G.

Our aim is to investigate the families LDT(s) for s > 2, but some of our results
hold for all s > 1. Notice that the family of locally distance transitive graphs
coincides exactly with Ns>1LDT(s). The class LDT(s) contains some well-known
families of graphs.

Lemma 2.3. For positive integers m,n,b,t with m,b # 1,t > 3, the graphs K,,,
Ko, K, Cy lie in LDT(s) for all s > 1.



4 ALICE DEVILLERS, MICHAEL GIUDICI, CAI HENG LI AND CHERYL E. PRAEGER

Proof. All these graphs are connected. It is easy to check that these graphs are
locally distance-transitive with diameter 0 for K, 1 for K,, with n > 2, 2 for K,,, ,,
and K, and [5] for C,. O

All these graphs will be studied in more detail in Sections 3 and 4. In particular,
the graph K, ,, with G = S,,, X S, provides an example of a locally (G, 2)-distance
transitive graph which is not (G, 2)-distance transitive. Recall that Gt = (G, |v €
V).

Lemma 2.4. Let T" be a connected locally (G, s)-distance transitive graph for some
positive integer s. Then T is also locally (G, s)-distance transitive. Moreover

(i) G acts transitively on ET';
(i) of T is not bipartite then G = G and G is transitive on VI';
(iii) if T is bipartite then 6 = |G : Gt| < 2, the GT-orbits in VI' are the two
biparts, and the number of G-orbits in VI is %. Moreover, G is the setwise
stabiliser in G of the two biparts.

Proof. By definition, G, acts transitively on I';(v) for all ¢ < s. For each v € VT,
we have (GT), = G,, and hence I is locally (G, s)-distance transitive. Given two
edges, since I' is connected, there is a path connecting them. Since I' is locally
(G, 1)-distance transitive, any two consecutive edges in a path are in the same G-
orbit. Therefore any two edges are in the same G-orbit. This proves (i). By the
same argument, observe that two vertices sharing a common neighbour are in the
same Gt-orbit.

Suppose I' is not bipartite. Then I' contains an odd length cycle, and so there
exist adjacent vertices v, w in the same GT-orbit. For every vertex z in VT, there
exists a path of even length from z to either v or w, and so G is transitive on VT .
Since G, < GT for all v € VT, it follows that G = G* and statement (ii) follows.

Now assume I' is bipartite. We claim that G* is the stabiliser of the biparts.
Since G, stabilises the biparts for any v € VT, so does G. Let g € G stabilising
the biparts and let v € VI'. By the observation above, the vertices v and v9, which
are in the same bipart, are in the same G*-orbit on vertices, and so there exists
h € G mapping v? to v. Hence gh € G, < G", and so ¢ € G Hence the claim is
proved. Since G, < G, if G is transitive on VI then § = 2 and if G has two orbits
in VT then 6 = 1. Hence (iii) holds. O

Corollary 2.5. Let s > 1 and suppose that I' € LDT(s) relative to G. Then
I' € LDT(s) relative to G™.

Here is a necessary and sufficient condition on vertex stabilisers for a graph to be
locally distance transitive.

Lemma 2.6. Let I be a connected graph and G < Aut(T'). Then T' is locally G-
distance transitive if and only if, for each v € VI', G, has ezactly diamp(v) + 1
orbits.

Proof. This follows easily from the fact that, for any vertex v, each orbit of GG, must
be contained in I';(v) for some i such that 0 < ¢ < diam(I") and there are exactly
diamp(v) + 1 such sets. O

For a graph T, the distance-2-graph of I', denoted by I'® | is the graph with vertex
set VI' such that v, w are adjacent if and only if v, w are at distance 2 in T'.
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Lemma 2.7. Let I' be a connected bipartite locally (G, s)-distance transitive graph
with s > 2. Then T'® has two connected components, each of which is (G*, |s/2])-
distance transitive. In particular, if I' is locally G-distance transitive then the two
connected components of I'® are G*-distance transitive.

Proof. It is obvious that I'® has two connected components consisting of the two
biparts of I'. Vertices in the same bipart at distance i < |s/2] in ['® are at
distance 2i < s in I". Therefore the two components are locally (G*, | s/2])-distance
transitive. Since G is also transitive on each component, each is (GT,|s/2])-
distance transitive.

Question 2.8. Which two (G, | s/2])-distance transitive graphs can together form
the components of I'® for a locally (G, s)-distance transitive graph I'?

An important special case of Question 2.8 is studied in [3].

2.3. Quotients and covers. Let GG be a group of permutations acting on a set 2.
We recall that a G-invariant partition of € is a partition By, Bs, ... B, such that, for
all g € G and for all i, B} = B; for some j. Parts of the partition are often referred
to as blocks. They have the defining property that B N BY is either empty or B
itself, for all blocks B and g € G. A partition B of Q) is nontrivial if the number of
blocks is at least 2 but less than |§2|. Otherwise B is said to be trivial. In particular,
if V is a normal subgroup of GG, then the set of N-orbits in €2 forms a G-invariant
partition.

Definition 2.9. Let I" be a graph and G < Aut(I"). If B is a partition of VT, define
the quotient graph I's to have vertex set B, such that two blocks By and B, are
adjacent in I'g if and only if there exist v € By and w € By with {v,w} € ET'. We
say that I's is nontrivial if |B| < |VT'|. Whenever B is the set of N-orbits, for some
N <G, we will also write I'g = I'y and call it a G-normal quotient of I'. The graph
I" is said to be a cover of I'g if |I'1(v) N By| =1 for each edge {By, By} in EI'g and
v € By, and if 'y = 'y, it is called a G-normal cover.

In particular, 'y is nontrivial if and only if N is nontrivial (that is N # 1). We
point out a small mis-match between the group theoretic notion of a trivial partition
and our notion of a trivial graph quotient: if B is nontrivial then I'g is nontrivial
but not the other way around. The reason is that, although the one-part partition
B = {VT} is trivial, the corresponding quotient I's = K is just one of a number of
graphs that will be called degenerate (see Definition 2.13).

Here are some preliminary results on partitions and quotient graphs.

Lemma 2.10. Let I" be a connected graph and B be a partition of VI'. Let B, B' € B.
Then:
(a) for any v € B,v' € B', we have dr,(B, B") < dr(v,v’). In particular, I'g is
connected and diam(I's) < diam(T");
(b) if B is the orbit set of a subgroup N < Aut(T'), then for each v € B, there
exists v' € B’ such that dr,(B, B') = dr(v,v’).

Proof. (a) Let v € B,v" € B'. Since I' is connected there is a shortest path
Vo, V1, - .., Vg in I with vg = v and v = ', so that dr(v,v’) = k. If B; € B contains
v; for each i, then B = By, By, ... By, = B’ is a path (possibly with repetitions) in
I'p from B to B’, and so dr,(B, B") < k. In particular, I's is connected. Moreover
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diam(I's) = max{dr,(B1, Bs) | B1, By € VI'z}. For each choice of By, By € VI,
dr,(B1, B2) < dp(vq,v2) for any vy € By, vy € By, and dr(vy, v2) < diam(I"). Hence
diam(I'g) < diam(I").

(b) Now suppose B is the orbit set of a subgroup N < Aut(I'), and let v € B.
Let £ = min{dp(v,v")|v' € B'}. By part (a), dr,(B, B’) < k. Let £ = dr,(B, B’), so
there exists a path B = By, B},..., B, = B’ in I'g. Since B;j and B;_, are adjacent
in I'z, there exists a vertex in B; adjacent in I' to at least one vertex in B;, . Since
N is transitive on B!, we have that every vertex in B, is adjacent in I' to at least
one vertex in Bj ;. Hence, using induction, one can pick w; € B;- forj=1,...,¢
such that v, wy, ..., w, is a path in I'. Hence dr(v,w,;) < ¢ < k. On the other hand,
dr(v,we) > k by definition of k. Therefore ¢ = k = dr (v, w,), and choosing v' = wy,
(b) is proved. O

Lemma 2.11. Let T be a locally (G, s)-distance transitive graph for some s > 1,
and let B be a G-invariant partition of VI'. Let B € B.
(a) If dr(v,w) = € < s for some v,w € B then I'y(v) € B for 1 < i <
diamrp(v) /.

(b) If T is connected and B is nontrivial, then B contains no edges of T

Proof. (a) Let v,w € B be such that dr(v,w) = ¢ < s. For any x € I'y(v), since
' is locally (G, s)-distance transitive, there exists ¢ € G,, such that w9 = x. Then
ve BNBY and so v € B = B. Thus I'y(v) C B. The same argument shows that
I'y(z) € B for each x € I'y(v) and hence that I'yy(v) C B. Repeating this argument,
we obtain that I';(v) C B for 1 < i < diamp(v)//.

(b) Suppose B contains an edge {v,w}. Then by part (a), I';(v) C B for 1 <i <
diamr(v), and so, since I is connected, VI' C B, contradicting the fact that B is
nontrivial. U

We now prove that the family LDT(s) is closed under forming normal quotients.

Lemma 2.12. If s > 1, ' € LDT(s) relative to G, and 1 # N < G, then the G-
normal quotient 'y also lies in LDT(s) relative to G/K, where K is the kernel of
the action of G on the N-orbits. In particular, Theorem 1.1 holds.

Proof. Let I' € LDT(s) relative to G and let 1 # N <G. Let B be the set of N-orbits
on VI'. Since I' is connected, so is 'y, by Lemma 2.10(a). If K is the kernel of
the action of G on the N-orbits, then G/K acts faithfully on VI'y and preserves
adjacency in I'y and so G/K < Aut(T'y).

Let ¢ < s = min(s,diam(I'y)), B € B, and let By, By be blocks such that
drg(B, By) = drg(B,By) = (. Let v € B. By Lemma 2.10(b), there exist v; €
By,ve € By such that dr(v,v;) = dr(v,ve) = £. The graph T is locally (G, s")-
distance transitive, where s” = min(s, diam(T")). Notice that s’ < s” since diam(I'y) <
diam(I") by Lemma 2.10(a), and so ¢ < s”. Therefore there exists g € G, such that
v{ = wvy. Since B is G-invariant, this means that BY = B and BY = By. Thus
the quotient graph I'y is locally (G/K, s')-distance transitive and so is in LDT(s)
relative to G/ K. O

We now make precise the notion of G-basic.

Definition 2.13. A graph in LDT(s) is called degenerate if it is isomorphic to Kj,
K,, or a star Ky, for some » > 2. A graph I' € LDT(s) relative to G is called
G-basic if T' is nondegenerate, and for all nontrivial N <1 G, I'y is degenerate.
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When we study G-basic graphs, we will need the following definition, in Section

6.

Definition 2.14. A transitive group G of permutations on the set €2 is quasiprimi-
tive if all nontrivial normal subgroups of GG are transitive on §2. It is biquasiprimitive
if it is not quasiprimitive and all nontrivial normal subgroups of G have at most 2
orbits on 2.

3. COMPLETE, COMPLETE BIPARTITE AND CYCLIC GRAPHS

Recall from Lemma 2.3 that the graphs K,,, K,,,, C; all lie in LDT(s) for any
s relative to some appropriate groups G, among which are their full automorphism
groups. In this section we explore the possible groups G, and for such a G we
determine the possible G-normal quotients and whether these graphs are G-basic.

Proposition 3.1. Let I' =2 K,, with n > 3, and suppose that s > 1. Then I' €
LDT(s) relative to G if and only if G is 2-transitive on VI'. For any such G, T" is
G-basic and all nontrivial G-normal quotients of I' are isomorphic to K;.

Proof. Since I' has diameter 1, I' € LDT(s) relative to G is equivalent to I" being
locally (G, 1)-distance transitive. Since I is not bipartite, G is transitive on VI by
Lemma 2.4, and so I' € LDT(s) relative to G if and only if G is transitive on the
arcs of I', that is to say G is 2-transitive on VI'. Let G be such a group. Then G is
primitive on VT', and so all nontrivial normal subgroups of GG are transitive. Hence
all nontrivial G-normal quotients of I' are isomorphic to Ky, so I' is G-basic. 0

Proposition 3.2. LetI' = K,,,, for m > 2,n > 2, and suppose that s > 2. Then
[' € LDT(s) relative to G if and only if the stabiliser in G of any vertex has exactly
3 orbits on VI'. For such a group G, T' is G-basic and G™-basic. Moreover,

(a) all nontrivial G™-normal quotients of I' are isomorphic to Ko, Ky ., or Ky 5;
(b) if G # G, then m = n and the only nontrivial G-normal quotients of T' are
isomorphic to Ky or Ks.

Proof. Since diamp(v) = 2 for each v € VI', I' € LDT(s) relative to G is equivalent
to I' being locally G-distance transitive, and the first statement follows from Lemma
2.6.

Suppose I € LDT(s) relative to G. By Corollary 2.5, T" € LDT(s) relative to G™.
Let Ay and Ay be the biparts with respective sizes m and n (m could be equal to
n). For i = 1,2, let v; be a vertex in A;. Then T'y(v;) = A; \ {v;}. Since G,, < G
and G is transitive on A; by Lemma 2.4, it follows that G* acts 2-transitively on
each of Ay and A,. Therefore there exists no nontrivial G -invariant partition of
Al or AQ.

Let 1 # N <G* and let B be the G -invariant partition of VI given by the orbits
of N. The blocks of B contained in A; form a G'-invariant partition of 4A;, which
must therefore be trivial. Hence either N is transitive on A;, or fixes it vertexwise.
Note that N cannot fix vertexwise both A; and Ay, as N # 1. Hence all GT-normal
quotients of I' are Ky or K ,, or K ,,. This proves (a).

Suppose G # G. By Lemma 2.4, it follows that |G : GT| = 2 and G is transitive
on VI'. Let 1 # N < G and B be the G-invariant partition given by the orbits of
N. If N is transitive on VT, then ['y = Kj. Suppose N is intransitive on V1", so B
is nontrivial. By Lemma 2.11(b), the blocks of B do not contain adjacent vertices,
so each block of B is contained in Ay or in A,. Therefore the blocks of B contained
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G cond. on t | possible 'y
Aut(I') |any t K,
any t Cgy, with 3 < d <t and d|t
t even K>
Aut(T')™ | t even K,
t even Caq, with 2 < d < t/2 and 2d|t
t = 0(4) KLQ

TABLE 1. G-normal quotients for C;

in A; form a GT-invariant partition of A;, which must be trivial. As before, that
means that either N is transitive on A;, or fixes it vertexwise. Since G is transitive
on VT, all blocks of B have the same size. This size cannot be 1 since B is nontrivial.
Hence N is transitive on both A; and Ay, and I'y = Ky. This proves (b).

It follows that I' is G-basic and G -basic. O

Note that C3 = K3 and so, by Proposition 3.1, C3 is G-basic in LDT(s) relative to
G = Sz for any s > 1. Note also that C4 = Ky 5. Moreover, Cy is locally G-distance
transitive for G = Dg or an intransitive G = Z2. Hence it lies in LDT(s) for all s
relative to both groups. By Proposition 3.2, Cy4 is G-basic for G one of those groups.
We now examine cycles C; with ¢ > 5. If ¢ is even then C, is bipartite, and for
G < Aut(T"), G7 is the stabiliser in G of the two biparts (see Lemma 2.4).

Proposition 3.3. Let I' = C, fort > 5. Suppose s > 1 and I' € LDT(s) relative
to G. Then G = Aut(T'), or t is even and G = Aut(T')*. The possible nontrivial
G-normal quotients are given by Table 3. Moreover I' is G-basic if and only if either
G = Aut(T") and t is prime, or G = Aut(T')", t is even, and t/2 is prime.

Proof. 1f t is odd, then I' is not bipartite, and so G is transitive on VI' by Lemma
2.4. Moreover, since I' is (G, 1)-distance transitive, the stabiliser of a vertex has
order 2, and so G is the full automorphism group of I'; that is Dy If t = 2n is
even, then I is bipartite with two biparts of size n. The group Aut(I") is Dy,. Let
Aut(T") = (a, b), where a and b are reflections such that ab is a rotation of order 2n,
a fixes 2 vertices of I and b fixes no vertices of I'. Using Lemma 2.4, it is easy to see
that the only groups G for which T is locally (G, 1)-distance transitive are Aut(I")
and the subgroup Aut(I')* = ((ab)?,a) of index 2 stabilising each bipart.

First let G = Aut(I") = Dy, with t even or odd. The cyclic subgroup C} is normal
in GG, yielding a G-normal quotient K;. Subgroups C;/4, with d a proper divisor of ¢,
contained in C} are also normal in G and yield G-normal quotients Ky for d = 2 and
C, if d > 3. Whenever t is odd, these are the only normal subgroups of G. If t = 2n
is even, there are two other normal subgroups of G, namely ((ab)?, b) = D,, and
Aut(T)" = ((ab)?,a) = Ds,,, yielding G-normal quotients K; and K, respectively.
It follows that I' is G-basic if and only if ¢ has no proper divisor greater than 2.
Since t # 4, that is exactly when ¢ is prime.

Now let ¢ = 2n and G = Aut(I')™ = D,. The cyclic subgroups of the form
((ab)**) = C,/q (where d is a proper divisor of n) are normal in G, yielding quotients
K for d = 1 and Csy, otherwise. If n is odd, these are the only normal subgroups of

G. If n is even, that is, if t = 0 (mod 4), there are two other normal subgroups of
G, namely ((ab)?,a) = D,, and {(ab)*, bab) = D,,, both yielding quotients K; 5. It
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follows that I" is G-basic if and only if t/2 = n has no proper divisor, that is exactly
when ¢/2 is prime. O

Corollary 3.4. The graph I' = Cs,, where p is an odd prime, is Aut(I")"-basic but
not Aut(T")-basic.

This corollary demonstrates that the condition of being G-basic in LDT(s) can
depend on the choice of the group G.

Remark 3.5. An infinite family of non-bipartite graphs described in [14] also il-
lustrates this fact. For each prime p = +1 (mod 2)4, Li defines a (PSL(2, p), 2)-arc
transitive graph I',, with L“) vertices and full automorphism group PSL(2, p) x
Zs. Since I has dlameter at least 2, '), is (PSL(2, p), 2)-distance transitive, and so lies
in LDT(2) relative to PSL(2,p). Since PSL(2,p) is simple, I', is PSL(2, p)-basic and
is not bipartite. On the other hand, I, also lies in LDT(2) relative to PSL(2, p) x Zo.
This group admits a normal subgroup N isomorphic to Zs. Obviously N has more
than 2 orbits on V', and, since the automorphism group is transitive on VI, (I'y)n

cannot be a star. Therefore I, is not (PSL(2, p) x Z,)-basic.

4. COMPLETE MULTIPARTITE GRAPHS

In Theorem 1.2 it emerges that the family of complete multipartite graphs K,
with m > 3 and b > 2, is exceptional in LDT(s) for all s > 2 in that these graphs
are not degenerate, may or may not be G-basic for some G, and are not guaranteed
to cover a basic G-normal quotient in LDT(s). For a transitive permutation group
on a set (), the rank is the number of orbits in €2 of a point stabiliser.

Proposition 4.1. Let I' = K,y for m > 3,0 > 2, and suppose that s > 2. Then
[' € LDT(s) relative to G if and only if the action of G on VI is transitive of rank
3. For any such G, the nontrivial G-normal quotients of I' are isomorphic to Ky
or K,,. Moreover I' is G-basic if and only if G acts faithfully on the parts of the
multipartition.

Proof. Since T is not bipartite and diamp(v) = 2 for each v € VI', I' € LDT(s)
relative to GG is equivalent to I' being locally G-distance transitive, and the first
statement follows from Lemmas 2.4(ii) and 2.6.

Suppose I" € LDT(s) relative to G. Let Aj, As, ..., A, be the parts of the multi-
partition, each with size b > 2, and let G be the subgroup of G fixing each of the A,
setwise. Let 1 # N < G and B be the G-invariant partition given by the orbits of
N. If N is transitive on VI, then I'y = K. Suppose N is intransitive on VI, so B
is nontrivial. By Lemma 2.11(b), the blocks of B do not contain adjacent vertices,
so each block of B is contained in A; for some 1 < ¢ < m. Hence N < G. Moreover
the blocks of B contained in A; form a G4 -invariant partition of A;, for each .
On the other hand, G4, acts 2-transitively on A; since I' is locally (G, 2)-distance
transitive. Therefore there exists no nontrivial G 4,-invariant partition of A;, and
either N is transitive on A;, or fixes it vertexwise. Since G is transitive on VI, either
N is transitive on each A; or N fixes each A; vertexwise. The second possibility is
excluded because it would imply N = 1. Therefore the only nontrivial G-normal
quotient of I' (for N intransitive on VT') is K,,

Suppose I' is G-basic. Since G <G and G is intransitive on VI, if G # 1, one can
take N = G in the above argument and then I'y = K,,,, which is a contradlctlon.
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Hence G is trivial. Conversely, suppose that G = 1. We have seen above that if N
is intransitive, then N < (G. Hence there exists no nontrivial intransitive normal
subgroup of GG, and so I' is G-basic. 0

Proposition 4.1 raises the question of determining the groups G, if any, for which
K.,y is G-basic. This is equivalent to the following group theoretic question.

Question 4.2. Which transitive rank 3 subgroups G of Spl.S,, on mb points, leaving
invariant a partition B with m blocks of size b, act faithfully on B?

Such groups exist, for example, G = PSL(3,3) has a rank 3 permutation repre-
sentation of degree 39 of this type. We plan on answering this question in future
work [5]. Thus, since K, can be G-basic for some m,b, G, the question arises
as to whether K, can occur as a basic normal quotient nontrivially covered by
a nonbasic graph in LDT(s), as in Theorem 1.2. We prove next that this is not
possible. We encourage the reader to draw a picture while following the proof.

Proposition 4.3. Let I' be a graph in LDT(s) relative to G for s > 2. Then there
exists no nontrivial N <A G such that I is a cover of I'y and I'n = K,y for some
m>3,b0>2.

Proof. Assume such a normal subgroup N exists. Let B be the G-invariant partition
consisting of the orbits of NV, and let v be a vertex of I' and B be the block of B
containing v. Let C} be the set of vertices of I' which are in one of (m — 1)b blocks
of B at distance 1 from B in I'y and let Cy be the set of vertices of I' which are
in one of the b — 1 blocks of B at distance 2 from B in I'yy. Then the stabiliser G,
fixes setwise the block B, the set C; and the set C5. Since I' is a cover of I'y, v
is adjacent to exactly one vertex in each block of B contained in C. Since C5 is
stabilised by G,, contains vertices in I's(v) and since G, is transitive on I'y(v), we
have that I'y(v) is entirely contained in Cy. Therefore for v € I'y(v), I'y(u) N Cy
must be contained in I'y(v), and so the induced subgraph [I';(v)] is isomorphic to
Kn—1p. For w € T'1(v), since I' covers I'y, the vertex w is adjacent to exactly
one vertex in each block of B contained in C5, and by the same argument as above
[I'1(w)] = K@n—1)p)- Using the same argument again with a vertex x € I'y (v) NIy (w),
we find that for y € T'y(w) N Cy, T'1(y) = I'1(v), and so I'1(w) N Cy = I'y(v). Hence
{v}UT(v) UTy(v) is a connected component of I' with one vertex in eack block of
B and isomorphic to K., contradicting the fact that I' is connected. O

5. PROOF OF THE MAIN THEOREM

In this section, we prove a technical version of Theorem 1.2. For a subset S C VI’
with |S| > 2, we define dr(S) = min{dr(v,w) | v,w € S,v # w}.

Lemma 5.1. Let I" be a connected locally (G, s)-distance transitive graph for some
s > 2, such that T" is bipartite with biparts Ay, As. Let B be a nontrivial G-invariant
partition of VI' and let B € B with |B| > 2. Then dr(B) > 2. Moreover, if
dr(B) =2, then B = A, for some i.

Proof. By Lemma 2.11(b), dr(B) > 2. Suppose that dr(B) = 2, so that B contains
two vertices v, w such that dr(v,w) = 2. Then v and w are in the same bipart,
say Ay. By Lemma 2.11(a), B contains I'y;(v) for all j and so by connectivity B
contains A;. If B contained also a vertex from A,, then it would contain a pair of
adjacent vertices, contradicting the fact that dr(B) = 2. Thus B = A;. O]
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The special case where a block contains vertices at distance 2 will be crucial in
the proof of Theorem 1.2.

Lemma 5.2. Let I" be a connected locally (G, s)-distance transitive graph with s > 2.
Let B be a nontrivial G-invariant partition of VI', and let B € B with |B| = b > 2.
Assume that dr(B) = 2. Then one of the following holds:
(i) |B] = 2;
(ii) I is bipartite, B is a bipart, G is intransitive on VI', I'g = Ky, with r > 2,
and for C € B\ {B} either |C| =1 ordp(C) > 4.
(iii) I' =2 Kyp) and I's = K,,,, where m > 3, and s = 2.

Proof. If |B| = 2 then part (i) holds, so assume that |B| > 3.

Suppose first that I' is bipartite with biparts A; and A,. By Lemma 5.1, B = A;
for some ¢, say B = Ay. Let C' € B be such that C' C A,. By the definition of a
bipart, we have that if |C| # 1, then dr(C) is even. Since |B| > 3, C' # A,. Then
Lemma 5.1 implies that either |C| = 1 or dp(C) > 4. The quotient graph I's is a
star Ky, and r > 2 since |B| > 3. Since G induces a group of automorphisms of I's,
it follows that G is not vertex-transitive, so part (ii) holds.

Suppose now that I' is not bipartite. Then by Lemma 2.4, I" is G-vertex transitive,
and so for all blocks C' € B, |C| = |B| = b and dr(C) = 2. Let x be a vertex and
B, be the block of B containing . Since dr(B,) = 2 and Gp, acts transitively on
B,, there exists y € B, with dr(z,y) = 2. By Lemma 2.11(a), it follows that B,
contains I'y;(x) for each i < diamp(x)/2. Since this argument is valid for any vertex
x, it follows that each pair of vertices at even distance is contained in a block of B.

Suppose there are two vertices v and v’ in distinct blocks C' and C” such that v and
v’ are not adjacent. Then they are at odd distance n > 1. Let v = xg, 1, ..., 2, =0
be a shortest path. Then x; € C for even i since dr(zg, z;) is even and z; € C’ for
odd i since dp(zp,x;) is even. In particular x3 € C' and dr(v,x3) = 3. Let C” be
a block of B distinct from C' and C’" and let v € C”. If v" is adjacent in I' to
21, then we put y := v”. Otherwise, by the argument we just used, there exists a
shortest path from x; to v” all of whose vertices are in C' U C”. We let y be the
second vertex in this path, so that y € C” and y is adjacent to x; in I'. Hence
dr(v,y) < 2 with v and y in distinct blocks, and so dr(v,y) = 1. For the same
reason, since dr(z2,y) < 2, we have dr(z2,y) = 1. Hence x5 is adjacent to both x5
and y, and so dr(z3,y) < 2. By the same argument, we have dr(z3,y) = 1. Now y is
adjacent to both z3 and v, contradicting the fact that dr(v,z3) = 3. Thus vertices
in distinct blocks are adjacent in I'. Hence I' is complete multipartite with parts
the blocks of the partition B. As already mentioned, all blocks of B have the same
size b > 2, and so I' =2 K.y, with m = |[B| > 3. We have I'y = K,,. Moreover
2 < s <diam(I') = 2, so s = 2 and part (iii) holds. O

In case (ii) whenever the quotient is normal, we will show in a forthcoming paper
6] that either I" is complete bipartite, or dr(C') > 4 for all blocks of B distinct from
B. Moreover, the valency of the vertices in B is r.

The following lemma is key for proving Theorem 5.4 and Theorem 1.2. For a
subset U C VT, denote by [U] the induced subgraph of I" on U.

Lemma 5.3. Let I be a connected locally (G, s)-distance transitive graph with s > 2.
Let 1 # N <G be intransitive on VI, and let B be the set of N-orbits on VI'. Then
one of the following holds:
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i) |B| = 2;
ii) I" is bipartite, U'y = Ky, with r > 2 and G is intransitive on VI';
(iii) s =2, ' =2 Ky, 'n 2 K, withm >3 and b > 2;
(iv) N is semireqular on VI', T is a cover of I'n, |VI'y| < |VT| and T'y lies in
LDT(s) relative to G/N.

Proof. Since s > 2, the diameter of I' is at least 2, and so I' is not a complete graph.
The set B is a G-invariant partition of VI'. Since N # 1 and N is intransitive on
VT, it follows that B is nontrivial, and hence that B contains blocks of size at least
2. We assume |B| > 3, otherwise we are in case (i).

By Lemma 5.1, dp(B) > 2 for any B € B of size at least 2. Suppose first that
dr(B) = 2 for some block B € B. Then case (ii) or (iii) of Lemma 5.2 holds. If
Lemma 5.2(iii) holds then case (iii) holds. Now suppose that case (ii) of Lemma 5.2
holds, so I' is bipartite with B a bipart and a G-orbit, and I'y = K, with r > 2.
Thus case (ii) holds.

Finally assume that dr(B) > 3 for each block B € B of size at least 2. Let u be a
vertex in some block B. Thus |I';(u) N B’| =0 or 1 for each B’ € B. Suppose that
N, # 1. Since I is connected, there exists a path uy = u, w1, ..., u;, u;41 such that
N, fixes each of ug,uy,...,u; but not u;4,. Let g be an element of NV, fixing u; but
not u;41. Thus u?H is in I'1 (u;) and is distinct from w;4q. Since blocks are N-orbits,
ujy1 and uf,, are in a common block B, and dr (w1, uf, ;) = 2 contradicting the
fact that dr(B’) > 3. Hence N, = 1, and N is semiregular on VI'. In particular
|N| = |B|. Since this argument works for any vertex wu, all blocks of B have size
|IN| > 2.

Let {B1, B2} be an edge in ET'y. Then there exist v € B; and w € By such that
w € I'1(v). Hence |I'1(v) N By| = 1. Since N is transitive on B; and Bs, it follows
that the subgraph [B; U By is a perfect matching, and so I" is a cover of I'y. Since
N # 1, we have |[VI'y| < |VI'|. By Lemma 2.12, 'y lies in LDT(s) relative to G/K
where K is the kernel of the action of G on B. Obviously, N < K, and so B is
the set of K-orbits. Since |B| > 3 and dr(B) > 3 for each B € B, the argument
of the previous paragraph shows that K must be semiregular on VI'. Therefore
|IN| = |B| = |K|, and so N = K. Hence case (iv) holds. O

Notice that if T is not bipartite, then cases (i) and (ii) of Lemma 5.3 cannot
happen. In case (ii) we make no mention of the parameter s. In further work [6]
we show that, provided r > 3, s is at most 4 and investigate the case s = 4 which
gives rise to a rich family of examples. Next we prove a more technical version of
Theorem 1.2 and derive Theorem 1.2 from it.

Theorem 5.4. Let s > 2 and let I' € LDT(s) relative to G. Then one of the
following holds:
(a) T is degenerate;
(b) T is G-basic;
(c) T is neither degenerate nor G-basic, and, for any nontrivial N QG such that
I'y is nondegenerate, I'y € LDT(s) relative to G/N, |VI'y| < |[VI|, I is a
cover of I'y, and N is semiregular on VI';
(d) T is Ky for some m > 3,b > 2, and G does not act faithfully on the
multipartition.

Proof. Assume I' is nondegenerate. If diam(I') = 1, then I is a complete graph,
which by Lemma 2.3 is in LDT(s). Moreover, by Proposition 3.1, I' is G-basic, and
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hence (b) holds. Assume now that diam(I') > 2. If I' is isomorphic to K, for
some m > 3,b > 2, then by Lemma 2.3, I" is in LDT(s). If G acts faithfully on the
multipartition, I' is G-basic by Proposition 4.1 and we are in case (b); otherwise,
case (d) holds. We now assume I is not isomorphic to K, for any m > 3,b > 2.

By assumption, I' is connected and locally (G, s’)-distance transitive, where s’ =
min{s, diam(I")} > 2. If all nontrivial normal subgroups N of G have at most two
orbits on VT, then T' is G-basic with T'y = K; or Ky and we are in case (b).
Assume there exists 1 # N < G with at least three orbits on VI'. For each such
subgroup, we can apply Lemma 5.3, and find that either (iii) I'v = K, with r > 2
and G is intransitive on V', or (iv) N is semiregular on VI, ' is a cover of I'y,
|[VIn| < |[VT| and 'y lies in LDT(s’) relative to G/N. Since min{s’,diam(I'y)} =
min{s,diam(I'y)} by Lemma 2.10(a), I'y also lies in LDT(s) relative to G/N in the
latter case.

If, for all N with at least three orbits on VI', we are in case (iii), then I' is G-basic
and case (b) holds. Otherwise, there exists at least one subgroup N of G such that
I'ny 2 K, and so I' is not G-basic. As we observed in the previous paragraph, all
the conditions of (c) hold for this N and for all N such that I'y is nondegenerate.
Thus case (c) holds. O

We now prove Theorem 1.2 stated in the introduction.
Proof. Assume I' is neither degenerate, G-basic, nor isomorphic to K, for some
m > 3,b > 2. Then by definition there exists a nontrivial subgroup N <1 G such
that I'y is nondegenerate. We can choose N maximal with respect to the condition
that I'y is nondegenerate. By Theorem 5.4, I'y € LDT(s) relative to G/N and I' is
a cover of I'y. Any nontrivial normal subgroup of G/N is of the form M/N where
N < M <G. Moreover, it is easy to see that (I'nv)a/n = 'y By the maximality of
N, we have that I'j, is degenerate. Hence all nontrivial (G/N)-normal quotients of
'y are degenerate, and so I'y is (G/N)-basic. O

6. BASIC LOCALLY s-DISTANCE TRANSITIVE GRAPHS

In this section we explore the role of quasiprimitive group actions in describing the
G-basic graphs in LDT(s). Recall from Definition 2.14 the notions of quasiprimitive
and biquasiprimitive for permutation groups.

We will use the following technical Lemma, that is Lemma 5.4 of [10].

Lemma 6.1. Let I be a finite connected graph such that H has two orbits Ay and A,
on vertices and H acts faithfully on both orbits. Suppose that every nontrivial normal
subgroup of H 1is transitive on at least one of the A;. Then H acts quasiprimitively
on at least one of its orbits.

Theorem 6.2. Let s > 1 and let ' € LDT(s) relative to G be G-basic. Then one of
the following holds:

(i) I' is K, for some m,n > 2;
(ii) G is quasiprimitive on VT';
(iii) T 4s bipartite, G is biquasiprimitive on VI' and G acts faithfully on each
bipart;
(iv) T is bipartite, G = G acts faithfully on both biparts and quasiprimitively on
at least one.
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Proof. By the definition of a G-basic graph in LDT(s), if 1 # N < G, then I'y =
K, K, or K, , for some » > 2. By Proposition 3.2, K,,,, with m,n > 2 is G-basic
for any G such that K, ,, lies in LDT(s) relative to G, and (i) holds. Suppose now
that case (i) does not hold.

Assume G is transitive on VI'. As G acts transitively on VI'y, I'y is not a star
K,, with » > 2, and so for any 1 # N < G, the subgroup N has at most two
orbits on vertices. Therefore, either G does not contain an intransitive nontrivial
normal subgroup and G is quasiprimitive on VI', or such a subgroup exists, and G
is biquasiprimitive on VI'. In the former case, case (ii) holds. Suppose the latter
case happens. There exists a normal subgroup N with two orbits A; and As, and
neither of these orbits contains an edge by Lemma 2.11(b). Therefore I is bipartite
with biparts Ay, Ay. By Lemma 2.4, G is the stabiliser of A; and A,y. Let N; be
the kernel of the action of G on A;, : = 1,2. Since N; <GT and NyN Ny, =1, N;
and N, centralise each other. Moreover, as G is transitive on VI', some element of
G conjugates Ny to Ny and Ny to Ny, and so Ny X Ny <{G. Thus either Ny x Ny =1
(and so Ny = Ny = 1) or N; X Nj has two orbits, namely A; and As,. In the second
case, V1 is transitive on Ay, and so, since each vertex of A; is adjacent to at least
one vertex of A,, it follows that each vertex of A; is adjacent to all vertices of A,.
Therefore I' is complete bipartite, which we have assumed is not the case. Hence
Ny = Ny =1, and so (iii) holds.

Now assume G is intransitive on VI'. By Lemma 2.4, I' is bipartite and the orbits
of G = G on VI are the two biparts Ay and A, on VI'. If one of these biparts
has size 1, then by connectedness, I' = K ,, and so I' is degenerate and hence not
G-basic. Therefore both orbits have size at least 2. All subgroups of G have at
least two orbits and so, for all nontrivial N < G, either N has exactly two orbits
on vertices, namely A; and Ay, or I'y = K, for some » > 2. In both cases, N
is transitive on at least one orbit. We claim that G acts faithfully on A; and As.
Indeed let N; be the kernel of the action of G on A; for i = 1,2. Suppose N; # 1.
Since |A;| > 2, N; < G has at least 3 orbits on VI, and so I'y, = K, , for some
r > 2. Therefore N; is transitive on A; (j # i) and I' is complete bipartite by the
same argument as above. We have assumed this is not the case, so this proves the
claim. Hence G4t =~ G#2 =~ (. Applying Lemma 6.1 to the group G yiels case
(iv). O

We now prove Theorem 1.3.
Proof. The first statement is Corollary 2.5. Now suppose I' is G*-basic. We use
Theorem 6.2 with the group G*. Since (G7)" = G, case (iii) does not happen.
Hence either T is K, ,, for some m,n > 2, or G is quasiprimitive on VT, or T is
bipartite, G* acts faithfully on both biparts and quasiprimitively on at least one.
The result follows. H

Theorem 1.3 opens the way to applying the theory of finite quasiprimitive permu-
tation groups [15] to analyse locally s-distance transitive graphs. This will be the
subject of [7].

By Corollary 3.4, we know there exist graphs in LDT(s) relative to G which are
G*-basic but not G-basic. So it is natural to ask whether there exists a graph in
LDT(s) relative to G, with s > 2, that is G-basic but not G -basic.

Proposition 6.3. Let I" be a graph in LDT(s) relative to G, with s > 1. Then the
following conditions are equivalent.



LOC. s-DIST. TRANS. GRAPHS 15

(a) T' is G-basic but not GT-basic.
(b) T s bipartite, G is biquasiprimitive on VT and G acts faithfully on both
biparts but not quasiprimitively on either of them.

Proof. Assume I' is G-basic but not G*-basic. Obviously, G # G7, and so by
Lemma 2.4, I" is bipartite and G is the setwise stabiliser in G of the two biparts.
We must be in case (i) or (iii) of Theorem 6.2. By Proposition 3.2, case (i) cannot
happen, and so G is biquasiprimitive on VT and G acts faithfully on each bipart. If
G™ acted quasiprimitively on one bipart, then all G™-normal quotients of I' would be
stars or Ky, and so the graph would be G*-basic. Therefore G is not quasiprimitive
on either of the biparts and (b) holds.

Now assume I is bipartite, G is biquasiprimitive on VI and G acts faithfully on
both biparts but not quasiprimitively on either of them. Since G is biquasiprimitive
on VT, all nontrivial G-normal quotients of I" are isomorphic to K; or K,, and so
I" is G-basic. Since G is not quasiprimitive on either of the biparts A; and A,, by
Lemma 6.1 applied to the group G, we get that there exists a nontrivial normal
subgroup N of G* that is intransitive on both orbits. Therefore the G*-normal
quotient I'y is not degenerate, and so I' is not G*-basic. 0

In the purely group theoretic context, we know that there exist biquasiprimitive
permutation groups such that G is not quasiprimitive on either of its two orbits,
see [16]. If G is such a group and we take as edge-set an orbit of G* on pairs
of points, one in each GT-orbit, we get a graph in LDT(1) provided the resulting
graph is connected. There are certainly connected examples among the restricted
family of biquasiprimitive groups constructed in [16, Example (c)(i) and (ii)]. We
will describe in a forthcoming paper [8] an infinite family of examples with s = 2.
We remark that the group G in these examples satisfies the first of two alternatives
of [16, Theorem 1.1(c)]. We conclude this section with a number of open questions
arising from the results we have proved.

Question 6.4. What can be said about the structure of graphs and groups satisfying
the equivalent conditions of Proposition 6.37 Are there any examples in LDT(2) with
the group G satisfying [16, Theorem 1.1(c)(ii)|]? Are there any examples in LDT(s)
with s > 37

For the subclass of locally s-arc transitive graphs discussed in the next section,
only half of the possible quasiprimitive types arise (see [10, 15]). It would be of
interest to know whether additional types occur for this larger class.

Question 6.5. What quasiprimitive types arise for faithful G*-actions on vertex-
orbits for a graph I' € LDT(s) relative to G, for s > 27 In particular, if I' € LDT(s)
relative to G, with s > 2, and if part (ii) or (iv) of Theorem 6.2 holds, can G*
act quasiprimitively on a vertex-orbit with a type that does not occur for locally
(G, s)-arc transitive graphs?

7. LINKS WITH OTHER FAMILIES OF GRAPHS

In this section, we make some brief comments about some classes of graphs related
to LDT(s) that have been studied previously, and their local distance transitive
properties, namely locally s-arc transitive graphs and distance (bi)regular graphs.
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7.1. Locally s-arc transitive graphs.

Definition 7.1. An s-arc of a graph is an (s + 1)-tuple (vg, vy, ..., vs) of vertices
such that v; is adacent to v;_; forall 1 <7 < sand v,y # vj;; forall 1 <j <s—1.
A graph is locally (G, s)-arc transitive if it contains an s-arc and, for any vertex v,
the stabiliser G, is transitive on the set of s-arcs starting at v. A graph is (G, s)-
arc transitive if it is locally (G, s)-arc transitive and G is transitive on vertices.
Whenever G is the full automorphism group of the graph, we write ‘(locally) s-arc
transitive’ instead of ‘(locally) (G, s)-arc transitive’.

The girth of a graph is the length of its shortest cycle. In a graph I' of girth g, if
dr(v,w) = i < [%}] then there is only one i-arc joining v and w. So we have the
following statement.

Lemma 7.2. Let I be a graph of girth g, and G < Autl'. If s < [9771], then T is
(locally) (G, s)-distance transitive if and only if T is (locally) (G, s)-arc transitive.

Thus, the upper-bounds on s for locally s-arc transitive graphs all of whose vertices
have valency at least 3, namely s < 7 for s-arc transitive graphs [21], and s < 9 for
locally s-arc transitive graphs [19], imply the following conclusion.

Corollary 7.3. Let I be a connected graph of girth g such that all vertices have
valency at least 3.

(i) If g > 17 and T is s-distance transitive, then s < 7 and T' is not distance
transitive.

(ii) If g > 21 and T is locally s-distance transitive, then s < 9 and ' is not
locally distance transitive.

Proof.

(i) Suppose g > 17. If I' is 8-distance transitive then, since 8 < [g%l], it follows
from Lemma 7.2 that I' is 8-arc transitive, which contradicts [21]. Moreover,
since g > 17 we have diam(I") > 8, and if T" is distance transitive, then T" is
8-distance transitive, which is a contradiction.

(ii) The proof is similar. O

By [22, Corollary 1.3], all the distance transitive graphs with valency at least 3
and girth at least 9 are known. They are the Biggs-Smith graph of girth 10, the
Foster graph of girth 9, and the incidence graphs of the split Cayley generalised
hexagons (of girth 12). Hence the bound g > 17 is not tight, we actually have that
for ¢ > 13, I' is not distance transitive. This suggests the same question for locally
distance transitive graphs.

Question 7.4. What is the maximum value for the girth of a connected locally
distance transitive graph such that all vertices have valency at least 3¢ By [22] and
Corollary 7.3, we know it is between 12 and 20.

7.2. Distance (bi)regular graphs. Distance regular graphs have been studied
extensively, see for instance [2]. Their bipartite counterparts, distance biregular
graphs, were studied in [11] and [4].

Definition 7.5. A connected graph is distance reqular if, for any integer k and any
vertices x,y, the number of vertices at distance k from z and adjacent to y only
depends on d(x,y). A connected bipartite graph is distance biregular if, for any
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integer k£ and any vertices x,y, the number of vertices at distance k from x and
adjacent to y only depends on d(x,y) and the bipart containing z.

Note that in both definitions, the number is 0 unless d(z,y) —1 < k < d(z,y) + 1.
Distance transitive graphs are examples of distance regular graphs and bipartite
locally distance transitive graphs are examples of distance biregular graphs.

For distance regular (respectively biregular) graphs, one can define one (respec-
tively two) intersection array(s). In [11], it is proved that in the biregular case one
intersection array can be recovered from the other.

In view of our definition of locally s-distance transitive graphs, we define s-distance
(bi)regular graphs, of which locally s-distance transitive graphs are examples.

Definition 7.6. A connected graph with diameter at least s is s-distance regular if,
for any integer k£ and any vertices z, y at distance at most s, the number of vertices at
distance k from = and adjacent to y only depends on d(z,y). A connected bipartite
graph with diameter at least s is s-distance bireqular graph if, for any integer k and
any vertices x,y at distance at most s, the number of vertices at distance k from z
and adjacent to y only depends on d(x,y) and the bipart containing x.

We define the s-partial intersection arrays of an s-distance (bi)regular graph I
Let x be a vertex of I" and i < s. Let y € I';(z), then let a;(x) := [T'1(y) N Ty(x)|,
bi(x) := |1 (y) N T (z)], and ¢;(x) := [T (y) NTi_1(x)| (if ¢ > 0). By definition,
the numbers a;(x), b;(z), and ¢;(x) do not depend on the choice of y. Notice that
a;(x) + bi(x) + ¢;(z) is equal to the valency of y, and so provided this valency is
known, a;(z) can be deduced from the other two numbers. Notice also that by(x) is
the valency of . We now define the s-partial intersection array of I' at x by

(T, s,2) = (bo(x),bi(x),. .., bs(x);c1(x), ca(x),. .., cs(x)).

Some of the parameters can be 0 and are sometimes not included in the array.
More precisely, if s = diamp(z), then bs(z) = 0, and if s = diam(I") but diamp(z) =
s — 1, then bs_1(z) = bs(z) = ¢5(x) = 0.

If T is s-distance regular then «(T', s, 2) does not depend on the choice of z. In this
case, it will be called the s-partial intersection array of I" and denoted by «(T', s). If
I is s-distance biregular, then I' has biparts A and A’ and there are two s-partial
intersection arrays, depending on whether A or A’ contains . They will be denoted
by «(T',s) and (I, s) respectively, and ¢;(z) (for ¢t = a, b, c) will simply be written
t; or t; for x in A or A’ respectively. Notice that in this case a; and a] are equal to
0 for each 1.

Following the treatment in [4] for distance biregular bipartite graphs, we have the
following proposition.

Proposition 7.7. Let I' be an s-distance biregular graph. Then the following equal-
ities hold:
(a) bi+c¢; =bg = b+ ¢ for even i < s and odd j < s.
(b) b +c; = by =+ for odd i < s and even j < s.
(¢) cicip1 = ¢Chy fori even, 1 <1 <s.
)

(d) bibiyr = Uib; 4 fori odd, i < s.

Proof. (a) and (b): By Lemma 2.4, I" is bipartite, and so a; = a, = 0 for each
1. Thus b; + ¢; is equal to the valency of a vertex in A or A’, for i even or odd
respectively. As already mentioned, this valency is equal to by or ) respectively.
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The equations involving b and ¢ are proved similarly.

(c) Let z € A and y € A’ with dr(z,y) = j < s. Note that j must be odd. It
follows from the definition of the ¢; that the number of paths between x and y is
CjCj—1 - .. C3co. Similarly, it follows from the definition of the c;- that this number is
also ¢ic;_; ...chey. For j = 3 (assuming s > 3), this gives cacz = che3. The equations
for larger even ¢ follow by an easy inductive argument.

(d) Counting in two ways the number of paths of odd length i < s+ 1 in I'; one
gets |A|boby ... b1 = |A|bpb] ... b,_;. Now |Alby = |A'|bf is the number of edges of
I, and so we have byby...b;—y = bjb,...b,_,. For i = 3 (assuming s > 2), this gives
b1bo = bib,. We conclude by an obvious induction. O

Corollary 7.8. Let I' be an s-distance biregular graph. If «(T',s) is known, then
/(1) s) is uniquely determined, and vice versa.

Proof. Assume ((I', s) is known. By Proposition 7.7(b), by = by + ¢; is determined.
Obviously ¢; = 1 and so 0} = by — ¢; by Proposition 7.7(a). We will now show that
if «(I',s) and by;_,; are known and 2i < s, then by;, cb;, ¢4, by, are determined.
Indeed b}, = bo;—1ba; /bl | by Proposition 7.7(d), c¢,; = by —bh; by Proposition 7.7(a),
Chir1 = Caibaip1/ch; by Proposition 7.7(c), and b, = by — ch;, by Proposition
7.7(a). Note than since 2i < s, by, ; # 0 and ¢y; # 0. By induction, all b; and ¢ are
determined up to the biggest odd integer less or equal to s. So we are done if s is
odd. Assume s is even. If o), | # 0, then b, = bs_1bs/V),_, by Proposition 7.7(d) and
¢ = by — bl by Proposition 7.7(a). On the other hand, if ¥, ; = 0, then we are in
the situation described above where diamp(z) = s for x in A but diamp(z) = s — 1
for 2’ in A’, hence obviously b, = ¢, = 0.

The proof is similar if //(T") is known. O

The notion of an s-partial intersection array is useful for describing a given locally
(G, s)-distance transitive graph. It will be used in [6].
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