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Abstract

The class of all connected vertex-transitive graphs forms a metric space
under a natural combinatorially defined metric. In this paper we study
graphs which are limit points in this metric space of the subset consisting
of all finite graphs that admit a vertex-primitive group of automorphisms.
A description of these limit graphs provides a useful description of the pos-
sible local structures of generic finite graphs that admit a vertex-primitive
automorphism group. We give an analysis of the possible types of these
limit graphs, and suggest directions for future research. Some of the anal-
ysis relies on the finite simple group classification.
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1 Introduction

In this paper we study limit graphs of finite vertex-primitive graphs in a natural
metric space consisting of vertex-transitive graphs. Before defining this metric
space (G, p), we make a few remarks concerning the terminology used in the

paper.

The metric space (G, p) and limit graphs

All graphs in this paper will be undirected graphs without loops or multiple
edges. For a graph T, the vertex set and edge set of I' are denoted by V(T)
and E(T") respectively. For a connected graph I', the usual metric on V(I)
is denoted dr(.,.), namely dr(x,y) denotes the length of a shortest path in
I between the vertices z and y. For a vertex € V(I') and a non-negative
integer r, Br(x,r) = {y|dr(x,y) < r} is the ball of radius r with centre z in T.
Furthermore, we denote Br(z,1)\{z} by I'(x). Thus degp(z) := |['(x)]| is the
valency (or degree) of x. If deg(x) is finite for all z € V(T'), then the graph T is
said to be locally finite. If degp(z) is independent of z € V(T") (for example, if the
automorphism group Aut(T') of T' is vertex-transitive), then deg(T") := degp(x)
denotes the valency (or degree) of T'. If Aut(T") is vertex-transitive (respectively
edge-transitive, vertex-primitive), then the graph T is called vertez-transitive
(respectively edge-transitive, vertex-primitive). For a subset X C V(I'), the
induced subgraph on X is denoted (X)r.

Let G* denote the set of all pairs (I',z), where I' is a connected locally
finite graph and = € V(I'), that is, the set of all undirected connected locally
finite graphs with distinguished vertices. Then G* is a metric space under the
following metric p*.

For (T, z), (A,y) € G*, p*((T', z), (A, y)) is defined to be zero if there is an iso-
morphism ¢ : I' — A such that ¢(x) = y, and otherwise, p*((T', z), (4, y)) is de-
fined as 27%*1 where k is the least positive integer such that the induced graphs
(Br(z,k))r 2 (Ba(y,k))a. If T', A are vertex-transitive, then p*((T', ), (A, y))
is independent of the choice of z € V(I'),y € V(A), and we write this value
as p(I';A). Thus the function p induces a metric (which we also denote by
p) on the set G of (isomorphism classes of) undirected connected locally finite
vertex-transitive graphs. Studying the limit points in (G, p) of the set of finite
vertex-primitive graphs, is the aim of the paper.

For each d > 0, let G4 denote the subset of G consisting of graphs of valency
d, so that G = Ug>0Gq. Every infinite sequence of graphs in G4 has a convergent
subsequence (see Proposition 1), and hence G4 is compact for each d > 0. The
basic properties of the metric space (G, p) were first studied in [16] and detailed
proofs of several of the results may be found in [5]. In particular, it was shown
that (G, p) is a locally compact, complete and totally disconnected metric space
[5, Theorem 2.4].

If, in the metric space (G*, p*), a sequence ((I';, z;))i>0 converges to (I, x),
then, by definition, there exist ¢; : V(I') — V(I;), for ¢ > 0, such that ¢;(z) =
x; for all ¢ > 0 and, for any positive integer r, the restriction of ¢; to Br(z,r



induces an isomorphism from (Br(z,7))r to (Br,(z;,7))r, for all sufficiently
large i. If the sequence (;);>0 with these properties is given, then the sequence
((Ty,:))ix0 is said to (@;)i>0-converge to (T, ).

For a subset X of G* (respectively G), the closure of X in (G*, p*) (respec-
tively (G, p)) is denoted X'. Thus X consists of graphs with distinguished vertices
from G* (respectively graphs from G) to which some sequence from X converges.
Also, for X C (G*, p*) (respectively X C (G, p)), we define

lim(X) ={z € X |z e X\ {z}},

the set of limit graphs with distinguished vertices (respectively the set of limit
graphs) for X. Note that lim(X) does not contain finite graphs with dis-
tinguished vertices (respectively finite graphs). In particular, if X' consists
of finite graphs with distinguished vertices (respectively finite graphs), then
lim(X) =X\ X.

A description of the limit graphs of a subset X of G provides, in some sense,
a description of the possible local structures of typical graphs in X'. In some
situations, to prove that graphs from a set X have a certain property, it is
sufficient to prove an appropriate property for the limit graphs of X and, most
importantly, in these situations it is usually much simpler to work with the limit
graphs. The type of arguments (when they work) proceed as follows: under the
assumption that our desired result is false, we obtain a convergent sequence
of distinct graphs from X without the appropriate property; further analysis
of the corresponding limit graph then shows that the properties of this limit
graph are incompatible with those known to hold for graphs in X. This type
of argument, using limits and convergence in G* and G (as well as convergence
of automorphisms of graphs as defined below in Section 2) was used intensively
in [16] for investigating the behaviour of automorphisms of graphs with vertex-
primitive groups of automorphisms. The results in [16] motivated the following
problem.

Problem 1 [9, Problem 12.89] Describe the limit graphs for the subset FP of
G, where FP consists of all finite vertex-primitive graphs.

In this paper we begin a systematic study of the set lim(FP). As remarked
above, each graph in lim(FP) is infinite and vertex-transitive. However, not
all graphs in lim(FP) admit a vertex-primitive group of automorphisms. For
example, the infinite path is not vertex-primitive, and yet it is the unique limit
graph of the subset of FP consisting of all cycles of prime order. More examples
of vertex-imprimitive limit graphs are given in Example 3.

Our results involve application of the O’Nan-Scott Theorem for finite prim-
itive permutation groups. This theorem, see for example [3, Chapter 4], parti-
tions the family of finite primitive permutation groups into a number of disjoint
types. The precise number of types varies across different statements of the
theorem. However, three types are of particular importance in this paper, and
these types are denoted by HA, AS and PA. Let G be a primitive permutation
group on a finite set V', and let v € V. Then G has type HA if it has a transitive



abelian normal subgroup; type AS if it is an almost simple group, that is, if
T <G < Aut(T) and T is a finite nonabelian simple group; and, finally, G has
type PA if G has a unique minimal normal subgroup N = T*, where T is a
finite nonabelian simple group and k£ > 2, and the stabiliser IV, projects onto
nontrivial proper subgroups of the simple direct factors of N. For each of these
three types X, let FPx denote the subset of FP consisting of all finite graphs
admitting a vertex-primitive group of automorphisms of type X. Note however,
see Example 1, a graph in FP may lie in more than one of the subsets FPx.
Our first result shows that the subsets FPx, for X € {HA, AS,PA}, in a sense
control the limit graphs of FP.

Theorem 1 lIm(FP) = im(FPua) UIm(FPas) Uim(FPpas ), and moreover,
lim(]:'P\ (fPHA UFPas U ]'—PPA)) = 0.

This theorem, proved in Section 3, depends on the classification of the fi-
nite simple groups since, in particular, its proof depends on the Sims Con-
jecture [2] (and see Section 2). It leads us naturally to study the three sets
lHm(FPua), im(FPas) and im(FPpa). Our most decisive result concerns the
first of these.

Theorem 2 lim(FPya) is disjoint from Um(FPas) U lm(FPpys), and each
graph in Um(FPua) is a Cayley graph of a free abelian group of finite rank.

This theorem is proved in Section 4. Although it gives a satisfactory general
description of graphs in lim(FPya ), it is not clear precisely which Cayley graphs
arise. Thus we pose the following problem.

Problem 2 Determine which Cayley graphs of free abelian groups of finite rank
lie in im(FPya).

In Section 4 we give several examples of graphs in lim(FPyya), showing in
particular that examples exist for free abelian groups of each finite rank (see
Examples 2 and 3). However the most important open problem concerning
lim(FP) is the following one.

Problem 3 Give a useful description of the limit graphs in lim(FPag) and
Hm(FPpa).

In Sections 5 and 6 we begin work on this problem. In Section 5, we show
that the graphs in lim(FPag) are limits of finite graphs admitting almost simple
primitive groups from the same family of Lie type groups, and having very
restricted vertex stabilisers. Section 6 contains a construction of a family of
graphs in lim(FPpa) that are Cartesian products of graphs in lim(FPag).

Finite edge-transitive graphs admitting vertex-primitive automorphism groups
are important in both Combinatorics and Algebra, and this is a major reason for
studying the limits of such graphs in this paper. An additional motivation for
studying the limits of edge-transitive graphs in 7P, which we discuss in the next



paragraph, is that they shed light on the structure of general graphs in lim(FP).
Thus we define FP¢ 17" a5 the set of all finite vertex-primitive, edge-transitive
graphs. Also, for each type X € {HA, AS, PA}, we define FP$ "*"* to be the
subset of F'P of all finite graphs admitting an edge-transitive group of automor-
phisms that is also vertex-primitive of type X.

For each type X, the connection between FPx and FPY " is well un-
derstood and may be described as follows. If I' € FPx with a vertex-primitive
subgroup G of automorphisms of type X, and if Eq, ..., E, are the G-orbits on
E(T), then for each 7, the graph X; on the same vertex set as I', and with edge set
FE;, admits G as a vertex-primitive and edge-transitive group of automorphisms,
and so ¥; is connected (since G is primitive) and lies in FPS ""*"*. Moreover
I is the edge-disjoint union of X1, ..., 3,. A similar connection exists between
lim(FPx) and lim(FPE ). Let I' € lim(FPx), with vertex-transitive group
G of automorphisms and G-edge orbits E1, ..., E,, and let the 3; be defined as
before, so that I' is the edge-disjoint union of ¥4,...,%,. We cannot guarantee
that the group G can be chosen to be vertex-primitive, so some of the ¥; may
be unconnected. However, (see Proposition 7), G may be chosen such that each
connected component of each of the ¥; lies in lim(FPg ™).

Thus the graphs in lim(FP°~"*") play a central role in our understanding
of lim(F7P). Tt follows from Theorem 1 that lim(FP ") = lim(FP§ " *"*)U
Hm(FPG ™) U im(FPpa"*"*), and thus Problem 3 in the case of edge-
transitive graphs may be formulated as follows.

Problem 4 Describe the graphs in im(FPSg" ") and im(FPE," ™).

We give several families of examples of limit graphs of FP5g"*" in Sec-
tion 5, and in Section 7 we outline an approach for studying FP§,"*"*. How-
ever, even the subset lim(FP~ ") of lim(FP) seems difficult to describe in
a satisfactory manner. Thus we restrict our current investigation further to
studying the subset FP™™ of FP s consisting of all graphs which are
graphs of minimal valency for some finite vertex-primitive group. Here a con-
nected graph T' is a graph of minimal valency for a vertex-transitive group G of
automorphisms, if the valency of I' is minimal among all connected graphs A
with V(A) = V(T') and G < Aut(A). For such a graph I' and group G, if G
is vertex-primitive then it must act edge-transitively on I". Graphs of minimal
valency are of special interest as being natural ones admitting primitive permu-
tation groups. At the same time (we repeat) a description of limit graphs for
FP™™ provides in some sense, a description of the possible local structures of
typical graphs in FP™", so lim(FP™") is also of interest.

For each of the types X € {HA,AS,PA}, we define FPY™ as the sub-
set of FPL " of all finite graphs that are of minimal valency for some
vertex-primitive group of type X. By Theorem 1, lim(FP™") = lim(FPHa") U
lim(FPRE") Ulim(FPEY™). In Section 6 we prove the following result about the
graphs in lim(FPIm).

Theorem 3 T' € im(FPpa™) if and only if T is the nt* Cartesian power of A,
for some n > 1 and A € lim(FPRE").



For a definition of Cartesian powers of graphs see the paragraph after Theorem
7. Consequently, the main open problem concerning graphs in lim(FP™") is
the following.

Problem 5 Describe the graphs in im(FPRg

2 Preliminary results on limit graphs and limit
automorphisms

We recall some definitions and results from [5] and [16]. Let (I',z) be a limit
graph with a distinguished vertex in G*. Fix a sequence ((I';, z;));>0 in G* that
(pi)i>o-converges to (I',xz). Note that, if this holds, then for any integer se-
quence 0 <ig < i3 < ..., the subsequence ((I';,, i, ) >0 also (p;; );>0-converges
to (T, ).

A sequence (h;);>0 of automorphisms h; € Aut(T;) is said to (¢;)i>0-converge
to h € Aut(T) if, for any y € V(T'), ¢;(h(y)) = hi(vi(y)) holds for all sufficiently
large i. For each 4, let G; C Aut(T';). Then an automorphism g of T' is a limit
automorphism with respect to (G;)i>o provided there exists an increasing se-
quence (ij);>0 of non-negative integers such that, for some g; € G;; (j > 0),
the sequence (g;);>0 is (¢s,);>0-convergent to g. The subgroup of Aut(I") gen-
erated by all automorphisms which are limit automorphisms with respect to
(G;)i>o is called the limit group with respect to (G;)i>o-

The next four propositions follow immediately from [16, Propositions 2.1-
2.3], and are fundamental to our investigation. Detailed proofs can be found
in [5]. They will often be used without reference throughout the paper. In
the fourth we require the notion of an s-arc in a graph I': this is an (s + 1)-
tuple (vg,v1,...,vs) of vertices such that, for each i, v; is adjacent to v;11 and

Vi # Vit2.

Proposition 1 Let ((I';, z;))i>0 be a sequence in G* such that the valencies of
all vertices of all graphs T';, i > 0, are bounded above by a constant. Then
there exists an increasing sequence (ij);>0 of non-negative integers such that
((Ts;,m4;))i;>0 45 (@i, )i, >0-convergent to some (I',x) € G*.

Proposition 2 Let ((I';,z;))i>0 be a sequence in G* that (v;)i>0-converges to
(T,x), and let r be a non-negative integer. If, for each i > 0, g; € Aut(T;) is
such that dr,(x;, g;(x;)) < r, then there exists an increasing sequence (i;);>0 of
non-negative integers such that the sequence (gi;);j>0 s (i;);>0-convergent to
an automorphism of T'.

Proposition 3 Let ((I';,z;))i>0 be a sequence in G* that (¢;)i>0-converges to
(T',x). For each i > 0, let G; < Aut(I';), and let G be the limit group with
respect to (G;)i>o0. Then, for any non-negative integers r1,r2, there exists a
non-negative integer i(ry,r) such that, for any i > i(r1,r2) and any g’ € G;
with dr,(x;, ¢’ (x;)) < 71, there exists g € G such that ¢;(g(y)) = ¢'(¢i(y)) for
all y € Br(z,rs).



Proposition 4 Let ((I';,z;))i>0 be a sequence in G* that (v;)i>o-converges to
(T, x), let r be a non-negative integer, for each i > 0 let G; < Aut(T;), and let
G be the limit group with respect to (G;)i>o. Then:

(1) If X is a finite block of imprimitivity of G on V(T'), then, for each suffi-
ciently large i, v;(X) is a block of imprimitivity of G; on V(I;).

(2) For all sufficiently large i, the restriction of p; to Br(z,r) induces a graph
isomorphism from (Br(z,7))r to (Br,(x;,r))r, and a permutation isomor-
phism from the group induced by (G;)., on Br,(z;,7) to a subgroup of the
group induced by G, on Br(x,r).

(3) If, for all sufficiently large i, the group G; is s-arc-transitive, where s > 0,
then G is s-arc-transitive. If, for all sufficiently large i, the group G; is
edge-transitive, then G is edge-transitive.

It is a corollary of Proposition 2 that graphs in lim(FP) are vertex-transitive.
They may not be vertex-primitive, but by Proposition 4 (1) their automorphism
groups preserve no nontrivial system of imprimitivity with finite blocks. Propo-
sition 4 (3) implies that graphs in Lim(FP¢ *"%"%) are indeed edge-transitive.

The Sims Conjecture states that there exists a function f on the natural
numbers such that, if G is a primitive permutation group on a finite set and,
for a point v, the stabiliser GG, of v has an orbit of length d on the remaining
points, then |G,| < f(d). This conjecture was proved in [2], using the finite
simple group classification. Moreover, according to [8], if G is a primitive group
of automorphisms of a finite connected graph I' and v € V(T'), then G, acts
faithfully on the ball of radius 6 with centre v. Since the size of a ball of radius
six is bounded, we can replace any convergent sequence in FP¢ " by an
infinite subsequence in which the permutation groups induced on the balls of
radius six are permutationally isomorphic. This gives us the following result
which is Proposition 2.7 of [5].

Proposition 5 Let ((I';,x;))i>0 be a sequence in G*, with each T'; finite, that
(pi)i>0-converges to (I', x). Suppose that, for eachi > 0, G; is a vertex-primitive
subgroup of Aut(I';). Then there exists an infinite subsequence (i;);>0 and a
finite group H such that (Gij)l'ij =~ H forall j > 0.

Proposition 5 relies on the classification of finite simple groups since it relies
on the Sims Conjecture. However, the following result was proved in [16, The-
orem 1] without use of the finite simple group classification. It will be used in
the proof of Theorem 5.

Proposition 6 Let d and r be positive integers, and let f be a mapping on
the mon-negative integers such that f(n) = o(n) as n — oo. Then there ex-
ists a positive integer c(d, f,r) such that, if H is a vertex-primitive group of
automorphisms of a graph A of valency d, and if v € V(A) and h € H are
such that h does not fit Ba(v,r) pointwise and da(u,h(u)) < f(da(u,v)) for
all u € Ba(v,c(d, f, 7)), then either (hf) is abelian, or the diameter of A is at
most ¢(d, f,r).



We remark that this result has the following interesting consequence: for
any fixed finite valency d > 1, there are only finitely many graphs of valency d
admitting a vertex-primitive group of automorphisms that contains an abelian
non-normal vertex-transitive subgroup. Finally in this section we prove the
observation made in the introduction concerning lim(FPx) and lim(FP§ "),

Proposition 7 Let X € {HA,AS,PA}, and let T € im(FPx). Then there
exists a vertez-transitive subgroup G of Aut(I') such that the following holds.
Let Ey,...,E, be the G-orbits on E(T'), and for each s let ¥ be the graph
with V(Xs) = V(I') and E(Xs) = Es, so that T' is the edge-disjoint union of
Y1,...,5,. Then each connected component of each ¥y lies in lim(FP "),

Proof Let ((I';,z:))i>0 be a sequence in G* with I'; € FPx that (p;)i>o0-
converges to (I',x). For each ¢ > 0, fix a vertex-primitive group G; of auto-
morphisms of T'; of type X and set M; = {g € G; | dr,(x;,9(z;)) < 1}, Tt
is straightforward to check that (M;) is vertex-transitive and contains the sta-
biliser in G; of x;, and hence M; generates G;. Then, taking Proposition 5
into account, replacing the sequence ((I';,z;))i>0 by a proper subsequence if
necessary, we may assume that

(i) for eachi > 0, the restriction of ; to Br(z, 1) is a bijection onto Br, (z;,1);

(ii) there exist a finite subset M of Aut(I') and, for each ¢ > 0, a bijection
xi of M onto M; such that for any g € M the sequence (x;(g))i>o0 is
(pi)i>o-convergent to g. Note that M is the set of limit automorphisms
with respect to (M;);>o.

For each 2/ € T'(x), there exists an element in M mapping x to z’ (since,
for each ¢ > 0, there exists an element in M; mapping z; to ¢;(z’)). Thus
the group G = (M) < Aut(I") is vertex-transitive. In addition, M = {g €
Gldr(xz,g(x)) < 1}. In fact, if ¢ = g¢1...gx for some gq,...,gr € M and
dr(z,g(z)) < 1, then the sequence (x;(g1)---xi(gk))i>0 is (¢;)i>0-convergent
to g. Hence x;(g1)...x:(gx) € M; for all sufficiently large i, and, as a result,
g€ M.

By Proposition 4(2), for all sufficiently large 4, say for all ¢ > i¢, the mapping
; realizes a bijection from the set of Gg-orbits on I'(z) onto the set of (G;),-
orbits on T';(x;) such that paired orbits correspond to paired orbits. Let O; =
diag(V (') x V(I')),0Os,...,0, be the orbitals of G on V(I') that contain a
pair (z,2’) with 2’ € {z} UT'(z). For each i > ip, let O;1,...,0;, be the
corresponding orbitals of G; (on V(I';)), where O; 4(x;) = ¢;(Os(z)), 1 < s <.

Fix an arbitrary s such that 1 < s < r. We show that (y,z) € Oy im-
plies (¢i(y),pi(2)) € O, for all sufficiently large i, with i > 4. In fact,
r=g¢)...9;,(y) and ¢} ... 9./ (2) € Os(x) for some ¢i,...,g,, € M. Since
(xi(91) -+ xi(gr))i>0 is (¢s)i>o-convergent to the limit automorphism ¢ ... g,
it follows that xi(g1) - - - Xi(93 ) (¢i(y)) = zi and x:(g1) - - - Xi (93 ) (i (2)) € Oi,s(2:)
for all sufficiently large ¢, with i > 4. It follows that (¢;(y),i(2)) € O; s for
all sufficiently large i, with ¢ > 1.



Fix an arbitrary s such that 2 < s < r. Let IV be the underlying graph
(without multiple edges) of the directed graph with vertex set V(T") and edge set
Oy, and let I'” be the subgraph of IV generated by the connected component of T
containing x. For each ¢ > ig, let '} be the underlying graph (without multiple
edges) of the directed graph with vertex set V(I';) and edge set O; ;. Note that,
for each ¢ > g, the graph I'} is connected, and G; is an edge-transitive group of
automorphisms of I, that is vertex-primitive of type X. Thus T} € FPg ",
Moreover, since (y,z) € O, implies that (p;(y), vi(2)) € O, for all i > i, it
follows that for all i > iy

(Qpi)h/(p//) : V(F//) - V(F{L)
Hence (I))i>i, is (i)}, ) )izio-convergent to I'. Moreover, as G is vertex
transitive, the connected components of IV are all isomorphic to I'” and so each
connected component of T lies in lim(FP§ "*"*). Varying s we get the result.

O
We also have the following proposition which we state without proof.

Proposition 8 Let I' € lim(FPx) for some type X and let O4,...,O) be some
orbitals of Aut(I'). Then the graph with vertex set V(') and edge set E(I') U
01 U...UOy is also in im(FPx), where

Oi = {{x,y}|(m7y) € Oz or (yvx) € Oz}

3 Proof of Theorem 1

In Section 1 we defined subfamilies FPx of F'P corresponding to various types X
of finite primitive permutation groups identified by the O’Nan-Scott Theorem.
The examples below demonstrate that the subfamilies FPx are not mutually
disjoint.

Example 1 The complete graph K5 lies in both FPya and FPag since both
Z5 and Sy are vertex-primitive subgroups of automorphisms. Similarly, the
Cartesian product Kg[OKjg (see Section 6 for a definition of the Cartesian prod-
uct of graphs) lies in FPag N FPpa since both Aut(Ag) and Sg1 S, are vertex-
primitive subgroups of automorphisms; and KsOK5 € FPya N FPpa since it
admits both AGL(1,5)1.53 and S51.52 acting primitively on vertices. Moreover,
Kos € FPua N FPas N FPpa because it admits the automorphism groups
AGL(Z, 5), 525 and 55 ! SQ.

Defining properties for the primitive types HA, AS and PA were given in
Section 1. In this section we prove Theorem 1, showing that each limit graph of
FP is alimit of FPx for X = HA, AS or PA, and that the set FP \ (FPpa U
FPas UFPpa) has no limit graphs. We apply the O’Nan-Scott Theorem,
a proof of which can be found in [3, Chapter 4]. Let G be a finite primitive
permutation group on a set V. The information from the O’Nan-Scott Theorem



that we need is related to the socle Soc(G) of G, that is, the product of the
minimal normal subgroups of G. The first important fact is that Soc(G) is
either (i) an elementary abelian p-group (for some prime p) acting regularly on
V, or (ii) Soc(G) = T* for some nonabelian simple group 7" and positive integer
k. Here a permutation group S acts regularly on V if S is transitive on V', and
the stabiliser S, = 1 for v € V. Groups satisfying (i) are of type HA; groups
in case (ii) with k& = 1 are of type AS. Moreover in case (ii) with k& > 1, (see
[3, Theorems 4.3B, 4.6A and 4.7B]), if v € V, then G, permutes the simple
direct factors of Soc(G) by conjugation having at most two orbits in this action,
and either some subgroup of G, has T as a quotient, or Soc(G) is the unique
minimal normal subgroup of G and G has type PA.

We now prove Proposition 9, a technical result from which Theorem 1 fol-
lows immediately. We note that the proof of Proposition 9 depends on the finite
simple group classification. The reason is two-fold. Firstly it uses Proposition 5
that depends on the Sims’ Conjecture, and secondly it uses certain detailed
information from the O’Nan-Scott Theorem that depends on the ‘Schreier Con-
jecture’ (specifically the assertions about case (ii) above with & > 1) which, in
turn, relies on the simple group classification.

Proposition 9 Let ((I';,x;))i>0 be a sequence in G*, with each T'; finite, that
(pi)i>0-converges to some infinite graph (I',x). Suppose that, for each i > 0,
G; is a vertez-primitive subgroup of Aut(I';). Then

(i) only finitely many of the T'; lie in FP \ (FPua UFPasUFPpa), and in
particular im(FP \ (FPua U FPas UFPpa)) is empty;

(ii) there erists a subsequence (ij)j>0 such that the G;; are all of the same
primitive type, and this type is HA, AS or PA.

Proof Suppose that an infinite number of the T'; lie in FP \ (FPya UFPasU
FPrpa) and replace ((I';, z;))i>0 by the subsequence consisting of these (I';, z;).
By Proposition 5, again replacing the sequence by a subsequence if necessary,
we may suppose further that, for each ¢ > 0, the stabiliser (G;)., of z; in G; is
isomorphic to a fixed finite group H. Then, for each i > 0, it follows from the
remarks preceding the statement that, since G; is not of type HA, AS or PA,
we have Soc(G;) = Tf, where Tj is a nonabelian simple group, k; > 2, and some
subgroup of (G;),, has T; as a quotient. Moreover (G;),, acting by conjugation,
has at most two orbits on the k; simple direct factors of Soc(G;). Thus both
|T;| < |H| and k;/2 < |H|, whence |G;| = |Soc(Gi)(Gi)x,| < |T3|F|H| <
|H|?H1+1 is bounded above independently of i. This is a contradiction, and so
the first assertion of part (i) is proved. This implies immediately that im(FP \
(f’PHA UFPas U FIPPA)) is empty.

Now (G;)i>0 is an infinite sequence of primitive groups and as there are only
finitely many types, there exists a subsequence (i;);>0 such that the G;, are all
of the same type. By part (i) this type is one of HA, AS or PA. O
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4 Proof of Theorem 2: limit graphs of type HA

In this section we first show in Theorem 4 that any limit graph of FPya is a
Cayley graph of a finitely generated free abelian group. For a group H and a
subset S C H \ {1} such that S™! = {s7!|s € S} equals S, the Cayley graph
Cay(H,S) of H relative to S is the graph with vertex set H such that {u,v} is
an edge if and only if u='v € S. The group H induces a group of automorphisms
that is regular on vertices in its action by left multiplication (h : u — h~tu, for
h,u € H). Thus Cay(H,S) is vertex-transitive; and Cay(H,S) is connected if
and only if S generates H.

Moreover a graph I is isomorphic to a Cayley graph of a group H if and only
if Aut(T") contains a subgroup isomorphic to H that acts regularly on vertices.
In particular, a connected graph I' admitting a vertex-transitive abelian group
A of automorphisms is a Cayley graph of A (with A acting naturally by left
multiplication). We also have the following proposition. It uses the concept of
a bounded automorphism h of a graph I': this is an element A € Aut(I") such
that there is some constant ¢ for which d(z, h(z)) < ¢ for all vertices = of T

The set Autg(I") of all bounded automorphisms of I' is a normal subgroup of
Aut(T).

Proposition 10 Let T be a connected Cayley graph of the abelian group A and
suppose that T is locally finite and the only imprimitivity system of Aut(T) on
V(T) with finite blocks is the trivial imprimitivity system with singleton blocks.
Then A is a finitely generated free abelian normal subgroup of Aut(T).

Proof The group A satisfies condition (ii) in [15, Proposition 2.2], so by (iii) of
[15, Proposition 2.2], Auto(I")’ has finite orbits, where Auto(I") is the group of all
bounded automorphisms and Autg(T")’ is its derived subgroup. Since Autq(T")’
is normal in Aut(T'), its orbits are blocks of imprimitivity; so by assumption
the orbits of Autg(T")" are singletons and therefore Autg(T") is abelian. Since
I is locally finite, I' = Cay(A, S) where S is finite. Moreover, for all s € S,
the left multiplication by s lies in A N Autg(T"). Since I' is connected, A = (S)
and so A C Autg(I") and A is finitely generated. Since A is vertex-transitive
and Auto(T) is abelian it follows that A = Aute(I"). Thus Aute(T) is finitely
generated and so also the torsion part of Auto(I') is normal in Aut(T"), and is
finitely generated and hence finite. Its orbits form a system of imprimitivity for
Aut(T") and hence they must be singletons. It follows that A = Auty(T) is a
finitely generated free abelian normal subgroup of Aut(T). O

We now prove the following theorem.

Theorem 4 Let ((T';,x;))i>0 be a sequence in G* that (p;)i>0-converges to
(Tyz), and let G; < Aut(T;), for each i > 0. If each G; contains a vertex-
transitive abelian subgroup, then the limit group of automorphisms of T' with
respect to (G;)i>0 also contains a vertez-transitive abelian subgroup. If, in addi-
tion, the groups G; are vertex-primitive for all sufficiently large i and I' is infi-
nite, then I' is a Cayley graph of a free abelian group of rank at most deg(T")/2.
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Proof Set d = deg(T"). For each i > 0, let A; be a vertex-transitive abelian
subgroup of G;, and let T'(z) = {y1,...,ya}- Then it follows from Proposition 2
that there exist an increasing sequence of non-negative integers (i;);>0 and,
for each j > 0, elements a;1,...,a;q4 of A;; such that, for 1 < k < d, the
sequence (a; x); >0 is (i, )j>0-convergent to an automorphism ay of I' mapping
x to yr. If 1 < ki, ko < d, then for all j we have [ajk,,a;r,] = 1 (since A;,
is abelian), and hence [ag,,ax,] = 1. Thus (aq,...,aq) is an abelian subgroup
of G and is vertex-transitive since I' is connected. Finally, if the groups G; are
vertex-primitive for all sufficiently large i, then, by Propositions 4 (1) and 10,

(a1,...,aq) is a free abelian (normal) subgroup of Aut(T") of finite rank, k say.
Thus ' = Cay(Z*, S), where S is an inverse-closed generating set for the abelian
group ZF of size d. It follows that k < d/2. O

It was seen in [5, Example 3.1] that, for any integer k > 1, the k-dimensional
grid is contained in lim(FPga). In fact, all of these grids lie in lim(FPEA"),
and in particular, the upper bound in Theorem 4 on the valency is sharp. The
construction also demonstrates that lim(FPga) is infinite, and indeed that
lim(FPiA") is infinite, since the k-dimensional grid has valency 2k, for each
positive integer k. Our next construction shows that there are infinitely many
graphs of the same valency in lim(FPya) that are Cayley graphs of Z.

Example 2 For a prime p and an increasing sequence ui,...,u; of positive
integers, let Tp.yy ..., = Cay(Z,,S) where S = {£1,%u,...,tur} modulo
p. The graph I'p..,, ..., admits Dy, as a subgroup of automorphisms acting
vertex-primitively, so I'p.u; ... u, € FPua-

Now let (p;)i>o0 be an increasing sequence of primes each greater than 2uy,
let I'; = T'p,iuy,... o, and let I' = Cay(Z,S). Then, for each r, provided p; is
large enough, the induced subgraph (Br,(0,r)) is isomorphic to the subgraph
(Br(0,7)) of I'. Thus, the sequence (I';);>o of graphs from FPya converges to
I' and hence T' € lim(FPpua). It is not difficult to show that distinct values
of uy,...,u lead to nonisomorphic limit graphs I" € lim(FPya) and all these
graphs have valency 2k.

Now let (p;)i>0 be an increasing sequence of primes and, for each 1 < j <k,
let (u;j)i>0 be an increasing sequence of positive integers. Suppose that all
numbers w; 1, Ui2/Ui 1, - -« Wi k/Wik—1,Pi/ Uik tend to co as ¢ — co. Then the
sequence (I'p..u; ... u; )i>0 from FPpa converges to the grid ZF. This gives a
different sequence of graphs in FPya from that given in [5, Example 3.1] that
converges to the k-dimensional grid.

Kostousov [10] has shown that for each k > 2 there are infinitely many
Cayley graphs of ZF of a fixed valency, depending on k, contained in the set
lim(FP§ 7). In particular, he constructs infinitely many Cayley graphs of
72 of valency 8 in lim(FP§,"*"). He has also shown that, for k < 4, there are
only finitely many Cayley graphs of Z* which are in lim(FPH&").

The finite dimensional grids are precisely those Cayley graphs of finitely
generated free abelian groups for which the valency is equal to twice the rank.

min

The next family of examples shows that lim(FPHy") also contains many Cayley
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graphs of free abelian groups having valency greater than twice the rank. The
construction used in this example is a special case of a more general construction
that can be applied to certain permutation groups and composition factors of
their permutation modules.

Example 3 Let H be the symmetric group Sy, where k > 3. Let V = ZF be
the natural permutation ZH-module, and let W be the ZH-submodule of V'
given by {(vy,...,vx) : Zle v; = 0}. Let w = (wy,...,wg) € W\ {0}, and let
O be the H-orbit containing w. For any prime p > max{k, |wi|,...,|wg|}, let
Vp = ¢¥,(V'), where 1, is the natural map 7k — Z’; which replaces each entry
of z = (x1,...,2,) with its value modulo p, and let W, = ,(W). Then V, is
the natural permutation Z,H-module, W), = Z’;_l, and since p > k, W), is an
irreducible Z,H-submodule. Let w, = ¥,(w) € W,. Then O, = 9,(0) is the
H-orbit in W, containing w,,.

Now w = (w1, ...,w;) € O C W\{0} and without loss of generality wy # 0.
Let K be the stabiliser of w in H. If K were transitive on {1,...,k} then
we would have w = wiy(1,...,1), but since w € W this would imply that
k.1 = 0 which is not the case. Thus K is intransitive on {1,...,k}. Therefore,
applying [3, Theorem 5.2B], one of the following holds: (i) |O| = |0,| = k
and O N (=0) = 0 (and in this case k — 1 of the entries of w are equal),
or (ii) |O| = |0p| > 2k, or (ili) k¥ = 4 and K is an intransitive subgroup
of order 4, so, |O] = |0, = 6, w is an H-image of (u,u,u ,u), for distinct
w,uw €Z,u =—u#0and O = —0. In all cases, the group G, = W, x H
is a vertex-primitive and edge-transitive group of automorphisms of the graph
I, := Cay(W,, 0, U (=0,)). Thus T, € FP{"*". In addition, if k # 4 and
O is as in case (i), then T', € FPEA" and deg(T,) = 2k; while if k = 4 and O is
as in case (iii), then T, € FPREL" and deg(T,) = 6.

Let (pi)i>o0 be any increasing sequence of primes with each p; greater than
max{k, [wy],...,|wk|}, and let ('), );>0 be a sequence of graphs from FPg /"
(or from FP{" with either k # 4 and O as in (i), or k = 4 and O as in (iii)).
Then it is easy to see that (I'p,);>0 converges to the graph I' = Cay((O),O U
(—0)), where the subgroup (O) of W is of rank k — 1. Thus there is a Cayley
graph T of a free abelian group of rank k& — 1 in lim(FP§,""*"*) having valency
2|0| > 2k. In the case where |O| = k # 4, we also have T' € lim(FPya")
and deg(T") = 2k. For example, if |O| = k = 3, then the limit graph T" is the
‘tessellation of the plane by triangles’, demonstrated in Figure 1. If |O] = k = 4
then the limit graph is the ‘tessellation of 3-space by tetrahedra’.

The limit graphs obtained in Example 3 with |O] = k are the root lattices
of type Ax_1. These examples, along with the k-dimensional grids are part
of a more general construction, our investigation of which was motivated by a
question of Neil Sloane.

Example 4 Let L be a lattice, that is the set of all Z-linear combinations of
a basis A C R* and let B : RF x R* — R be the usual dot product. Let
A = 7F be the additive group of L and suppose that there exists a finite group
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Figure 1: Tessellation of the plane by triangles

H < GL(k,R) which preserves B, fixes L setwise and acts irreducibly on R¥.
Let ® = A and let T' = Cay(A, ®), the graphical representation of L.

Each element of & is a Z-linear combination of the elements of A. Let
t =max{|\s| | >_scn As6 € @} and let p be a prime such that p > max{t, |H|}.
Let A, = ¥,(A), where ¢, is the natural map > ;o As6 — Y504 As0 that
replaces each As by its value modulo p. (Recall that [As|] < ¢ < p.) Then
[p(®)] = |®|. Now H permutes ® and so we obtain an embedding of H in
GL(k,p). Moreover, as H acts irreducibly on R*¥ and p is coprime to |H| it
follows that H acts irreducibly on A,. Thus G, = A, x H is a primitive
permutation group on the set A,. Let I'), = Cay(A,, ¥, (®)). ThenT'), € FPua.
Let (p;)i>o0 be an infinite sequence of distinct primes satisfying p; > max{¢, |H|}.
Then (T'p,)i>0 is (¢p,)i>o-convergent to I'.

Any root lattice of a crystallographic finite reflection group H arises in this
way as a limit graph with ® being the root system and A a simple system. The
Leech lattice also arises with H being the double cover of Co;.

Next we prove that no limit graph for FPy, is a limit graph for FPx for
any type X # HA. Proposition 6 is crucial to the proof of this result.

Theorem 5 Let ((T';,x;))i>0 be a sequence in G* that (p;)i>0-converges to
(T, z), where ' is a connected Cayley graph of a finitely generated free abelian
group, and, for each i > 0, suppose there exists a subgroup G; < Aut(T';) that
is vertez-primitive on V(I;). Then, for all sufficiently large i, the graph T; is
finite and G; is of type HA.

Proof Set G = Aut(T"), and let d = deg(T"). The assertion obviously holds in
the case where I is the Cayley graph of the free abelian group of rank 0. Thus
we may assume that I' is a connected Cayley graph for Z* for some positive
integer k£ > 1, and as in the proof of Theorem 4, k < d/2. Note that a primi-
tive permutation group containing a nontrivial normal finitely generated abelian
subgroup is finite. For if, H were an infinite primitive group with nontrivial nor-
mal finitely generated abelian subgroup N then NV is regular and hence infinite,
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and so N = Z! x Loyt X -+ x Zps with [ > 1. The torsion part of N is a charac-
teristic subgroup, and hence normal in H. However, such a normal subgroup is
intransitive and so N = Z!. Thus (2Z)! provides a system of imprimitivity for
H, a contradiction.

Suppose that the conclusion to the theorem is false. Thus there must exist
infinitely many ¢ such that G; does not contain a non-trivial normal abelian
subgroup. We may therefore assume without loss of generality that, for each
1 > 0, the group G; contains no non-trivial abelian normal subgroup.

By Proposition 4 (1), G has no non-trivial finite blocks of imprimitivity in
V(I'), and so, by Proposition 10, G' has a normal abelian subgroup V = ZF
acting regularly on V(I'). Thus the group G is a semidirect product of V' and
the stabiliser G, of the vertex = such that G, acts by conjugation on V. Since
I' is a Cayley graph, I'(x) corresponds to a generating set for V and so the
pointwise stabiliser in G, of T'(z) centralises V. Thus G, acts faithfully on
I'(x), and so |G| < dl.

Now the limit group of (G;)i>o is transitive on V(I"). Thus, replacing (G;)i>0
by a subsequence if necessary, we may assume that, for each y € Br(z,d!) and
each i > 0, there are elements g,, € G;, and g, € G such that g,(z) =y
and the sequence (gy,i)i>0 is (¢;)i>o-convergent to g,. Since |Br(z,d!)| > d! >
|G| = |G : V]|, there exist distinct y1,Y2 € Br(z,d!) such that gyl,gyz lie in
the same left V-coset, so 1 # g, 'g,, € V. Note that 0 < dr(z, gy1 L9y, (2)) =
dr(gy, (@), gy, () = dp(yl,yg) < 2d!. On the other hand, since g 'g,, lies in the
transitive abelian group V, it follows that dr (2, gy1 Lgy, (@) = dp(a: 9y Gy ()
for all 2/ € V(I"). In addition, the sequence (gyl)lgy% )i>0 18 (¢s)i>0-convergent
t0 g, 9y.-

We shall now apply Proposition 6 with » = d!, and f the constant map
f(n) = 2d! for all n. Let ¢ denote the integer c¢(d, f,r) given by Proposition 6
for these values of r, f. Now for all sufficiently large i, the valency of T'; is equal
to d, and the diameter of I'; is greater than c¢. Moreover, for all sufficiently large
i, the element h; = gy_ll’igyz,i in the primitive group G; does not fix Br, (z;,d!)
pointwise, and dr, (z’, hi(2’)) = dr(z,g;, 9y, (2)) for all 2’ € Br,(z;,c), and
this value is at most 2d!. Thus by Proposition 6, (hZGZ> is a non-trivial abelian
normal subgroup of G;, which is a contradiction. O

Now Theorem 2 follows immediately from Theorems 4 and 5.

5 Limit graphs of type AS

In this section we use the finite simple group classification to obtain more in-
formation about the limit graphs of FPas. In the first part of our analysis
we use only the fact that the finite simple groups can be divided into various
classes: the finite alternating groups, the finite simple Lie type groups, and a
finite number of sporadic simple groups. The Lie type simple groups comprise
a finite number of infinite families. For the next steps in the analysis we divide
the Lie type simple groups into the classical groups and the exceptional Lie
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type groups. To study the classical groups we use detailed information from
Aschbacher’s Theorem [1] that divides the maximal subgroups of these groups
into a number of families. Roughly equivalent information about maximal sub-
groups of the exceptional Lie type groups is provided by a theorem of Liebeck
and Seitz in [12, Theorem 2]. To describe these maximal subgroups, we need
some definitions. A finite group H is quasisimple if H is perfect (that is H = H')
and H/Z(H) is simple. The components of H are its subnormal quasisimple
subgroups, and E(H) is the subgroup generated by the components of H. The
Fitting subgroup F(H) of a finite group H is the largest nilpotent normal sub-
group of H; and the generalized Fitting subgroup F*(H) of H is the (central)
product F*(H) = E(H)F(H).

Definition 1 Let A be an almost simple group of Lie type. We define five
classes C1, Ca,...,Cs of maximal subgroups of A as follows.

Cy consists of centralisers of field automorphisms of prime order,

Cy consists of the normalisers of elementary abelian r-groups, for a prime r
different from the characteristic,

Cs occurs only when A is a classical group and consists of normalisers of
absolutely irreducible quasisimple groups,

C4 occurs only when A is an orthogonal group and consists of stabilisers of
direct sum decompositions of the underlying vector space into isometric
nonsingular 1-dimensional subspaces,

Cs occurs only when A is an exceptional group of Lie type and consists of
groups H for which F*(H) is either a simple group, or (only if A is of
type Eg) A5 X A6.

Detailed information about the subgroups identified in C may be found in [7]
and [12].

We can now give the main result in this section. It gives a preliminary
classification of the graphs in im(FPas).

Theorem 6 Let ((T'y,z;))i>0 be a sequence of finite graphs with distinguished
vertices in G* that (¢;)i>0-converges to an infinite graph (T',z) with a dis-
tinguished verter. Moreover, suppose that, for each i@ > 0, there is a sub-
group G; < Aut(l';) that is vertex-primitive and almost simple with socle T;.
Then there exists a subsequence (i;)j>0, and a finite group H, such that the
T;,; are pairwise distinct finite simple groups of the same Lie type and rank,
H € Cy,...,Cq or Cs and, for each j >0, (Gij)x,ij ~ H.

Proof For each simple group T, there are only finitely many almost simple
groups with socle T' and finitely many graphs which are T-vertex-transitive.
Thus we may choose a subsequence (i;);>0 such that the simple groups T;, are
pairwise distinct. Furthermore, since there are only a finite number of sporadic
simple groups, we may assume that none of the T;; are sporadic. The remaining
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finite simple groups are divided into 17 infinite families and so we may choose
the subsequence (ij);>0 so that all the T;, are from the same family, and so
that the order |G| increases (unboundedly) with j. By Proposition 5, we may
assume further that the stabiliser in G;; of the point z;; (a maximal subgroup
of G;,) is isomorphic to a fixed finite group H, say, for all j > 0. We need to
show that the T, are not finite alternating groups. Assume to the contrary that
this is the case, say T;; = A,,; with n; increasing unboundedly with j. We may
assume therefore that n;/2 > |H| for each j. Since each maximal intransitive
subgroup of S,,; or A, has a subgroup isomorphic to A, with m > n; /2, and
since |H| < n;/2, it follows that the maximal subgroup H of G;; is transitive in
its natural action of degree n;. This however implies that n; divides |H| which
is a contradiction. Thus the T;, are simple groups of Lie type.

Next we assume that the T;, are all finite simple classical groups of the same
type (linear, symplectic, unitary or orthogonal), and that the central extension
éij of G;; by scalar matrices acts naturally on a d;-dimensional vector space
V; over a field of order g;. We recall that (Gij)xij = H is a maximal subgroup

of G, for each j, and let H< 61-1. be the central extension of H. Aschbacher’s

Theorem ([1], or see [7]) divides the maximal subgroups of G, into nine types.
Subgroups of the first eight types preserve various kinds of geometric structures
on Vj, while those of the last type are normalisers of quasisimple groups with an
absolutely irreducible action on V;. Suppose first that H is the normaliser of an
absolutely irreducible quasisimple group. Since the dimensions of the irreducible
representations of H over any finite field are bounded from above by a constant
independent of the field size, we can choose the subsequence (i;);>0 in such a
way that the dimensions d; are all the same, and H € Cs3, and the result is
proved in this case.

Now suppose that H, as a subgroup of @ij, belongs to one of the eight
“geometric families”. Then looking through the tables in [7, Section 3.5] we see
that in each case the order of H can be expressed as a function of the field size
and dimension, or as a function of the size of a subfield and the dimension, or as
a function of the dimension. In each case, if the dimension tends to infinity then
the order of the maximal subgroup tends to infinity. Hence d; is bounded, and
again we can choose the subsequence so that the d; are all equal. This implies
that the field size g; tends to infinity as j — oo. However, in all cases when the
field size occurs in the order of the maximal subgroup, if the field size tends to
infinity then the order also tends to infinity. Hence only a (bounded) subfield
size and the dimension can occur in the order formula, which yields that H is
either the centraliser of a field automorphism of prime order, that is H € Cy, or
H is the normaliser of a symplectic-type r-group leading to H € Cs, or the Gi,
are orthogonal groups and H is the stabiliser of a direct sum decomposition of
Vj; into isometric 1-spaces, that is H € C4. (The structures of such groups H are
given in [7, Proposition 4.2.15].) Thus the result holds if the T, are classical
groups.

Finally we assume that the T, are all exceptional Lie type simple groups of
the same type, and T;; is defined over a field of order ¢; with ¢; — co as j — oo.
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Now [12, Theorem 2] classifies the maximal subgroups of G;; into five families,
and looking through the list of possible maximal subgroups given in that result
we see the only maximal subgroups whose order does not tend to infinity as the
field size grows are the ones belonging to our families C;, Co or Cs. O

It was proved in [5, Example 3.2] that the infinite trivalent tree is a member
of im(FPSs"*"*). Also [5, Example 3.4] provides an infinite family of examples
in lim(F 772;,”). Before giving more examples we need to introduce the concept
of a coset graph. Let G be a group with a core-free subgroup H. Let g € G
such that g does not normalise H and ¢g~' € HgH. We define the coset graph
I' = Cos(G, H, HgH) to be the graph with vertex set [G : H] = {«H | x € G}
and two cosets *H and yH are adjacent if and only if = 'y € HgH. Then G
acts on VT by left multiplication and G < Aut(I"). Furthermore, I' is connected
if and only if (H,g) = G and deg(T") = |H : H N HY|. Recall that an s-arc in a
graph T is an (s + 1)-tuple (vg, vy, ...,vs) of vertices such that for each i, v; is
adjacent to v; 1 and v; # vi4o.

Our first example shows that lim(FPye") contains infinitely many graphs
of the same valency, namely of valency 12. (Distinct graphs in the family of
examples in lim(FPG&") given in [5, Example 3.4] had different valencies.)
Example 5 Let 7 > 5 be a fixed prime, and let (p;);>0 be a sequence of primes
such that 5r divides p; — 1. Let G, = PSL(2,p;). Then G,, has a maximal
subgroup H,, = As and contains an element g,, of order 5r which lies in a
maximal subgroup of G, isomorphic to D), such that g, € Hp,. Let I'y, be
the digraph with vertex set [G,, : Hp,], the set of left cosets of H,,, in G,,, such
that (yHp,, zH,,) is an arc if and only if y~'2 € H,, g, Hp,. Since g, € Dy, 1
and Hj,, contains a subgroup of D,,_; isomorphic to Do, there exists an ele-
ment hy,, € Hp, such that h,'g, by, = g,'. Thus g, ' € Hy, g, Hp, and so if
(yHp,,zHp,) is an arc then (zH,,, yH),) is as well. Hence I',, may be viewed as
an undirected graph and is the coset graph Cos(Gp,, Hp,, Hp, gp, Hp, ). Since H,,
is a maximal subgroup of G,,, we have (Hp,, gp,) = G,, and so I'j, is connected.
Now G, is vertex-primitive and arc-transitive on I',,, (acting by left multiplica-
tion). Furthermore, deg(T'y,) = |Hp, : (Hyp,)%i NHp,|, and since (H,, )% NH,, =
Cs we have deg(T'y,,) = 12. Now Hy,, gy, Hp,, 92 Hp,, ..., g5 " Hp,, g5 Hp, = Hy,
is a cycle of length r in I'y,,. Denoting the vertex H,, of I',, by z,,, by Propo-
sition 1 the sequence ((I'y,,%p,))i>0 has a convergent subsequence. The limit
graph (F[T],x[r]) of this sequence has degree 12, contains a cycle Cl"! of length
7 through x, and has a limit automorphism g["! of order 5r such that (gl"1)®
rotates Cl"] and has the following property:

(g fixes Cl'l pointwise and for all y € Cl'1, (gl"1)" acts fixed-
point-freely on T'(y) \ C"].

We note that each 'y, € FP4"*" and from [14], when p; = £91 (mod 120),
the graph Iy, € ]-'PXLSW. Thus we obtain graphs of valency 12 lying in both
lim(FP5"") and lim(FPRE") that are not trees.

Furthermore, we claim that there are infinitely many pairwise non-isomor-
phic graphs among the T'"l. Suppose, on the contrary, that the set of limit
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graphs is finite. Then there exists an infinite sequence of primes (r;);>¢ and
a limit graph (I',z) = (D[ z[7]) for all i > 0, such that T’ contains cycles
Cl"il of length r; through z and limit automorphisms g™ satisfying (). Let
G = Aut(T). Since (g"1)® has order r;, these elements are pairwise distinct,
and each of them maps x to one of the 12 vertices of I'(z). It follows that
at least one of the 12 cosets of GG, contains infinitely many of the elements
(gi"1)3, and in particular that G, is infinite. Since |T'(z)| = 12, we must have
CllNT(z) = CI NT(z) for some i # j. Now As < GE™) and Aj acts with
stabiliser Cs. Since the only intermediate subgroup is D1g, the only block system
for As in I'(z) has blocks of length two. Hence if Gg(z) is imprimitive, then the
blocks of imprimitivity must be of size two and C"l NT'(z) = Cll N T(x) is
one of the blocks. In this case, Glz;(y) is imprimitive for all y € V(I") and, for
y € Clril, "l N T(y) is one of the blocks for G, on T'(y). This implies, since
ClilnT(z) = C"INT(x), that CI"l = Ol which is a contradiction since
|Clil| = 7; and |Clr3]] = r;. Thus GL@ is a primitive group of degree 12. There
are 6 such groups: PSL(2,11),PGL(2,11), M11, M12, A12, and S1a. All of these

have the property that for any y € I'(z), any nontrivial subnormal subgroup of
Ggéw)\{y}

acts transitively on I'(z) \ {y}. By [17, Proposition 3.1], this property
implies that either G, is finite or I' is a tree. Thus there are infinitely many
nonisomorphic graphs among the T'l"i],

The action of PSL(2,p) on the cosets of a maximal subgroup isomorphic
to As is actually a good source of examples of limit graphs as the following
additional example shows.

Example 6 For each prime p = £1 (mod 10) the simple group G, = PSL(2, p)
has a maximal subgroup H,, isomorphic to As. Thus G, acts primitively by left
multiplication on the set V), of left cosets of Hy, in G),. Let 2, € V(I',) denote the
trivial coset H,. The orbits of H, on V, were determined in [14], where it was
shown that, if in addition p = +1 (mod 8), then H,, has a unique orbit of length
5 and this orbit is self-paired. Hence an analogous coset graph construction to
that in Example 5 gives, if p = £1 (mod 8), a graph I', of valency 5 with vertex
set V. As H, acts 2-transitively on its orbit of length 5, it follows that G, is
2-arc transitive on I',. Let (p;);>o be an infinite increasing sequence of primes
such that p; = £1 (mod 10) and p; = +1 (mod 8). Then by Proposition 1 the
sequence ((Tp,, xp,))i>0 has a convergent subsequence. Based on computations
in GAP [4], we conjecture that the girth of I',, tends to infinity as p; tends to
infinity. This conjecture would imply that the limit is the infinite 5-valent tree.

For suitable primes p; = +1 (mod 10), similar constructions yield graphs
of valencies 6, 10, 12, 20, 30 or 60 in lim(]—'?’i_stm"s). The primes can also be
chosen so that we can get graphs of valencies 5, 6, 10 or 12 in lim(]-'PXLé”).

The final family of examples involves the finite orthogonal groups and con-
tains limit graphs of unboundedly large valencies.

Example 7 Let V be a 2m-dimensional vector space over GF(p), where p = +1
(mod 8), equipped with a quadratic form @ polarising to the symmetric bilinear
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form B. Let O%(2m,p) be the group of all invertible linear transformations
which preserve @, and let G, = PO*(2m,p) be the quotient of OT(2m,p)
modulo scalars. Let (e1)®(e2)®. . .P(eam), where each Q(e;) = 1 and B(e;, e;) =
0 for ¢ # j, be a direct sum decomposition of V into isometric nonsingular 1-
dimensional subspaces. Then H, = (C3™ x Sg,)/{#+I} = C3™ ' x Sy, is the
stabiliser of this decomposition in G, and by [7, Proposiiton 7.2.2], H, is a
maximal subgroup of G.

Since p = +1 (mod 8), there exists A\ € GF(p) such that A\ = 2. Now
let fl = )\71(61 + 62) and fg e /\71(61 — 62). Then Q(fl) = Q(fg) = 1 and
B(fi, f2) = 0. Furthermore, B(f;,e;) = 0 for ¢ = 1,2 and j > 3. Thus
(f1) @ (f2) ® (e3) ® ... ® (eam) is also a direct sum decomposition of V' into
isometric nonsingular 1-dimensional subspaces. Furthermore, there exists g, €
PO™(2m,p) mapping the first decomposition to the second and we can choose
gp to have order 2. Then (Hp)% N H,, is the stabiliser of both decompositions
and hence (H,)% N H, = (C3™ 2 % Sopm_2) x (C3))/{£I}. Note that |H, :
H, N (H,)%| = 2m(2m — 1). Then ', = Cos(Gp, Hp, HpgpHp) is a vertex-
primitive graph of valency 2m(2m — 1). Let x, be the vertex corresponding to
the trivial coset H,.

Thus for each positive integer m at least 4, and infinite increasing sequence
(pi)i>o of primes p; = £1 (mod 8), we obtain a sequence ((I'y,, zp,))i>0 of Gp,-
vertex-primitive graphs of valency 2m(2m — 1) in FPas. By Proposition 1,
there is a subsequence that converges to a graph I' € lim(FPag) of valency
2m(2m —1). As there is an infinite number of choices for m we obtain infinitely
many graphs in im(FPas).

6 Limit graphs of type PA

The first result of this section, Theorem 7, is an analogue of Theorem 6 for
the almost simple case. It shows that the almost simple components of primi-
tive groups of type PA involved in limiting sequences for graphs in lim(FPpa)
correspond to maximal subgroups of Lie type almost simple groups given in
Definition 1. This result suggests a strong connection between the AS and PA
cases. Exploring this possibility we obtained a characterisation in Theorem 8 of

min

the limit graphs of FPpA™ as Cartesian powers of limit graphs for FPRe",
Primitive permutation groups of type PA

A finite primitive permutation group G of type PA has a unique minimal
normal subgroup N =T X - --xT,, where n > 2 and each T; = T for some finite
nonabelian simple group 7. The point set can be identified with the Cartesian
product V =U; x --- x U, = U™ such that G < Sym(U)1S,, = Sym(U)".S,
acting in product action. The product action is given by the following, where
h=(h1,...,hy) € Sym(U)", 0 € Sy, and (uy,...,u,) € V.

h (ul,...,un)'—>(h1(u1),~--ahn(un))

o i (U, Un) = (Ug(rys e Uo(n))-
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Thus, in particular, 0~ 'ho = (ho-1(1)s -+ s ho-1(n)). Tt follows from the prim-
itivity of G on V that G projects onto a transitive subgroup of S,; thus G
acts transitively on {1,...,n} in the same way that it acts on the entries of
points of V. Let G; be the stabiliser of the point 1 in this action, so that
G1 < Sym(U) x (Sym(U) 1 Sp—1), and let H denote the image of G; under
the natural homomorphism G; — Sym(U) to the first direct factor of this di-
rect product. Thus G induces the group H on the first entries of points of
V. By [11, 2.2], we may (and will) replace G by a conjugate under an element
of Sym(U) .S, if necessary, and thereby assume that G < HS,,. Moreover,
T < H < Aut(T), and H acts primitively on U of type AS. This description
demonstrates the link between finite primitive groups of type PA and those of
type AS. One extra fact that we need about the primitive group H of type AS,
that follows from the O’Nan—Scott Theorem, is that, for v € U, T,, # 1, and
moreover v is the only fixed point of T3, in U. (Note that the fact that T, # 1
depends on the Finite Simple Group Classification.)

The following result relates the groups involved in convergent sequences of
graphs in FPpa to the groups involved in convergent sequences of graphs in
FPas. Recall Definition 1 of the families Cy1,Cs, . ..,Cs of maximal subgroups
of almost simple Lie type groups.

Theorem 7 Let (I';,x;))i>0 be an infinite sequence in G which (p;)i>o-converges
to an infinite graph (I';x) and let G; < Aut(L';) be vertez-primitive groups of
type PA with G; < A;wrS,, for some almost simple group A; with socle T;.
Then there exist a subsequence (i;);>0, a positive integer n, and a finite group
M such that each n;; = n, the T;; are pairwise distinct finite simple groups of
the same Lie type and rank, M € Ci,...,Cq or Cs as a subgroup of A;j, and
(G27)$7J = Gl7 N (M wWI Sn)

Proof Let i > 0. Since the action of G; on V(T';) is primitive of type PA, there
exists a set U; such that V(I';) = U;"". Furthermore, there exists a maximal
subgroup M; of A; such that (G;)., = G; N (M;wr S,,).

By Proposition 5, there exists a subsequence (i;);>0 such that for each j >
0, the stabiliser (G,J)wj is isomorphic to a fixed finite group H. Let N; =
Soc(G;) = T™. Then as G; = N;(G;),, it follows that (G;),, acts transitively
on the set of n; simple direct factors of N;. Thus n;; divides |[H| and so (n;);>0
is bounded. Hence, by taking a subsequence if necessary, we may assume that
n;; = n for all j > 0. Thus H = (Gij)w,ij < M;; wrS,,. Moreover, since the
stabiliser in (Gi].)mij of the first simple direct factor of Soc(Gy,) projects onto
M, it follows that |M;,| divides |H|. Thus, by restricting to a subsequence if
necessary, we may assume that there exists a group M such that M;, = M for
all j > 0. Hence we have a sequence (4;,);>o of primitive almost simple groups
with socles T, and point stabilisers M;, = M. Thus arguing as in the proof of
Theorem 6, by restricting to a subsequence if necessary, we may assume that
the T;; are pairwise distinct Lie type simple groups of the same type and rank,
and M € Cy,...,Cyq or Cs and the result follows. O

Cartesian products of graphs and direct products of groups
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The Cartesian product AqOASOI. .. OA,, of graphs Ay, As, ..., A,, is the
graph with vertex set V(A1) x V(Az) x -+ x V(A,,) and edge set the set of
all pairs {(x1,z2,...,2n), (Y1,Y2,--.,Yn)} such that there exists 1 < i < n
with x; = y; for all j € {1,2,...,n} \ {¢} and {z;,y;} € E(4A;). In the case
where Ay = Ay = --- = A,, = A, we write AP” for A{0A,0...0A,, and call
AP the ntt Cartesian power of A. Note that Aut(A)wrS, < Aut(AD") with
Aut(A)wrS,, acting on V(AP") in product action.

First we characterize, as Cartesian products, graphs that are limits of a
sequence of graphs admitting subgroups of automorphisms that are direct prod-
ucts. For a direct product H = H; X --- x Hy, define, for each i < n,
H; = (H;|j € {1,...,n}\ {i}), so that H = H; x H;. For a permutation
group H and a point z, we denote by H(z) the H-orbit containing z. Finally,
for a graph A and a subset X C V(A), the subgraph of A induced on X is
denoted (X)a

Proposition 11 Let A be an undirected connected graph that admits a vertex-
transitive group of automorphisms H = Hy X ---x Hy,, wheren > 1, and let v €
V(A). If A(z) C Ui<i<nHi(x), and H;(x) N H;(x) = {z} for eachi=1,...,n,
then A = A10...0A,, where A; = (H;(x))a for eachi=1,... n.

Proof First we claim that H, = (Hy)z X -+ X (Hp),. Clearly (Hy)z X --- X
(Hy). < H; so suppose that there exists h € Hy\((H1)z X -+ X (Hp)z). Think-
ing of H as an internal direct product we have h = hihsy...h, where each
hi € H;, and h; ¢ (Hj), for some j. Then as the H; commute, we have
r = hlhg N hn<$) = hjhlhg N hjflthrl e hn(x) It follows that h;l(.T) =
hihg...hj_1hji1 ... ho(z) € Hj(z) N Hj(z) = {x}, which is a contradiction
since hj(z) # x. Thus the claim is proved.

Let y € V(A). Then there exists g € H such that g(z) = y. Now g can be
written uniquely as g = g192 .. . g, where g; € H; for each i. Define

¢: V(A — V(AO...0A,)
y = (01(@),- - gn(2)).
To show that ¢ does not depend on the choice of g, suppose that g, h € H satisfy
y = g(z) = h(x). Then h € gH,. If g = g192...gn and h = hihs...h,, where
gi, hi € H; for each i, then it follows from H, = (Hi); X --- X (Hy), that, for
each i, we have h; = g;u; for some w; € (H;),. Hence

(91(2), -+ 9n(2)) = (Qrur (), gnun (@) = (ha (@), ..., hn(2)).

Thus ¢ is well defined.

Let (z1,...,2,) € V(A1O...0A,). Then for each i, x; € H;(x) and so
there exists g; € H; such that g;(x) = x;. Let y = ¢1g2...gn(x). Then it
follows from the previous paragraph that ¢(y) = (x1,...,x,), S0 ¢ is onto.

Next suppose that ¢(y1) = ¢(y2). Let y1 = g(x), where g = g1g2 . .. gn, and
y2 = h(x) where h = hihy ... h,. Then

(91(2), -5 gn(2)) = (Y1) = d(y2) = (h1(2), .-, hn(2))
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and so foreachi = 1,...,n we have h; € g;(H;),. Thushihs...h, € g192 ... gnHx
and so y1 = g(x) = h(z) = y2. Hence ¢ is one-to-one.

It remains to prove that ¢ is a graph isomorphism. Suppose first that z
and y are adjacent in A. Then there exists ¢ € H such that g(z) = z and if
g = 9192 ... gn then ¢(2) = (g1(x),...,gn(x)). Since y is adjacent to z in A,
there exists w € A(z) such that g(w) = y, and since A(z) C Ui<i<nHi(z),
there exist ¢ € {1,...,n} and h; € H; such that h;(z) = w. Thus gh;(z) = y.
Furthermore, gh; = g192...9i—1(gihi)git+1 - - - gn. Thus

o(y) = (1(2), .-, gim1(2), gihi(2), git1(x), . .., gn(2))
= (91(x),...,9i-1(x), gi(w), gix1(x), ..., gn(x)).

Since g;(w) is adjacent to g;(x) in A; = (H;(x))a, it follows that ¢(z) is adjacent
to ¢(y) in AqO...0A,,. Conversely, suppose that ¢(z) is adjacent to ¢(y) in
AqO...0A,. Let g = g192...9n and h = hjhs...h, such that g(z) = z
and h(z) = y. Then §(z) = (61(z), .., gu(z)) and B(y) = (ha(z), . . hn(z)
Furthermore, there exists j € {1,...,n} such that g;(x) = h;(x) for all i # j
and h;(z) is adjacent to gj(z) in A; = (H;(x))a, and hence in A. Hence since
the H; commute, it follows that

y = hiha...hy(2)
= hihihs .. hj_ihjiy ... ho(@)
=hijg192---9j-19j+1 - - - gn(T)
= 0192 ---9j-19j+1 - - - gnhj(2).

Also z = g192 ... gj—19j+1 - .- gng;(x) where g;(x) is adjacent to h;(z). Then as
9192 - - gj—19j+1 - - - gn is an automorphism of A it follows that z is adjacent to
y in A and hence ¢ is a graph isomorphism. O

We use Proposition 11 together with Proposition 2 to obtain the following
characterization of limit graphs that are Cartesian products.

Proposition 12 Let ((I';, z;))i>0 be a sequence in G* that (p;)i>0-converges to
(T,x), and let n be an integer, n > 2. Suppose that, for each i > 0, G; <
Aut(T;) is a vertex-transitive direct product G;1 X - -+ X Gy, such that T';(x;) C
Ui<k<nGi k() and G, k(zi) N C:'lk(xl) = {x;} for all k = 1,...,n. For each
ik, let A, i, be the subgraph (G, i (z;))r,. Then there exist subgraphs Ay, ..., A,
of T with x € V(A1) N ---NV(A,) and an increasing sequence of non-negative
integers (ij);>0 such that, for each k =1,...,n, the sequence (Aq; k,T;;);>0 is
(@i, 1v(ay))j=0-convergent to (Ay,x), and I' = A00...OA,.

Proof By Proposition 11, for each ¢ > 0, I'; =2 A; ;00...0A, ,,. Note that, for
all i, k, the graphs A, ;, are connected since the I'; are connected.

Let I'(z) = {v1,...,v4}.- Replacing ((T';,z;))i>0 by a subsequence if nec-
essary, we may assume that, for all ¢ > 0, I';(x;) = {vi1,...,¥ia}, where
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yir = @i(y) for 1 < t < d, and, moreover, the set I'(z) is the union of

pairwise disjoint subsets Y7,...,Y,, such that, for any ¢ > 0 and 1 < k < n,
0i(Yy) = Ti(z;) N G k(z;). In addition, by Proposition 2 we may assume,
(again considering a subsequence, if necessary) that, for each t = 1,...,d and

i > 0, there are automorphisms g; € Aut(I') and ¢, ; € G; such that g.(z) = yt,
9i.t(Ti) = Yit, the sequence (g;+)i>o0 is (¢i)i>o-convergent to g, and g, € G;
where k is such that y; € Y;. Note that, for any ¢ > 0 and 1 < k < n, the
subgroup of G; ;. generated by the elements g; ; such that y, € Y;,, for 1 <t < d,
acts vertex-transitively on A; ; (since A, j is connected).

For each k = 1,...,n, set Hy, = (¢:|]1 <t < d and y; € Y}). Since Y}, C
Hy(x), for 1 <k < n, and I'(x) = Ui<k<nYi, we have that (Hy,..., H,) is a
vertex-transitive group of automorphisms of T'.

If 1 <ty,to <dand gy (2) € Yy, g1,(x) € Yy, for distinet k; and Ko such
that 1 < k1, ke < n, then [g,, g1,] = 1 since [gi+,,gi1,] = 1 for all ¢ > 0 and the
sequences (g; ¢, )i>0, (git,)i>0 are (p;)i>o-convergent to gy, , gs, respectively. It
follows that [Hy,, Hy,] = 1 for distinct ki, ko such that 1 < k1, ko < n.

Ifli>1,t,....,t6 €{1,...,d} and e1,...,¢ € {1,—1}, then

wi(g:) - 94 (X)) = g4, - 951, (1)

for all sufficiently large . Since G; g (z;) N ézk(aﬁz) ={x;} foreach k =1,...,n
and all i > 0, it follows that Hy(z) N Hy(x) = {z} for each k = 1,...,n, where
we set Hy = (Hp |k € {1,...,n}\ {k}) = (g;|]1 <t < d and y; & Y3,).

Hence, for each k =1,...,n, Hp N I:jk is a normal subgroup of the vertex-
transitive group (Hy, ..., Hy,) < Aut(T') and (Hy N Hy)(z) < Hy(x) N Hg(z) =
{z}. Hence Hj, N H, = 1 for each k, and so (Hy,...,H,) = Hy X -+ X H,.

Foreachk =1,...,n,let Ay = (Hi(z))r. By Proposition 11, T' =2 A 0. .. OA,,.
Now, for each t =1, ..., d, the sequence (g;,)i>0 is (¢;)i>0-convergent to g;, and
for each 7 > 0 and 1 < k < n, the subgroup of G; . generated by all elements g; ¢
such that y, € Yj, (1 <t < d) is contained in G; ; and acts vertex-transitively on
A; k. It then follows easily that, for each k = 1, ..., n, the sequence (A; i, x;)i>0
is (¢ilv(a,))i>o-convergent to (Ay,x). This completes the proof. O

In contrast to the examples constructed in the previous section of graphs in
lim(FPag) it turns out that graphs in lim(FPpa) have small girth, as shown
in the next result.

Proposition 13 IfT' € FPpa, then the girth of I is at most 4.

Proof Using the notation introduced at the beginning of this section, we have
a vertex-primitive subgroup G < Aut(T') of type PA, and G = NG, where
zxeV@),and N=T; x --- X T, n > 2. Also V(T') = U™ for some U, and
for each i = 1,...,n and u € U, u is the only fixed point of (7};), in U. Now
x = (x1,...,2,) for some z1,...,x, € U. Suppose first that the following holds.

*) There exists a vertex ' = (z,...,2]) € I'(x) such that x; # «}
and x; # z; for some 7, j with 1 <i < j <n.
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In this case there are g; € (T}), and g; € (T}), such that g;(2') # 2’ and g, (x) #
x. Since i # j we have g;9; = gjgi, and so g;g;(x) = g;9:(x) = gj(x). At the
same time, dr (g:; (), i () = dr(g5(z), ) = di(g5(z), 9;(2")) = dp(, ") =
1. Thus g;(z'),z,2’, gj(z) is a 4-cycle in I', and the result follows.

Suppose now that (*) does not hold. Then I' satisfies the conditions of
Proposition 11 and so I' &2 A10... A, for some Aq,...,A, . In this case also,
I" contains a 4-cycle and the result follows. O

Corollary 1 FEvery graph in im(FPpa) has girth at most 4.

min

Limit graphs of FPpy

In order to study the limit graphs of .7:73%" we need to understand the
structure of graphs in FPpa™. The next result shows that most of them are
Cartesian products. Let H be a primitive permutation group on a finite set V'
and let T be a graphs with V(I') = V such that H < Aut(T"). Then T' € FP™"
with respect to this group H if and only if W = {(v,v’) | {v,v'} € E(I")} has
minimum size among the H-invariant subsets U of V' x V such that U = U*
(where U* = {(v/,u) | (u,u’) € U}) and U # {(v,v) | v € V'}. For such a subset
W, and v € V, the set W(v) = {v' | (v,v") € W} is H,-invariant and is called
a minimal symmetric H,-invariant subset of V\{v}. The relationship between
the minimal symmetric subsets for primitive permutation groups of type PA
and those for their primitive components of type AS was elucidated in [6] and

the classification obtained. This is used here to study lim(FPps™). First we

consider FPA™,

Proposition 14 Let n > 2 and A € FPRE™. Then T = AU" ¢ Fpuin,
Conversely, if T € FPEA" admitting a primitive group G of type PA, and if
Soc(G) is not a direct power of PSL(2,7) or PSL(2,9), then I = AB" for some
n>2and A € FP)YS".

Proof Let A € FPR" n > 2, T = AP" and let H be a vertex-primitive
subgroup of Aut(A) of type AS such that, for a vertex w, A(u) is a minimal
symmetric H,-invariant subset of V(A)\{u}. Then H S, in product action,
is a vertex-primitive subgroup of Aut(I") of type PA. Hence I" € FPpa, and it
follows from [6, Theorem 1.4] that I' € FPp4". The converse also follows from
[6, Theorem 1.4] O

Propositions 12 and 14 yield the following description of limit graphs of
FPpA".

Theorem 8 T € lim(FPEy") if and only if T = AB™ for some A € lim(FPRE™)
and n > 1.

25



Proof Suppose that I' = AP for some A € lim(FP5") and n > 1. Then,
for u € V(A), we have a sequence ((A;, u;))i>o that (1;);>0-converges to (A, u)

with each A; € FPRS". For each 4, define ¢ : V(I') — V(A;)" by
2 (vla v 7'Un) = (1/’2‘(111)7 e 7wi(vn))

and set x; = (u;,...,u;) and © = (u,...,u). Then it is easy to check that the
sequence ((AP™,x;))i>0 is (;)i>0- convergent to (I',x). Since A; € FPRE",
Proposition 14 implies that AP" € FPEi" and hence T' € lim(FPEL™).
Conversely suppose that T' € lim(FPpi™), and let € V(I'). So there exist
T; € FPE™ and z; € V(Ty) such that ((Ty,2;))i0 is (:)i>0 convergent to
(T, z). Moreover there exist primitive subgroups G; < Aut(T;) of type PA such
that I';(z;) is a minimal symmetric (G;),,-invariant subset of V/(I';)\ {z;}. Since
G; is primitive of type PA, G; < H; 1 S,, in product action on V(T';) = U™
for some n; > 1, where H; is a primitive permutation group on U; of type
AS. By Theorem 7, restricting to a subsequence if necessary, we may assume
that there exists a positive integer n > 2 such that n; = n for all ¢ and the
H,; are all finite almost simple groups of the same Lie type and rank. Since
the |V(T';)| are unbounded, we may assume that |Soc(H;)| > 360, and so,
by Proposition 14, T; = AP for some A; € FPRL". Hence there exists a
symmetric (H;),,-invariant subset W; of length d; such that I';(x;) consists of
all points (v1,...,v,) € U having all but one of the entries equal to u; and
the remaining entry in W,;. Thus the hypotheses of Proposition 12 hold for the
subgroups Soc(G;) =T;1 X -+ x T}, 2 T]" of Aut(T';), so (taking into account
the fact that G; acts transitively on the entries of points of UJ*) there exists a
subgraph A of I with & € V/(A), and a subsequence (i;);>0, such that I' = AD»
and, if A; = (T;1(z))r,, then ((A,24;))j>0 is (0i;|v(a))j>o0 convergent to
(A, ). Since each A;; € FPRE", we have A € lim(FPRE"). O

7 Concluding remarks

Remark 1. It follows from Theorem 4 and Example 3, that both lim(FPga)
and lim(FPEL") are countably infinite. In addition, see Example 2, for all
integers d > 2 there are infinitely many graphs in lim(FPya) of valency d.
However, the graphs given in Example 2 that illustrate this fact are not edge-
transitive. Infinite families of edge-transitive examples have been constructed
by Kostousov ([10] and private communication).

Remark 2. 1In the light of the results and examples of Section 5, it seems un-
likely that an explicit description of the graphs in lim(FPRE") can be obtained.
However the constructions given in Section 5 are sufficient to demonstrate that

lim(FPRE") is infinite. A related question is the following.
Question 1 Is lim(FPRE") countable?
Independently of this question, we believe that the sets lim(FPSg"*"*) and

lim(FPRE™) will contain some ‘new’ graphs with interesting properties.
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Remark 3. In Theorem 8, we saw that every graph in lim(FPpi") is a carte-
sian power of some graph in lim(FPR4"). In Problem 3 we asked for a useful
description of the graphs in lim(FPpa)?

Here we outline an approach for investigating the graphs in lim(FP5," ™).
We construct an edge-transitive subgroup N of limit automorphisms of I" that
has a normal subgroup @ of the form Q1 X - -+ x Q,, where n is as in Theorem
7, and N permutes {Q1,...,Q,} transitively.

Suppose that ((T';,z;))i>0 is a sequence of finite graphs with distinguished
vertices that (¢;);>o-converges to (I',z) and that, for each ¢ > 0, there is a
subgroup G; < Aut(T';) that is edge-transitive, and vertex-primitive of type PA.
Replacing this sequence by a proper subsequence if necessary, we may assume
(see Proposition 5) that, for each i > 0, G; = (T;1 X --+ X T; )(Gy)y, for a
fixed n > 1 (independent of ), where T; 1,...,T;, are isomorphic nonabelian
simple groups, T;1 X --- x T} ,, < Gj, the stabiliser (G;),, acts transitively on
{T;1,...,T;n} by conjugation, and is independent of ¢, up to isomorphism.
Next, applying Proposition 2, we may again replace this sequence of graphs by
a proper subsequence if necessary, and assume further that there exists a finite
subset M = M’ U M" of Aut(T") for which the following properties (a)-(e) all
hold.

(a) The set M’ is a subgroup of Aut(T'), isomorphic to (G;),, for each i > 0.
In particular, M’ contains a normal subgroup R = Ry X --- X R, such
that M’ is transitive on {Ry,..., R,} acting by conjugation and, for each
i>0and k=1,...,n, the subgroup Ry, is isomorphic to (T; k),

(b) For 1 < k < n and g € Ry, where Ry, is as defined in (a), and for each
i > 0, there exists g; € (T; 1), such that the sequence (g;)i>0 is (¢s)i>o0-
convergent to g.

(c) For each g € M’ and for each i > 0, there exists g; € G; such that the
sequence (g;)i>o0 is (p;)i>o-convergent to g.

(d) The set M" consists of all the elements g € Aut(T") for which dr(z, g(x))
is at most 1 and, for each ¢ > 0, there exists g; € T;1 % ... x T}, such
that the sequence (g;)i>0 is (¢;)i>o0-convergent to g.

(e) For each y € T'(x) there exists g € M" such that g(z) = y.
Set N := (M) and L := (RU M"). We claim:

N is a vertex-transitive and edge-transitive group of automorphisms of I' and
L is a vertez-transitive normal subgroup of N.

Note that R € M" and hence L = (M"). Moreover, by conditions (c) and (d)
it follows that M’ normalises M", and hence N normalizes L. It follows from
condition (e) and the connectivity of I that L is vertex-transitive, so also N
is vertex-transitive. If N, acts transitively on I'(x), then N is edge-transitive.
On the other hand, if N, acts intransitively on I'(z), then conditions (a) and
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(¢), and the edge-transitivity of each G; on T';, imply that M’ has two orbits on
I'(x) which are paired orbits of N, and again N is edge-transitive. Thus the
claim is proved, and in particular, N = LN,.

Next we define @ to be the normal closure in L of R and, for 1 < k < n, we
define Q) as the normal closure in L of R;. We claim:

Q=0Q1 X - XQpn, Q is normal in N, and N acts transitively by conjugation

on{Q1,...,Qn}-

By condition (d), for each g € L and each ¢ > 0, there exists g; € T; 1 X ---xT;
such that the sequence (g;);>0 is (¥;)i>o-convergent to g. Similarly, for each
k=1,...,n and g € Ry, there exist elements g; € (T;x)qs,;, for ¢ > 0, such
that the sequence (g;)i>0 is (¢;)i>o-convergent to g. Thus for each k =1,...,n
and g € Qg, there are g; € (T} k), for ¢ > 0, such that the sequence (g;);>0 is
(pi)i>o-convergent to g. From this we deduce as follows that Q@ = Q1 X -+ - X Qp,.
If 1 <k < n and if, for some elements g; € T; and g, € Hk,#k T; i (for
i > 0), the two sequences (g;);>0 and (g})i>o0 are (¢;);>o-convergent to the
same element g, then this element g = 1; for if this were not the case then, for
any positive integer r, there would exist an integer ¢ such that the non-identity
element (g;)~'g! € G; stabilizes pointwise the ball Br, (z;,7), contradicting the
boundedness of [(G;)z,| = [M'[. Thus Qr N ([[4, Qw) = 1 and so Q =
Q1 %X -+ xQp. Forechk=1,...,n, since M" C L and L normalises Qj,
it follows that M’ normalises Q. Also, since M’ normalises both L and R,
and since M’ acts transitively on {Ry,..., R,} by conjugation, it follows that
M’ normalises the normal closure @ in L of R, and M’ acts transitively on the
set {Q1,...,Qn} of normal closures in L of the Ry. Thus N = (M’ U M")
normalises @ and acts transitively on {Q1,...,Q,}. Thus the claim is proved.

Let o be the set of Q-orbits in V(I') and let I'/o denote the corresponding
quotient graph of I having vertex set o and edges {01, 02} whenever there exist
y; € o; such that {y1,y=} is an edge of I". Then L acts vertex-transitively on
I'/o with kernel containing Q. Since R < @, and R acts non-trivially on I'(x),
it follows that deg(I'/o) < deg(T"). Moreover the graph theoretic structure of
the subgraphs induced on the Q-orbits can be recognized using the (¢;)i>o-
convergent sequence ((I';, z;));>0. It would be interesting to describe I'/o.

8 Appendix

The English translation [16] contains the following misprints:

p- 2211413, “either” and “, or h = 1”7 should be deleted;

p. 22515, it should be 2(degI')*»?™ instead of (degI') "' ¢™ and it should be
1+4+¢€,-q-n-logydegl instead of €, - ¢ - n - log, degI';

p. 226'3, it should be AR I = o (R IRdY) L (ATIRYN)RE in-
stead of AR . 3" = RO (W7 RY) L (hy YR )R

p. 2269, after f: NU{0} — NU{0} it should be added “be a non-decreasing
function”;
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p. 227y, after (Br,(z;,r;)) it should be added “mapping z to z;”;

p- 22812, G and g should be interchanged;

p. 22811, it should be ¢;(g(y)) instead of g(y);

p. 2292 and p. 229;,, it should be “for some non-decreasing function f :

NuU {0} - NU{0}, f(n) = o(n), some” instead of “for some”;

p. 2337, the second x and 2’ should be interchanged:;
p- 23318, it should be X instead of x;
p. 233 it should be z instead of X;
p. 23314, it should be K instead of K;
p. 2341 it should be Bg > Bg,1 instead of Bgy1 > Bpg;
p. 2341 and p. 2363, it should be |Bg : Bg41| instead of |Bg1 : Bgl.
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