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Abstract

For a positive integer k, a k-relation on a set €2 is a non-empty subset A of the
k-fold Cartesian product QF; A is called a k-relation for a permutation group H on
Q if H leaves A invariant setwise. The k-closure H*) of H, in the sense of Wielandt,
is the largest permutation group K on ) such that the set of k-relations for K is
equal to the set of k-relations for H. We study k-relations for finite semi-linear groups
H <TL(d, q) in their natural action on the set Q of non-zero vectors of the underlying
vector space. In particular, for each Aschbacher class C of geometric subgroups of
I'L(d, q), we define a subset Rel(C) of k-relations (with k = 1 or k = 2) and prove (i)
that H lies in C if and only if H leaves invariant at least one relation in Rel(C), and
(ii) that, if H is maximal among subgroups in C, then an element g € T'L(d, q) lies
in the k-closure of H if and only if g leaves invariant a single H-invariant k-relation
in Rel(C) (rather than checking that g leaves invariant all H-invariant k-relations).
Consequently both, or neither, of H and H®*) NTL(d, q) lie in C. As an application,
we improve a 1992 result of Saxl and the fourth author concerning closures of affine
primitive permutation groups.
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1 Introduction
k

For a positive integer k, a k-relation on a set € is a non-empty subset of QF = m,
and for H < Sym(Q2), the set of H-invariant k-relations is denoted Rel(H, k). In 1969
Helmut Wielandt [19] defined the k-closure H*) of a permutation group H < Sym(Q)
to be the largest subgroup of Sym(f2) such that Rel(H®), k) = Rel(H, k), noting that if
k> k' then H < H® < H*)_ The purpose of this paper is to study the k-closures of
finite semi-linear groups H < T'L(d, q) in their natural actions on the set 2 of non-zero

vectors of the underlying vector space. We do this in terms of natural geometric invariants.
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Our approach is to consider subgroups of I'L(d, ¢) lying in certain classes C;, for i €
{1,...,7,Sp, U, O}, which are defined in Subsection 2.2 and are similar to the classes
in Aschbacher’s classification [1]. For each i, we define an integer k; € {1,2} and a set
Rel(i, k;) of k;-relations on €2. The definitions of the k; and references to the definitions
of Rel(i, k;), given in Section 4, are summarised in Table 1. We prove that membership of
a subgroup in the class C; is equivalent to invariance of some relation in the relation set
Rel(z, k;).

i 1 2 3 4 5 6 7
k; 1 1 2 1 1 2 1
Definitions | (4.1.1) (4.2.1) (43.1) (44.2) (451) (4.6.2) (4.4.4)
i Sp U o
k; 2 1 1
Definitions | (4.7.1) (4.7.4) (4.7.3)

Table 1: References for definitions of the relation sets Rel(z, k;).

Theorem 1.0.1. Let d > 2, H < I'L(d,q), i € {1,...,7,Sp,U,O}, and k; be as in
Table 1. Then H € C; if and only if Rel(H, k;) N Rel(i, k;) # 0.

This result has a number of important consequences, including a broad-brush result

for linear groups, concerning their ‘Aschbacher types’ and the types of their k;-closures.

Corollary 1.0.2. Let H,i and k; be as in Theorem 1.0.1 and let g € T'L(d,q). Then the
following all hold.

(a) If H € C; and g leaves invariant some relation in Rel(H, k;) N Rel(i, k;), then also
<Ha .g> € Ci.

(b) H € C; if and only if H*) NTL(d, q) € C;.
(¢) If H is a mazimal C;-subgroup then H*) NT'L(d,q) = H.

Thus, for a maximal Cj-subgroup H, membership of g € T'L(d,q) in H*?) can be
guaranteed if g preserves a single relation in Rel(i, k;) N"Rel(H, 7), (rather than needing to

check that g preserves every k;-relation in Rel(H, k;)).

Remark 1.0.3. For completeness we give information, in Section 3, about Wielandt
closures in the cases not covered by Corollary 1.0.2. In terms of the notation for the
Frobenius automorphism introduced in Subsection 2.1, we prove in Proposition 3.1.1 that,
if d = 1 then H® = H; and in Proposition 3.2.1 that, if H contains SL(d, q), then
H® NTL(d,q) is GL(d,q) x (r) if d > 3, or is contained in H(r7) if d = 2, where
(r7y = {r(h)| h € H}. Finally we prove in Proposition 3.3.1 that if H € Cgy (defined in
Subsection 2.2), then either H®NI'L(d, q) € Cy also, or H = A7 < GL(4,2) < H® = Ay5.



This investigation was inspired by the 1992 paper [14] of Jan Saxl and the fourth
author studying the k-closures of primitive permutation groups G on a finite set Q2. It was
shown in [14] that, for k > 2, either G and G*) have the same socle, or their socles are
known explicitly. (The socle of a group is the product of its minimal normal subgroups.)
In the case of an affine primitive group G the socle is an elementary abelian p-group, say
N = Zg, and G = NH with H an irreducible subgroup of GL(d,p), for some prime p
and d > 1. Thus, knowing that G*) has socle N in this case is a rather weak conclusion.
The authors of [14] asked whether more information could be given about closures of
finite affine primitive groups. An application of our main Theorem 1.0.1 provides such
additional information for the 3-closures. All the proofs up to this point use elementary
group theoretic and geometric methods. However, in making this application we use the
finite simple group classification to determine (more precisely than in [14]) all the affine

primitive groups G for which G®) is not affine.

Theorem 1.0.4. Suppose that G is an affine primitive permutation group such that G =
NH with N = Zg and H < GL(d,p), where d > 1 and p is a prime. Then either
(a) [non-affine] G®) is not an affine group, p =2, and if G < L < G®) and L is not an
affine group, then H, L are as in one of the lines of Table 2, or

(b) [affine] G®) = NK with K < GL(d, p) and one of the following holds.

(i) d=1 or2 and G® =G,
(ii) d > 3, p is odd, and SL(d,p) < H < K < GL(d, p),
(i1i) d > 3 and, for somei € {1,...,7,Sp,U, O}, both H, K € C;, and Rel(K, k;) N
Rel(i, k;) # 0, with Rel(i, k;) as in Table 1,
(i) d >3, both H, K € Co, but (d,p, H) # (4,2, Az).

d H L
>3 GL(d,2) Aga or Sya
4 A, A or Sig

nm | GL(n,2)1Y | AgnlY <L < GG < 89n2 S,
4m AY AglY <L <GB < 81608m

Table 2: Result table for Theorem 1.0.4(a). In Lines 3 and 4, m > 2,n >3 and Y < S,
is transitive.

2 Preliminaries
2.1 Semi-linear transformations

Throughout the rest of the paper, let V= V(d,q) be a vector space of dimension d > 1
over a finite field Fj of order ¢, where ¢ = p! with p a prime and f > 1. Also let



=V \ {0}, and let Z denote the subgroup of non-zero scalar transformations of V', so
Z = Fy. Suppose that H <T'L(d, q), so that H acts on 2 faithfully.

Pick a basis {v1,...,v4} of V and use it to identify V with Fg. Let 7 denote the
Frobenius automorphism of Fy, that is, 7 : A — AP for each A € Fj,. We define an action
of 7 on Q as follows: (A\jv1 + ...+ Aqug)™ = A[v1 + ... + Ajvg = Mo + ... + )\svd for
i € Fy. Then I'L(d, q) = GL(d, q) x (1), the group of semi-linear transformations of V.
In the following discussion, when we say ‘the Frobenius automorphism 7 € T'L(d,q)’, 7
will always be defined as above with respect to a specified basis.

For any h € T'L(d, q) = GL(d, q) x (1), let 7(h) be the associated field automorphism,
that is, 7(h) € () and

(M) = XWh for any v € V and X € F,. (2.1.1)

Then 7(h) is well defined (independently of the basis {v1,...,v4}). Moreover, 7(h) = 77
for some integer j satisfying 0 < j < f, and 7(h1h2) = 7(h1)7(h2).

2.2 Aschbacher’s classification

As we indicated in Section 1, our proof of Theorem 1.0.1 is based on Aschbacher’s de-
scription of subgroups of I'L(d, ¢) not containing SL(d, q), (see [1] and [11]). Let V,Z
be as above. The families of subgroups Cy,...,Co of I'L(d, q) are described as follows.
Because the groups behave differently in our investigations, we subdivide the class Cg as
Cg = Csp UCy UCo.

Cy: These subgroups act reducibly on V', and maximal subgroups in this family are
the stabilizers of proper non-trivial Fy-subspaces.

Cy: These subgroups act irreducibly but imprimitively on V', and maximal subgroups
in this family are the stabilizers of direct sum decompositions V' = @!_,V;, where t > 2
and, for each i, dimV; = d/t.

C3: These subgroups preserve on V' the structure of a vector space over an extension
field Fp of Fy, for some divisor b of d with b > 1, and a maximal subgroup in this family,
relative to a fixed value of b, is the stabilizer of a d/b-dimensional vector space structure
on V' over the extension field Fi.

C4: These subgroups preserve on V the structure of a tensor product of subspaces, and
maximal subgroups in this family are the stabilizers of tensor decompositions V = V; ® Vo
such that dim V; > 2 for ¢ = 1,2 and dim V; # dim V5.

Cs: These subgroups preserve, modulo scalars, a structure on V of a vector space over
a proper subfield F of F,, where gy = pf/? for some divisor b > 1 of f. A maximal
subgroup in this family, relative to a fixed value of b, is a central product of the scalar

subgroup Z and the stabilizer of a d-dimensional Fj -subspace of V.



Cs: These subgroups have as a normal subgroup an r-group R of symplectic type
(where r is a prime, r # p, and d is a power of r), R acts absolutely irreducibly on V', and
maximal subgroups in this family are the normalizers of these subgroups.

C7: These subgroups preserve on V a tensor decomposition V' = ®!_,V; with ¢ > 2 and
each dimV; = ¢ where d = ¢!, and maximal subgroups in this family are the stabilizers of
such decompositions.

Cs: Here Cg = UxecxCx, where X = {Sp, U, or O}, and Cx consists of all subgroups
that preserve modulo scalars a non-degenerate X-form on V', namely a non-degenerate al-
ternating, hermitian, or quadratic form according as X = Sp, U, O respectively. Maximal
subgroups in Cx are normalizers of the corresponding classical groups that stabilize such
X-forms.

Co: These subgroups H are not contained in C; for any ¢ = 1,...,8. In particular the
action of H on V is absolutely irreducible, primitive, not definable over any proper subfield
of Fy, etc., and H does not preserve modulo scalars any non-degenerate sesquilinear or
quadratic form. In addition, d > 2 and there is a nonabelian simple group 7" such that
T<H/(HNZ)< AutT.

Remark 2.2.1. (a) We have defined the classes C; (i = 1, ...,8) as subgroups possessing
a particular property. As a consequence some subgroups may belong to more than one
class. For example, we include the normalizers of SO(2m+ 1, 2f) as maximal Co-subgroups
as they are classical groups. In addition, they are Ci-subgroups as they preserve the 1-
dimensional radicals of the associated non-degenerate quadratic forms. We allow these
overlaps in all cases except in the case d = 2 where stabilisers of quadratic forms modulo
scalars are Cs-subgroups: we will not consider such groups as Cg-groups. See also Section

4.7.

(b) Aschbacher’s Theorem [1] may be viewed as the assertion that, if d > 2, then every
subgroup of I'L(d, ¢) not containing SL(d, ¢) lies in at least one of the classes Cy,...,Cy.
Aschbacher’s Theorem also applies to analogous classes of the finite classical groups, and

we use the version for classical groups in the proof of Lemma 4.6.8.

(¢c) If d = 1 the only non-empty Aschbacher classes are C; (if f > 1) and Co (if ¢ is
odd), and even in these cases the maximal C;-subgroup is the whole group I'L(1,¢). The
only assertions claimed in Section 1 for this case are those in Theorem 1.0.4 related to
affine primitive groups. These assertions, and more, follow from Proposition 3.1 and an

application of Lemma 2.3.1(4).

2.3 General results about k-closures

Let G < Sym(€2) be a permutation group on a set {2 of n points, and let k be a positive

integer. Then G has a natural action on QF = Q x --- x Q (k copies). From the definition



of the k-closure G*) in Section 1 we see that
G®) .= {g € Sym(Q)|AY = A for each orbit A of G on QF}.

This implies that, for £ > 2, G < ... < Gk < gl < . < G@, We say that G
is k-closed if G = G®). Recall that Rel(G, k) is the set of all G-invariant k-relations on
Q. For L < Sym(RQ), we say that G is k-equivalent to L if Rel(G, k) = Rel(L, k). This
condition is equivalent to the condition that G and L have the same orbit set on QF. In
particular, G is k-equivalent to G(¥).

We collect some useful fundamental results here. Proofs may be found in the Lecture
Notes of Wielandt [19]. The proof of Lemma 2.3.1 (1), (2) and (3) can be found in
Theorems 5.8, 5.7 and 5.12 of [19] respectively and part (4) follows from [19, Theorem 4.3

and Lemma 4.12].

Lemma 2.3.1. [19, Wielandt] Let k > 1 and let G and L be permutation groups on a set
Q. Then

(1) G < G+ < gtk),

(2) If G < L, then G*) < L),

(3) If there exist aq, ..., € Q such that Go, .. o, =1, then G+l = @3,

(4) If G is (k + 1)-equivalent to L, then G is k-equivalent to L and for any o € Q, G,

18 k-equivalent to L.

The following lemma is an easy result about the k-closure of an induced quotient

action.

Lemma 2.3.2. Suppose k > 1 and G, L < Sym(Q2). Suppose further that G is k-equivalent
to L on Q. Let N be an intransitive normal subgroup of both G and L. Let € be the set
of N-orbits. Then G = G/N is k-equivalent to L = L/N on Q.

Proof. For a € Q, let [a] denote the N-orbit containing «. Suppose ([au], ..., [ax]) € .
For any Z = N € L where x € L, the normality of N implies that ([a1], ..., [a])® =
([af], ..., [aF]). Since G is k-equivalent to L on €2, there exists g € G such that (of,...,af) =
(o, ...,ad). Hence ([a1], ..., [ag])® = ([eu], ..., [ow])? where § = gN € G. Therefore G is k-
equivalent to L on . O

2.4 Dickson’s Theorem.

When we handle the subgroups of GL(2, ¢), the 1901 classification by L. E. Dickson [4] of
the subgroups of PSL(2, ¢) is one of our main tools (see [17, Chapter 3, §6] or [7, Chaper
2, §8] for a proof).

Theorem 2.4.1. [Dickson] Let ¢ = p!, where p is a prime and f > 1, and let s =
. g +1 1
ged(2,q —1). Also let z be an integer dividing “= or *—= . Then a subgroup of PSL(2, q)

s

is isomorphic to one of the following groups:



(a) an elementary abelian p-group Z]*, where 1 <m < f;
(b) a cyclic group of order z;

(¢) a dihedral group of order 2z;

(d) Ayg if p is odd;

(e) Sy if p*/ —1 =0 (mod 16);

(f) As if p*/ —1 =0 (mod 10);

(9) ZJ* < Zy where m < f, t|1$ and t|(pf —1);

(h) PSL(2,p™) if m|f, or PGL(2,p™) if 2m|f.

2.5 Primitive permutation groups preserving a product decomposition

A permutation group G on {2 is said to preserve a product decomposition I'™ of 2, where
m > 2, if Q can be identified with the Cartesian product I'" =T'1 x ... x 'y, (with I'; =T

for 1 <4 < m) in such a way that G is a subgroup of the wreath product
W = Sym(T") 1 S, = Sym(I")™ x S,
in product action. This means that, for g = (g1, ..., gm) in the ‘base group’ Sym(I")™,

(1, o0 vm)? = (07, v,

and for ¢ in the ‘top group’ Sp,

—1
(717"'7’7m)t = (rYIta"'v’ymt)?

where (71,...,7m) € @ =T"". Thus if a = (0,...,0) € Q, then W, = (Sym(T"))5 2 Spn.

The projection of W = Sym(I")™ x S,, onto S,,, which we denote by m, may be
considered as a permutation representation of W on {1,...,n}. Then, for 1 <i <m, the
subgroup

W; = Sym(T;) x (Sym(T") 2 .Sp—1)

is the full preimage under 7 of the stabilizer of i. Let m; denote the projection W; —
Sym(I';) of W; onto the first factor of this direct product.

Now suppose that G < W and G is primitive on 2 = I'™. The primitivity of G implies
that Y := 7(G) < S, is transitive. The subgroup G N W; consists of all the elements of
G which fix ¢, and the restriction of m; to G N W; is a homomorphism from G N W; onto
a subgroup of Sym(T;). Set Gy := 71 (GNWj) and T' = T'; so that Gy < Sym(I"). By
a result of Kovacs [12, 2.2], replacing G' by a conjugate of G under an element of W, if
necessary, we may assume that

G < GolSnp.

Moreover, see [12, 2.3], Gy is primitive on I" and not of prime order.



In summary, when dealing with primitive groups G on () that preserve a product
decomposition Q2 = I, we may assume that G < Go1Y, where Y = 7(G) < S, is
transitive, and Gy = 71 (G N W7) < Sym(T') is primitive and not of prime order. The
group GY is called the group induced by G on T" .

3 Proofs for special cases
3.1 1-dimensional semi-linear groups

Let ¢ = p/ and Q = V'\ {0} as in Subsection 2.1 with d = 1. As mentioned in Remark 2.2.1,
when d = 1 the only non-empty Aschbacher classes are C5 (if f > 1) and Co (if ¢ is
odd), and in these cases the unique maximal C;-subgroup is I'L(1,q). As promised in
Remark 1.0.3, we prove here that each subgroup H of I'L(1, ¢) is 2-closed. If H = T'L(1, q)
this fact and more follows from [15, Corollary 4.1]. Define the 2-relation A on 2 by:

A= {(x,m&pi) |z €Q, 0<i< f}, where¢ isa primitive element of Fj,. (3.1.1)
Proposition 3.1.1. Let G =TL(1,q), H < G < Sym(f2), and g € Sym(2). Then
(a) g € G? if and only if g leaves A invariant; and
(b) H=H®.

Proof. Part (a) follows from [15, Corollary 4.1], and this implies in particular that G =
G?). Then by Lemma 2.3.1(2), H? < G? = G. For a primitive element ¢ € F,
the stabilizer in G of the pair (1,&) is trivial. By definition, (1,£) = (I,E)H(Z). Hence
H| = |(1,)"] = (1,OT| = |H?)|, and so H = H). O

Proposition 3.1.1 will also be used when considering groups H of type C3 in Section 4.

3.2 The Case SL(d,q) < H <TL(d,q) (d>2)

Let ¢ = p/,Q = V \ {0}, Z, 7 (defined relative to the basis {vi,...,vq} of V), as in
Subsection 2.1. In this subsection we prove Proposition 3.2.1 and Proposition 3.2.2, as
promised in Remark 1.0.3. Recall the definition of 7(h) for h € GL(d, ¢) from (2.1.1).

Proposition 3.2.1. Suppose that SL(d,q) < H < T'L(d,q) with d > 2, and let (t%) =
{r(h)| h € H} and K = H® NTL(d,q). Then either d > 3 and K = GL(d,q) x (1), or
d=2and H< K < H{(T%.

We see from Proposition 3.2.2 below that the case d = 2 is really different from the gen-
eral case of larger d. Proposition 3.2.2 both yields the second assertion of Proposition 3.2.1,
and also shows, for example, that for H = SL(2,¢) the subgroup K = H®) NTL(2,q) is
equal to H (rather than GL(2,q)). On the other hand we can sometimes have K =
GL(d, q) x (%) when d = 2, see Example 3.2.3.



Proposition 3.2.2. Suppose that H < T'L(2,q), and let (%) = {r(h)| h € H} and
K = HY NTL(2,q). Then K < H(r%), and in particular, if either H < GL(2,q) or
'€ H, then H = K.

Proof. Let (¢) = F; and let v € © = V' \ {0}. Since (v,&v)" = (v,&u)*, for any g € K,
there exists h € H such that (v", (¢v)") = (v9, (€v)9). Thus

{T(h)'l}h _ (fv)h — (Sv)g — 57(9)1)9 — é“f'(g)vh.

Therefore, 7(g) = 7(h), and so gh~* € K N GL(2,q). Then K = H(K N GL(2,q)).

Now for any g € GL(2,¢)N K, g is determined by the images of the basis vectors v; and
vy under g. Since (v1,v2)? = (v1,v9)X, there exists h € H such that (v{,v§) = (v}, vh).
Thus h = 7(h)g and so 7(h) = hg~! € K. It follows that K < H{7'). Finally, if either

"€ Hori=f,then K=H. O

Example 3.2.3. Let F' = F52 and (§) = F* = Zys. Let det : GL(2,25) — F* denote the
determinant map det : g — det(g). Define

3 8
H = (SL(2,25),7g1,92) where g1 = ( % (1) > and go = < 50 (1) ) .

Then SL(2,25) < H <TL(2,25) and (1) = {7(h)| h € H}. We claim that H # I'L(2,25)
and that K = H® NTL(2,25) is equal to GL(2,25) x (1) = T'L(2,25). (See Lemma 3.2.4.)

Lemma 3.2.4. The claims made in Example 3.2.3 are true.

Proof. Now det({g1,g2)) = F* and det((g7, g2)) = Zi2, and in particular I'L(2,25) =
(SL2.25), 102, 7). Abso, rnrn = aTon = ( Sy ) ) = ot so that ((7n)?) = af) =
(¢?) and HNGL(2,25) = (SL(2,25), 9%, g2). Thus |H| = 2|H NGL(2,25)| = 2(|SL(2, 25)] -
12) = [T'L(2,25)|/2.

Let L = I'L(2,25) and consider A = (v1,v2)". Then the stabilizer L(,, ,,) = (), and
A = {(wy,w2)| w1, w2 € Q and wy ¢ (wa)}. Observe that |A| = |GL(2,25)| = |H|. Now
since 7 & H, Hy, ,,) = 1 and so |(v1,v2)| = |H| = |A]. Hence A is also an orbit of H.
Also if Ay = {(v, \v)| v € Q} where A € F*, then A = AL = Ay UA,s. Thus L and H
have the same orbits in Q x Q. Hence L is 2-equivalent to H on Q, so L < H® . O

Finally we prove Proposition 3.2.1.

Proof of Proposition 3.2.1. If d = 2 the assertions have been proved already in Propo-
sition 3.2.2, so suppose that d > 3. Then SL(d, q) is 2-equivalent to GL(d, q) as these two

groups have the same orbit sets on €2 x 2, namely,

A={(v,w)v,weQandv ¢ (w)} and Ay ={(v,\v)|veQ} where A € Fy.



Since each H-orbit in Qx Q2 is a union of SL(d, ¢)-orbits, GL(d, q) < H®. Thus GL(d, q) <
K <TL(d,q) = GL(d, q) x (1), and so K = GL(d,q) x (77) for some integer j dividing f.
Recall that (%) = {7(h)| h € H}. Then

AT = AT = A and (AT = (AN =U A,

Me,\(Ti>

But if (7%) # (77), then there exists \ € Fy such that AT £ A0 This would imply
that H is not 2-equivalent to K = GL(d, ¢) x (7), which would be a contradiction. Hence
(%) = (77) and the result follows. O

3.3 The Case H € Cy

Recall that H € Cy if H does not contain SL(d,q), d > 2, and H is not contained in
any maximal C;-subgroup for ¢ = 1,2, ..., 8. In this subsection we identify the exceptional

Co-group in Theorem 1.0.4(a), and prove some parts of Theorem 1.0.4 in Lemma 3.3.2.

Proposition 3.3.1. Suppose H € Cy and let K = H® NTL(d, q). Then either K € Cy or
(d7 q, H) = (47 27 A7)

Proof. By the definition of the class Cg, and since H € Cg, it follows that either K € Cy
or K > SL(d, q). Assume the latter, and consider the natural action of PI'L(d, ¢) on the
set Q of 1-dimensional subspaces of V. By Lemma 2.3.2, H := HZ/Z is 2-equivalent to
K := KZ/Z on Q. By assumption K > PSL(d, q), so K is 2-transitive on Q. Thus H is
2-transitive on 2, and by the definition of the class Cy, H does not contain PSL(d, q). If
d = 2 then by Theorem 2.4.1, A5 < H < S5 and ¢?> = 1 (mod 10). In particular ¢ > 9.
However, since H is 2-transitive on Q, (¢ + 1)g must divide 120, and this is impossible.

Hence d > 3. By [2], d =4,q =2 and H = Ay, as in the statement. [

Lemma 3.3.2. Suppose that G = Zg - H, with H < GL(d,p), and G acts primitively on
V =V(d,p). If one of d <2, or SL(d,p) < H, or H € Cy, then the assertions made about
such groups in Theorem 1.0.4 all hold.

Proof. If d = 1, then V' = F, and the stabilizer Go; = 1. Hence by Lemma 2.3.1(3),
G®) = @, as in Theorem 1.0.4(b)(i). So suppose that d > 2. If p = 2 and either
H = GL(d,2), or d = 4 and H = Ay, then G is 3-transitive and hence G®) = S,4. It
follows from [14, Lemma 4.1] that in these cases Theorem 1.0.4 holds (part (b)(i) if d = 2,
or part (a), Line 1 or 2 of Table 2, if d > 3). In all other cases we have to consider here,
G is not 3-transitive.

It follows from [14, Theorem 2] that, in each of these remaining cases, GG < AGL(d, p)
and hence G®) = Zg - K where H < K < GL(d,p). By Lemma 2.3.1 (4), H and K are
2-equivalent and so H < K < H® nGL(d,p). If d = 2, then by Proposition 3.2.2,
H® N GL(2,p) = H and hence K = H and G®) = G, as in Theorem 1.0.4(b)(i) (and
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also in part (b)(iv) if H € Cg). We may assume now that d > 3 and (d,p, H) # (4,2, A7).
If H € Cy then, by Proposition 3.3.1, H® N GL(d,p) € Cy. In particular since K <
H® N GL(d, p), it follows that K does not contain SL(d, p). Since H < K, it follows from
the definition of the class Cyg that K does not lie in C; for any ¢ < 8, and hence K € (o,
as in Theorem 1.0.4(b)(iv). Finally if H > SL(d, p) with p odd and d > 3, then we have
already proved that G®) < AGL(d,p) and K < GL(d, p), as in Theorem 1.0.4(b)(iii). We
note in passing that a similar argument to that given in the proof of Proposition 3.2.1
would yield that G(®) = AGL(d, p) in Theorem 1.0.4(b)(iii) if d > 4. This however is not
the case if, for example, d = 3 and H = SL(3,p). O

4 Proof of Theorem 1.0.1

Throughout Section 4, we use the notation of Subsection 2.1, and the definitions of the
families C; in Subsection 2.2, together with the following. Let d > 2, and H < T'L(d, q) =
GL(d, q) x (1) such that H »? SL(d,q). Let i € {1,2,...,7,Sp,U,O}. We will define an
integer k; € {1,2}, and a set Rel(i, k;) of k;-relations on Q, and prove that H € C; if and
only if there exists an H-invariant relation in Rel(i, k;). This will prove Theorem 1.0.1,

and allow us to deduce Corollary 1.0.2 as follows.

Proof of Corollary 1.0.2.

(a) Suppose H € C; and g € T'L(d, q) leaves invariant some A € Rel(i, k;) N Rel(H, k;).
Then (H,g) leaves A invariant so A € Rel(i, k;) N Rel((H, g), k;). By Theorem 1.0.1,
(H,g9) € Ci.

(b) By Theorem 1.0.1, H € C; if and only if Rel(i, k;) N Rel(H, k;) # 0, and since
by definition Rel(H, k;) = Rel(H), k;), this holds if and only if Rel(i, k;) N Rel(H®) N
I'L(d,q),k;) # 0. Finally, again by Theorem 1.0.1, this is true if and only if H*) N
I'L(d,q) € C;.

(¢) Suppose that H is a maximal C;-subgroup. By part (a), H*) NTL(d, q) € C; and
contains H. By maximality, this subgroup is equal to H. U

4.1 The Case H € C;

Define
k1 =1 and Rel(1,1) = {W \ {0} | W is a non-zero proper subspace of V'}. (4.1.1)

Since subgroups in C; all leave invariant some non-zero proper subspace of V', Theo-

rem 1.0.1 follows immediately for this case.

Proposition 4.1.1. H € C; if and only if Rel(H,1) NRel(1,1) # 0.
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4.2 The Case H € C,

Define k; = 1 and
Rel(2,1) ={(ViU...UV\{0} | V=Vi®--- @V, d=at,t>1a=dimV;}. (4.2.1)
Proposition 4.2.1. H € Cs if and only if Rel(H,1) NRel(2,1) # 0.

Proof. If H is a Ca-subgroup, then by definition there exists an H-invariant decomposition
V=Vieg - -®dV, where d = at, t > 1, and a = dimV; for each i. The group H leaves
invariant the corresponding 1-relation in Rel(2,1).

Conversely, suppose H leaves invariant the relation A = (Vi U...UV;)\ {0} € Rel(2,1).
It is sufficient to prove that each h € H lies in the stabilizer Stabry,(#V;) in I'L(d, q) of
the corresponding decomposition of V', since this stabilizer is a maximal Ca-subgroup.

Let h € H. For each v € V; \ {0}, we have v € A and hence v" € A. Thus v" € V;
for some j. We claim that V/* = V;. Let w € V; \ {0,v}. Then v —w € V; \ {0} and so
w € V;,\{0} and (v—w)" € V}\ {0} for some m,l. Thus (v—w)" = v"—w" € (V;4+V,,)NV;
and is non-zero. Because the subspace decomposition is a direct sum, we must have
j=m=1. Thus w" € V; and since this holds for all w € V;, h maps V; to Vj. It follows
that h € Stabpr,(®V;). O

4.3 The Case H € Cs

First we describe the maximal Cs-subgroups of I'L(d,q). For each divisor b > 1 of d,
write d = ab, let F' = F» be an extension field of F, of degree b, and identify V' with
an a-dimensional vector space V(a, %) over F. The stabilizer in I'L(d, q) of this F-space
structure on V is T'L(a, ¢*). Every maximal Cs-subgroup is conjugate to such a subgroup
for some b. Since I'L(a, ¢°) is transitive on €, its 1-closure is Sym(2), so we will consider
2-closures instead. If b = d let § be a primitive element of F' = Fa, and define A; 4 as the
2-relation of (3.1.1) with ¢ replaced by ¢¢, that is,

Arg={(z,z)| z€Q, 0<i<df}
while if b < d, choose an identification of V with V'(a, ¢?) and define
Agp={(W,0)|veQ, Ne Fp} (for a=d/b>2).
Define

ks =2 and Rel(3,2) = {(Auy)? | g € GL(d, q),d = ab, b> 1} (4.3.1)

Proposition 4.3.1. H € Cs if and only if Rel(H,2) NRel(3,2) # 0.
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Remark 4.3.2. The proof uses a modification of [16, Proposition 84.1]. Suppose that
b < d, and consider a function h : V' — V| with V identified with the vector space V(a, qb)
over F. Then [16, Proposition 84.1] proves that h € I'L(a,q") if and only if h has the
following three properties:

1. h is an automorphism of the additive group of V;

2. h sends one-dimensional F-subspaces to one-dimensional F-subspaces;

3. if u and v are F-linearly independent vectors of V, then also their images u” and
v" under h are F-linearly independent.

Now properties 1 and 2 together imply property 3, and moreover, if we are given that
h € TL(d, q), then property 1 holds. Thus for h € TL(d, q), we conclude that h € I'L(a, ¢°)
if and only if property 2 holds.

Proof of Proposition 4.3.1. It follows from the definition of Rel(3, 2) that each C;-subgroup
leaves invariant some relation in Rel(3,2). Conversely assume that Rel(H,2) N Rel(3,2)
contains a relation A. We must prove that H € C3. By definition, A = Ag’b for some
g € GL(d, q) and some factorisation d = ab with b > 1. Since C3 is closed under conjugacy,
we may assume that A = Ay, If b = d then A is as in (3.1.1), and it follows from
Proposition 3.1.1 that H < FL(l,qd) and hence H € C3 in this case. So we may assume
that b < d.

Let h € H, FF = Fp. Then for v € V(a, ¢®) and X\ € F, (\v,v) € A,y and hence
(A, v)" € Ay p. Thus

(A, v)" = (pw, w) for some p € F and w € Q.

This implies that (\v)" = pw = pv". Letting A vary over F' we conclude that the F-
subspace image (Spanz(v))" = Spany(w). Therefore h has property 2 of Remark 4.3.2,
and so h € T'L(a, ¢®). Tt follows that H < T'L(a,q’) and hence H € Cs. O

4.4 The Cases H € Cy and H € C;

The maximal subgroups of I'L(V') in these two families are stabilizers of tensor decompo-
sitions of V. The main result of this subsection is Proposition 4.4.1.

For 1 <i<tandt > 2, let V; be an n;-dimensional vector space over the finite field
Fy, such that V =V} ® ... ® V;. Then V has dimension n = Hle n;. For each 1, let
{z4j]1 < j < n;} be a basis of V;. Then B :={x1j, ® ... ® x45,| 1 < js <ny for 1 <i <t}
is the corresponding tensor product basis for V. If v; = 2?1:1 Aijxij € V;, for each 4, then

we denote by v; ® ... ® vy the vector

t
V1 Q... Qv = Z H)‘iji(xlji ®...® xtjt)
(J15eegt) =1
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of V. We call such an element of V' a simple vector. Note that in this subsection we do
not use the usual convention that the v; form a specified basis of V. Also we define the
action of 7 on V with respect to the tensor product basis B, so that in particular, 7 lies in

the stabilizer of the tensor decomposition, and 7 maps simple vectors to simple vectors.

Case C4: For each expression d = ab with a > 1, b > 1 and a # b, choose a decomposition
for V' as above with t = 2,n1 = a,n2 = b, and write U, = V1, W}, = V5. Let A, be the

corresponding set of non-zero simple vectors. The decomposition stabilizer is
Stabr, (U, @ Wy) = (GL(U,) @ GL(W3)) % (1) (4.4.1)

and A, is a Stabrr, (U, ® Wp)-invariant 1-relation. Define k4 = 1 and

{(Agp)? | g € GL(d,q),d = ab,a # b,a,b > 2} if d is composite but

Rel(4,1) = not a square of a prime,
0 otherwise

(4.4.2)

Case C;:  For each expression d = ¢! with ¢ > 2 and t > 2, choose a decomposition for

V as above with n; = --- = n; = ¢, and let A.; be the corresponding set of non-zero

simple vectors. We view each V; as a copy of a single c-dimensional space W, and write

the decomposition as V = ®@W,.. The stabilizer is
Stabrr, (@W,) = (GL(W,) \g St) % (1), (4.4.3)

where
and A.; is a Stabpy,(®W;)-invariant 1-relation. Define k7 =1 and
{(Act)? | g € GL(d,q),d = c',c > 2,t > 2} if d is a proper power
Rel(7,1) =

0 otherwise
(4.4.4)

Proposition 4.4.1. Fori=4 or 7, H € C; if and only if Rel(H,1) N Rel(i, 1) # 0.

We derive some properties of simple vectors in tensor decompositions in Subsection

4.4.1, and then prove Proposition 4.4.1 in Subsection 4.4.2.

4.4.1 Properties of simple vectors

First we consider addition of simple vectors relative to a tensor decomposition V = V; ®
... ® V4 as introduced above. Let A be the set of non-zero simple vectors relative to this

decomposition.
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Lemma 4.4.2. Let w1 =11 Q...Q v and wy = u1 & ... Quy lie in A. Then wi +we € A

if and only if u; is a scalar multiple of v; for all but at most one i.

Proof. Suppose u; is a scalar multiple of v; for all but at most one i. Without loss of
generality we may assume that there exist Ao, ..., Ay € F; such that ug = Agva,..., up = Aoy,
Set A = AAsz...As. Then wy +wy = (v1 + A\uq) @ vg ® ... @ vy is simple.

Conversely, suppose w1 + ws is simple. If w; + we = 0, then w; = —wsq. This implies
that u; is a scalar multiple of v; for all i.

Now suppose that wi +wa # 0. Let U; = Span(u;, v;) for each i. Suppose that {uy,v1}
and {ug,v9} are linearly independent sets. Note that wi + we € U; ® ... ® U;. Then since
w1 + wa is simple, there exist A1, A2, A3, A4 € F, and e; € U; for 3 <4 <t such that

witwy = (W®..0uw)+ (1 ®...0v)
= (M1ur + A2v1) ®@ (Azuz + \v2) ® e3 @ ... ® ey
= MU Quu®e3®...®@e) + MU @2 Rez @ ... @ ey)
FAN3(V1 Qua ®eg @ ... @ er) + Aodg(v) Qv R ez ® ... @ ey).

Hence when ¢t = 2, we have:
U ®ug + v Qug = )\1)\3(U1 & UQ) + )\1)\4(U1 ® 1)2) + /\2)\3(01 &K UQ) + )\2)\4(1)1 ® v2).

Since u1 @ug, u1 @9, v1 Que and v ®@uvg are linearly independent, we have A\jAg = AoXy =1
and A Ay = A2A3 = 0, which is impossible. When ¢ > 3,
0 = 1 Ru2a® (uUs® -+ @ u) — (A A3e3® -+~ ® er))

+v1 Q@ua® (V3@ - @ v) — (A2 Mge3 ® -+~ ® ey))

—U1 QU2 @A\ M\e3 @ -+ @ ey

—v1 Q@Uo ® AoAzez Q-+ - ® ey

If any of the four summands is non-zero, then it is linearly independent of the sum of

the other three summands, and we have a contradiction. Hence each of the summands is
0. Since wy,ws, w1 + wy are all non-zero, it follows that all the u;, v;, e; are non-zero and
hence we must have Aj A3 # 0, AoAyg # 0 and A\ g = AgA3 = 0, which is impossible.

Therefore u; is a scalar multiple of v; for all but at most one . [
For each 1, choose e;, a non-zero element of V;. Define e := e¢1 ® €2 ® ... ® ¢; and
Wi={e1®..0e-100;®e11® ... 0 e v; € Vi}.

Lemma 4.4.3. With the notation as above, let g € GL(V') be a linear transformation
such that €9 = e and for any simple w € V, w9 is also simple. Then for each i =1,...,t,

there exists j, such that 1 < j <t and W C Wj.
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Proof. Without loss of generality, we may assume that i = 1. If dimV; = 1, then W; = (e)
and ng = W1y, so the result holds with j = 1. Thus we may assume that dimV; > 2. Let

v € V1 \ (e1). Since g preserves the set of simple vectors,
(VR®e®..0e)! =u @ ... QU

for some u; € Vi, 1 < i < t. Since (61 ®e2 ® ... R e) + (v €2 ® ... ® e;) is simple, its
image (1 ®...®e;) + (u1 ® ... ® ug) under g is also simple. By Lemma 4.4.2, u; is a scalar
multiple of e; for all but at most one 7. Moreover, since ¢1 ®...Qe; and v R es ® ... @ e; are
linearly independent, e; ® ... ® e; and u; ® ... ® uy are linearly independent. Thus there

exists precisely one j such that uj ¢ (e;). If v € V1 \ (e1) and
WV Re®..0e) =u| ®...Q0uj,

then the same argument gives that u; is a scalar multiple of e; for all but one i, say
uj ¢ (e;). Using the fact that (v ® e ® ... Q@ e;) + (Vv ® e2 @ ... ® ;) is simple, we deduce
that ] is a scalar multiple of u; for all but one i. However, if j # [, then this means that
uj; € (ej) N (uj) = {0} which is not the case. Hence | = j, and so u} € (e;) for all i # j.
Thus

(V' ®er®...0e) € W,

for each v' € V1 \ (e1). Since also e = e € Wj, it follows that W{ C W;. O

Lemma 4.4.4. Let g € GL(V) such that g leaves invariant the set of simple vectors, and
g fizes each W; pointwise. Then g = 1.

Proof. We claim that for any simple w € V, w9 is a scalar multiple of w. Let w =
V] @ Vg & ... ® vy, and let [ be the number of 7 such that v; ¢ (e;). We prove the claim by
induction on /. By assumption, for [ =0 and [ = 1, w9 = w. Now assume inductively that
the claim is true for [ = m where 1 < m < ¢t. We will show that it is true for [ = m + 1.

Without loss of generality, we may suppose that
W=V Q... 0 Unt1 Qemiya... Q €
where for i = 1,...,m+ 1, v; ¢ (e;). Let
w=u ... uy.

Set

W =e1 QU2 ... 0 Unt1 @ emy2... D€

and

Wy =V Q... QU Q emi1 @ empi2... ® €.
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Then w; +w and ws + w are simple and hence (w; +w)? and (w2 + w)? are simple. Also,
by induction, w{ = Mw; and w§ = Aows for some A\, Ay € Fy.

Thus (w1 + w)9 = Ajwy + w9, and this is a simple vector. So by Lemma 4.4.2, u; is a
scalar multiple of the ith component of w1y for all but one 7. Likewise, u; is a scalar multiple
of the ith component of ws for all but one i. However, u; cannot be a scalar multiple of
both e; and vy, and u,,4+1 cannot be a scalar multiple of both e,,+1 and v,,,+1. Therefore for
all i ¢ {1,m+ 1}, u; is a scalar multiple of the ith component of w. Thus w9 € (x), where
T = U QV2R... Uy, QU411 Remi2®...Q¢es. Also, (i) either uy € (e1) or um41 € (Vim1), and
(ii) either u; € (v1) Or Upmy1 € (€m+1). Since {e1,v1} and {e€m+1,Um+1} are both linearly
independent sets, we conclude that ((u1), (um+1)) = ({e1), (ém+1)) or ((v1), (Vmy1)). In
the former case, by induction, z9 € (x), and hence both 9 and w? lie in (z), contradicting
the fact that  and w are linearly independent. Hence ({(u1), (um+1)) = ((v1), (Vm+1)),
and so w9 is a scalar multiple of w and the claim is proved by induction.

Now, using induction on [ once again (with [ defined as above), we show that w9 = w
for every simple w € W, and hence that ¢ = 1. The case [ < 1 is true by assumption.
Now assume that this is true for [ = m where 1 < m < t and, without loss of generality,
consider w = v1 ® ... @ Upt1 @ €my2... @ €, where v; ¢ (e;) for i = 1,...,m + 1. Once
again, set w1 = €] Q V2 ® ... ® Vpt1 Q €my2... ® €;. Then both w and w 4 w; are simple.
Hence there exist A, u € F; such that w9 = Mw and (w + w1)? = p(w + wy). Also, by the
inductive hypothesis, (w1)? = w;. But then p(w+w1) = (w+w;1)? = w9 +wf = dw+ w;.

Since w and w; are linearly independent, y = A =1 and w9 = w. U

4.4.2 Proofs for C4 and C;

Before proving Proposition 4.4.1, we prove the next lemma that makes explicit the impor-

tant role of simple vectors.

Lemma 4.4.5. With the above notation, let g € TL(V) = GL(V') x (7).

(1) Suppose V.= U @ W, with dimU > 2, dimW > 2, dimU # dimW. If g leaves
invariant the set of simple vectors, then g € Stabrr,(U @ W).

(2) Suppose V.=V1 ®...Q V; is the tensor product of t > 2 copies V1, ..., Vi of a vector
space W. If g leaves invariant the set of simple vectors, then g € Stabry,(®V;).

Proof. (1) By suitable choice of bases for U, W we may assume that 7 € Stabpy,(U @ W),
as in (4.4.1), and hence that 7 maps simple vectors to simple vectors. Thus replacing g
by g7¢ for some i, we may assume that g € GL(V).

Let e; € U,eg € W be any non-zero elements of U and W. Replacing g by gh; for
an appropriate h; € GL(U) ® GL(W) we may assume further that (e; ® e2)? = e1 ® ea.
Since dimU # dim W and g € GL(V), Lemma 4.4.3 implies that (e; @ W)9 = e; @ W

and (U ® e2)9 = U ® eg. Thus g induces linear transformations on e; ® W and U ® eg, so
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replacing g by gho for an appropriate hy € GL(U) ® GL(W), we may assume in addition
that g fixes e ® w and u ® ez for all w € U,w € W. Then by Lemma 4.4.4, g = 1. Thus
we deduce that our original element g was in Stabrr,(U @ W).

(2) Again by suitable choice of bases for the V; we may assume that 7 € Stabp,(®V;),
as in (4.4.3), and hence that 7 maps simple vectors to simple vectors. Thus we may replace
g by g7* for some i and assume that g € GL(V).

Let eq,...,e; be any non-zero vectors of W. Replacing g by ghy for an appropriate
hi € GL(W) ®...® GL(W) we may assume that (1 ®...®e;) = e1 ® ... @ e;. By Lemma
4.4.3, we then have that, for each i = 1,...,t, there exists j; such that 1 < j; < t and
(e1®.. 06 10V;®0e11®...06e)¢ Ce1®...0V;, ®...Qe. Since g : V — V is bijective,
the map ¢ — j; defines an element of S;.

Thus we may further replace the element g by ghs for an appropriate hy € GL(W)ig St,
and assume that g fixes 1 ® ... ® €;-1 QW ® €;41 ® ... ® ¢; for every w € V; and every ¢

with 1 <+¢ <t¢. Then an application of Lemma 4.4.4 concludes the proof. [

Now we are ready to prove Proposition 4.4.1.

Proof of Proposition 4.4.1: Note that the same arguments apply to the case Cr, so we
only give details of the proof for the case Cy. If H is a C4-subgroup then, by definition, H
preserves some relation in Rel(4, 1). Conversely suppose that H leaves invariant a relation
A = (Agyp)? in Rel(4,1), for some g € GL(d, q). Since C4 is closed under conjugacy we may
assume that A = A, . By Lemma 4.4.5, H < Stabrr,(U, ® W}), and hence we conclude
that He(Cy, O

4.5 The Case H € Cs

First we describe the maximal Cs-subgroups of I'L(d,q). Recall that ¢ = p!l, that Z is
the subgroup of scalars, and that {vy,...,v4} is a specified basis for V. For a divisor a
of f with a < f let g9 = p?, let Fy, denote the proper subfield of F; of order go, and let
Vo = Spang, (vi,...,vg). Then the stabilizer Stabry(FgVo) of FyVo = {Av|v € Vo, A € Fy}

in I'LL(d, q) is a maximal Cs-subgroup. We describe its structure below. Let
Ao = | A€ Fyue Vo\ {03} = BV \ {0}

and define

{(Ax)? | g € GL(d, q),alf,a < f} if f>1

(
0 SR CER)

ks =1 and Rel(5,1) = {

Proposition 4.5.1. H € C5 if and only if Rel(H,1) NRel(5,1) # 0.

We will see that this result follows from Proposition 4.4.1. Using the notation of

Subsection 4.4, identify V' with the vector space Vo ® Fy = Vo ®p, Iy of dimension df /a
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over Fy,, regarding F, as a vector space of dimension f/a over Fy,, see [11, Section 4.5].
Then Vj is identified with the subset {u®1|u € Vp} of V& Fy. The corresponding maximal

Cs-subgroup is
Stabrr, (F4Vo) = I'L(d, q) N Stabry,ar/a,q) (Vo ® Fy) = (GL(d, q0) 0 Z) @ (),  (4.5.2)

the stabilizer in T'L(d,q) of the tensor decomposition Vo ®p,, Fy (as distinct from the
stabilizer in I'L(df/a,qo) of Vo ®p,, Fy, which as in Subsection 4.4.2 is a maximal Cy-
subgroup of I'L(df /a, qo), see (4.4.1)). Under this identification, F,Vj is identified with
the set of simple vectors in Vy ® Fj. Thus, by Proposition 4.4.1 (and its short proof), H
preserves A, if and only if H is contained in the subgroup displayed at (4.5.2), which is a

maximal Cs-subgroup. Now Proposition 4.5.1 follows immediately.

4.6 The Case H € Cq

For a prime r, an r-group R is said to be of symplectic type if every characteristic abelian
subgroup of R is cyclic. Each Cg-subgroup has, as a normal subgroup, an absolutely irre-
ducible symplectic type r-group of exponent r ged(2,r), for some r # p, and the maximal
Ce-subgroups are the normalizers of such r-groups in I'L(d, q).

Let R be such an r-subgroup of I'L(d, q). We refer to [11, Sections 4.6 and 7.6] for
much of the information in this subsection. By [11, Proposition 4.6.3], R < GL(d, ¢) and
the representation of R on V' can be realised over the subfield Fje of F;, where e is the least
positive integer such that p® =1 (mod |Z(R)|). Replacing R by a conjugate in I'L(d, q)
we may assume that B < GL(Vp), where Vo = Spang , (v1,...,vq) and {v1,...,vq} is the
basis introduced in Subsection 2.1. Choose a set R of representatives of the I'L(d, q)-
conjugacy classes of these subgroups R such that each subgroup is contained in GL(Vj).
By [1, Theorem BI'] (or see [11, Theorem 3.1.1 and Table 4.6A]), |R| =1 if r is odd, and
is 3 if r = 2. For each R € R, define a 2-relation Ar by

Ag = {(v,w) |v,w € FVp, v/ =wh} (4.6.1)
let k¢ = 2, and define
g e .
Rel(6,2) {(AR)? | g€TL(d,q), ReR} ifdis a prime power (4.6.2)
0 otherwise

Proposition 4.6.1. H € Cg if and only if Rel(H, 2) N Rel(6,2) # 0.

4.6.1 Structure of the groups R and their normalisers

By [1, 3.15 and Theorem A.4], the normalizer M := Npy,q4)(R) leaves Fy;Vp invariant and,
identifying V' with Vo ®r . Iy (as discussed in Subsection 4.5), M is given by

M = NFL(d,q) (R) = (Z o) M0)<7'> where M() = NGL(VO)(R)’ (463)
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Type | r e Structure |Z(R)| Notation  Structure
of R for R of My
—_—
1 | odd e Rpo---0 Ry r rlit2m  R.Sp(2m,r)
m
——
2 2 1 Dgo---0Dg 2 2, 1H2m R.O3 (2)
m—1
—_—~
3 2 1 Dgo---0DgoQg 2 2_1+2m R.03,,(2)
m
—_—~
4 2 lor2 ZyoDgo---0Dg 4 4022 R.Sp(2m,?2)

Table 3: Posssible structures for R and M

The possible structures for the groups R € R, and the corresponding subgroups My =
Zpe_10 My, are summarized in Table 3, see [11, Tables 4.6A and 4.6.B], where Ry denotes
the group

Ry=(z,y,zlz" =y" =2"=[z,2] = [y, 2] = 1, [y, x| = 2) (4.6.4)

and m is such that d = ™ and m > 1 for all types. Note that no + sign appears in the
notation 2'+2™ for Type 4 since Z4 o 2};"2"‘ ~ 7,021 H2m,

A crucial link between the definition of Cg-subgroups and the relation set Rel(6,2) is
explored in the next lemma. Note that, by its definition, Ar = |J5; £ x 3 where the union
is over all R-orbits X C F,Vp.

Lemma 4.6.2. Let g € TL(d,q), R € R, and let Agr, M = Nryq,q(R), Mo be as in
(4.6.1), (4.6.3). Then

(a) Agr is M-invariant;

(b) g leaves Ag invariant if and only if g = M\h7? € (Z o GL(Vp))(7), where A € Z and
h € GL(Vp) such that h leaves A invariant;

(c) if h € GL(Vy) and h leaves Ag invariant, then h permutes amongst themselves the
R-orbits in V.

Proof. (a) Let ¥ = vft C F,Vy. Since M leaves Fy,Vj invariant and R <M, for each h € M
we have v € F,Vj, and ¥ = (vF)" = (vM)F. Hence ©" is also an R-orbit in F,Vp, and it
follows from the description of Agr above that h leaves Ag invariant.

(b) Suppose that g leaves Ag invariant. Then by the definition of Ag, ¢ leaves the
set F,Vp invariant. By Proposition 4.5.1, g € Stabry,(F,Vo) = (Z o GL(Vp)) x (7). Thus
g = Ah7? for some i, with A € Z and h € GL(V). Now A, 78 € M by (4.6.3), and hence
by part (a), A and 7¢ leave Ag invariant. Therefore also h leaves Ag invariant.

Conversely, suppose that g = Ah7rt € (GL(Vp) 0 Z) x (1) with A € Z, h € GL(Vp), and
h leaves Ag invariant. By (a), A and 7¢ both leave Ag invariant, and hence so also does

g.
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(¢) Finally suppose that h € GL(Vp) and h leaves Ay invariant. Let ¥ = vt C Vp,
and consider an arbitrary w € ¥. Then (v,w) € ¥ x ¥ C Apr and so, by assumption, also
(v,w)" = (v, w") € Ag. As we noted above, this means that (v, w") € ¥/ x ¥’ for some
R-orbit ¥/ in F,Vj, and in fact X' C Vj since h € GL(Vp). Hence ¥/ = (v")f and w" € ¥,
and since this holds for arbitrary w € ¥ it follows that X" =%/, O

We now use this information to partially prove Proposition 4.6.1.

Lemma 4.6.3. Proposition 4.6.1 holds provided the implication (4.6.5) below holds for
each R € R and its corresponding subgroup My defined in (4.6.3).

If h € GL(Vy) and h leaves AR invariant, then h € M. (4.6.5)

Proof. We assume that (4.6.5) holds and use it to prove Proposition 4.6.1. Suppose first
that H € C¢. Then H has as a normal subgroup RY for some R € R and g € I'L(d, q). By
Lemma 4.6.2(a), H leaves (Ag)? invariant and hence Rel(6,2) N Rel(H, 2) # 0.
Conversely, suppose that H < I'L(d, ¢) and Rel(H, 2) NRel(6,2) contains A, for some
R € R and g € T'L(d, q). It is sufficient to prove that H normalises RY, since this implies
that H € Cg. Since both Cg and Rel(6,2) are closed under conjugacy by elements of
I'L(d, q), we may assume that ¢ = 1. Let x € H. Then A% = Ap. By Lemma 4.6.2(b),
x = A7t € (Z 0 GL(Vp))(7), where A € Z and h € GL(Vp) such that A% = Ap. Now A
and 7% normalise R, and by our assumption (4.6.5) holds, so also h normalises R. Hence

x normalises BR. O

Remark 4.6.4. We sketch the strategy that we will use to complete the proof of the
implication (4.6.5). Assume that » € GL(Vy) and (Ag)" = Ag, and My = N,y (R) so
that My contains the scalars Z,e_; of GL(Vj). We must prove that h € M or equivalently,
setting H := (Mo, h), that H = My. By Lemma 4.6.2(c), it follows that H permutes
amongst themselves the R-orbits in V. We will obtain information about these R-orbits
and argue that no proper overgroup of My in GL(Vj) can permute the R-orbits in V.
For a subgroup L < GL(d, p®), we write L for LZpe_1/Zpe_1 < PGL(d, p®). Some of our

arguments concern overgroups of M in PGL(d, p°).

4.6.2 Proof of (4.6.5) for d =2, and for Type 2 with d =4

Suppose first that d = r = 2. Then p is odd and, by Table 3, there are three groups R to
consider. Let H be as in Remark 4.6.4. If R = Dg or (g then e = 1 and we give explicit

generators for these groups R in terms of the following matrices

(A _ 0 1 (1 0
a-(u _)\>, b_(—l 0) and C—(O _1>

where A, i € F, such that A2 + u? = —1. The group Qs = (a,b) (see [11, p.154]) and
Dg = (b, c).
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Type 2. R = Ds, e =1,s0Vy = Spang, (v1,vz) and this time My = (Z,-10R).07(2,2).
We may take R = (b, c). There are precisely two, or three pairs of 1-spaces in V) (according
as p = 3 or 1 (mod 4) respectively) such that each R-orbit containing a vector in one of
these 1-spaces consists entirely of vectors from one of the pairs of 1-spaces. These are
the pairs {Spanp, (v1),Spang, (v2)} and {Spanp, (vi + v2), Spang, (v1 — v2)}, and also, if
p=1 (mod 4), the pair {Spanp, (iv1 + va), Spanp, (—ivi + v2)}, where i? = —1. All other
R-orbits in Vj \ {0} contain vectors from four 1-spaces in V. Thus H preserves this set of
four, respectively six, 1-spaces setwise, permuting them in pairs, and moreover M, induces
a transitive action of Dg on four of these 1-spaces (and fixes the other two setwise in the
case p =1 (mod 4)). It follows that H acts as Dg or Sy on these 1-spaces with kernel the
scalars Z(GL(Vp)) = Z,—1 (since the kernel fixes at least four 1-spaces). Thus H = M, or
p=1 (mod 4) and |H| = 3| My|. Suppose that |H| = 3|Mp|. Then H = Ngr,vy))({i]) o R),
that is, the normaliser of a symplectic type 2-group of Type 4 (see Table 3). Now

h = ( _OZ_ _01 > (4.6.6)

normalises (iI) o R and hence belongs to H. Moreover, (vi,v2) € Agr. Now vf =

{v1, —v1,v2, —vo} while (vi,v2)" = (—v2, —iv1) ¢ Ag. This contradicts the fact that
H preserves Ar. Thus H = M.

Type 3. R=Qs,e=1,s0Vy=Spang (vi,v2) and Mo = (Z,-10R).07(2,2) = Z},_1.54.
If p¢ = p = 3 then My = GL(V)) and hence H = My in this case, so we may assume that
p > 3. We claim that H cannot contain SL(2,p). Each R-orbit in Vj involves vectors
in either two or four 1-spaces (note that —I € R). Thus for a non-zero vector v € Vj
there exist u,w € Vp such that u € v%, w ¢ vf, u,v,w lie in distinct 1-spaces, and
some element of SL(2,p) maps (v,u) to (v,w). By the definition of Ag, (v,u) € Ag and
(v,w) ¢ AR, and hence SL(2, p) does not preserve Ar. Hence H does not contain SL(2, p),
as claimed. By Dickson’s Theorem 2.4.1, the only proper overgroups of Mg in PGL(2, p)
contain PSL(2,p), and hence H = M.

Type 4. R = Z40Qs = ZygoDg, e < 2,80 Vy = SpanF;<U1,U2> and in particular,
p® > 5. We may take R to be the group generated by the matrices a,b above together
with iI € Zpe_1, where i? = —1. Here My = (Zpe—10 R).Sp(2,2) = Z,e_1.54. As in the
Type 3 case, each R-orbit in V| involves vectors in either two or four 1-spaces. Thus for
a non-zero vector v € Vj there exist u,w € Vj such that v € v, w ¢ v®, u,v,w lie in
distinct 1-spaces, and some element of SL(2, p) maps (v,u) to (v, w). By the definition of
AR, (v,u) € Ag and (v, w) € Ap, and hence SL(2,p) does not preserve Ag. By Dickson’s
Theorem 2.4.1, the only proper overgroups of My in PGL(2,p) contain PSL(2,p) and
hence H = M.

Finally we consider the Type 2 group when d = 4. We first give a general result
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concerning Type 2 and Type 3 groups in arbitrary dimension d = 2™ > 4.

Lemma 4.6.5. As in Remark 4.6.4, suppose that My < H < GL(Vy) and that H permutes

amongst themselves the R-orbits in V. Then H does not lie in Cq.

Proof. Suppose that H lies in the class Cg and so is the normaliser of a symplectic type
r-group R. Note that r is determined by d. Since H does not normalise R, it follows that
R is of Type 2 or 3 and R=ZjoRis of Type 4. Since H # My, it follows that H is equal
to the normaliser of R (since My is maximal in NGL(VO)(]:Z))).

Let S = (b,¢) and S" = (a, b) with a,b, ¢ as defined at the beginning of this Subsection
and let U be a 2-dimensional Fp-vector space upon which S and S" act. Then Vj =
U®--®U and R = So---0S if Ris of Type 2 and R = So---0S0 S if R is
of Type 3. Let v1 = (1,0),v2 = (0,1) € U and let ¥ = (v; ® --- ® v1)®. Then ¥ =
(w1 @ -+ @ Wy | wi,..., Wm—1 € V7, wm € To}, where ¥y = v7 if R is of Type 2, or
Yo = v if Ris of Type 3. Let h € GL(2,p) as given in (4.6.6), and let h = (h,1,...,1) €
GL(2,p) o --- o GL(2,p). Since h normalises (i) o S, where i> = —1, it follows that h
normalises (i/)oR. Thus h € H = Ngp,(y;)((iI) o R). As seen in the proof for Type 2 with
d =2, (v1,v2) € Ag, but (vi,v2)" ¢ Ag, with Ag as in (4.6.1) on U x U. Hence it follows
that (11 ® - Qu1, V2@V ®---®v1) € A while (v1®-~'®v1,v2®v1®---®v1)ﬁ¢ Arg.
Thus H does not preserve Apg, and hence does not permute the R-orbits in Vj. This

contradiction completes the proof. [

Type 2 with d =4. R = DgoDs = QgoQs, e =1, so Vo = Spany, (v1,v2,v3,v4), and
My = (Zp—1 0 R).O"(4,2). Here My preserves a tensor decomposition Vo = Uy ®p, Us,
where each U; = F]?. Thus writing Mo = My/Z,—1, we have My = R x O"(4,2) =
(S4 x S4).2 contained in PGO™(4,p) = (PGL(2,p) x PGL(2,p)).2. Suppose first that H
preserves this tensor decomposition. Since My interchanges the two tensor factors U
and Us, so also does H. Thus the index 2 subgroup Hy of H fixing U; and Uy projects
to isomorphic subgroups of the two factors PGL(2,p) in PGO™ (4, p). Since each proper
overgroup of Sy in PGL(2, p) contains PSL(2, p), and since Hg contains Sy x Sy, it follows
that either H = My, or H( contains PSL(2,p) x PSL(2,p). Assume the latter. Then
Hy is transitive on the (p 4+ 1)? 1-spaces of simple vectors in Vy. Now Hy must permute
R-orbits, and it follows from the discussion of Type 2 groups with d = 2 that Hj fixes a
subset of 36 = 6 x 6, or 16 = 4 x 4 such 1-spaces. Hence p = 3 or 5. In the former case
My =PGO™(4,p) and hence H = My. Also if p =5 then PSL(2,5) is 2-transitive on the
six 1-spaces of the U;, whereas Hy preserves a pairing of these 1-spaces. Thus again in
this case we can only have H = M.

Thus we may assume that H does not preserve the tensor decomposition (and in

particular does not preserve modulo scalars an orthogonal form of +-type on ;). Since
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e = 1 and since M) is absolutely irreducible on Vj, it follows (see Subsection 2.2) from
Lemma 4.6.5 that the group induced by H on V; does not lie in the class C; for i = 1 and
3 <i<7. Also H fixes setwise a subset of 36 or 16 of the 1-spaces of Vj, and hence H
does not contain SL(4,p). Thus H lies in Co U Cg U Cy.

Suppose first that H lies in Cy. Then since My < H, H must preserve a decomposition
V = W1 & Wy with dimW; = 2. Hence H contains a subgroup K of index 2 fixing W7 and
Wy setwise. This means that K is reducible. However K N My must contain R, as R is
the unique minimal normal subgroup of My, and the subgroup R is irreducible, implying
that K is irreducible. Therefore H does not lie in Cs.

Thus H lies in Cg U Cy. As we remarked above, H does not preserve modulo scalars
a quadratic form of +-type. If R < H < GO~ (4,p) then, modulo scalars, R & Zj <
PQ~(4,p) = PSL(2, p?), which is impossible. Since e = 1, the only other possibility is
that H < GSp(4,p) or H € Cy. Since Sp(4,p) is transitive on the 1-spaces of Vj while
H fixes setwise a subset of 36 or 16 of these 1-spaces, it follows that H does not contain
Sp(4,p). Applying Aschbacher’s theorem [1] to H (as subgroup of GL(4,p) or GSp(4,p))
we deduce that H is almost simple. Using the results of [6, 13], we conclude that the
simple group involved in H must be among A,, for some n < 7, PSL(2,¢') (with ¢’ = p, p?
or 7), PSL(3,4), or PSU(4,2). Since H contains My = (S; x S4).2, and has an orbit of

length 36 or 16 on 1-spaces, we obtain a contradiction.

4.6.3 Completion of the proof of (4.6.5)

As in Remark 4.6.4, suppose that My < H < GL(V)) and that H permutes amongst
themselves the R-orbits in V. We will derive a contradiction. First we find possibilities
for proper overgroups of My in GL(Vp). By the previous subsection we may assume that
d > 3, and if d = 4 then R is of Type 3 or 4.
We observe that, modulo scalars, we have
R.Sp(2m,r) d=r">3, RofTypel or 4

M) =< RQ*(2m,2), d=2">8, R ofType 2
RO (2m,2), d=2">4, R of Type 3

and that R is the unique minimal normal subgroup of ﬁ(’). It is important to our proof

that M) permutes the R-orbits nontrivially and we prove this next.
Lemma 4.6.6. For d > 3, the group M|, acts non-trivially on the set of R-orbits.

Proof. Suppose that M/, fixes each R-orbit setwise. It can be easily seen from the repre-
sentations of the groups R given in [11, p151-154] that there is an orbit A of R on V) upon
which R is not regular. (See also [20, Lemma 4.6.2].) Let v € A. Since R is transitive on
A we have M, = (M), R and it follows that (M}), = R,.(M}/R) with 1 < R, < R. Also
R, N Z =1 and since R acts irreducibly on Vj we have R,Z # R. Thus R, = R,Z /Z
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satisfies 1 # R, < R, and R, is a normal subgroup of (My)y. Thus R, is normalised
by ((M}),, R) = M}, contradicting the fact that R is a minimal normal subgroup of My}.
Thus M| acts non-trivially on the set of R-orbits. [

As in [11, Chapter 5], for a finite group G, define
P(G) = min{n | G has a non-trivial permutation representation of degree n},

and

R,/(G) = min{n | G < PGL(n, F'), F has characteristic coprime to r}.

We prove the following extension of [11, Lemma 7.6.1]. (Note that we do not need this
result to handle the case d = 3.)

Lemma 4.6.7. Let d > 4 and when d = 4 assume that R is not of Type 2. Then
1. P(M}) > d.
2. R (M}) > d.

Proof. We follow the proof of [11, Lemma 7.6.1] but making various necessary adjustments,
as [11, Lemma 7.6.1] applies only for d > 13. Let X be a proper subgroup of ﬁ(’). Suppose
first that RX = ﬁ(’), so that R £ X (since X is a proper subgroup). Then, as RN X is
normal in both R and X, it is normal in ﬁé. Since R is a minimal normal subgroup of ﬁé,
and RN X # R, we have RN X = 1. Hence |M} : X| = |R| = r>" = d?> > d, and part 1
holds in this case. Suppose now that RX # M;. Then |M} : X| > |M} : RX| > P(M}/R).
As seen in the proof of [11, Lemma 7.6.1], when d > 13 we have P(M{/R) > d, so that
part 1 holds in these cases also. It remains to check the values d = 4,5,7,8,9 and 11.
For d = 5,7 or 11, P(M}/R) = P(PSL(2,d)) = d (by [11, Table 5.2A], which we also use
in the following). For d =9, P(M/}/R) = P(PSp(4,3)) = 27 > d. For d = 4, note that
P(Sp(4,2)) = 6 > d and P(Q (4,2)) = 5 > d. For d = 8 we have P(Sp(6,2)) = 28,
P(Q7(6,2)) =27 and P(Q1(6,2)) = 8. This completes the proof of part 1.

Now we prove part 2. By [11, Lemma 5.5.3], either er(ﬁé) > min{P(Sp(2m,r)),r™}
or R.(M}) > min{ P(Q*(2m, 2)),2™}. It follows from part 1 that R,.(M}) > ™ = d and

so the result follows. O

We now prove the following extension of [11, Proposition 7.6.2], the proof of which

used the assumption d > 13, and had slightly more restrictive hypotheses on Mj.

Lemma 4.6.8. Suppose that My < H < GL(Vy). Then H := H/Zpe_y is an almost

stmple group.
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Proof. If H leaves invariant, modulo scalars, a symplectic, unitary or quadratic form x,
let X be the stabilizer in GL(V}) of ¥ modulo scalars, so H < X. In the case where p = 2
and H leaves invariant modulo scalars both a symplectic and a quadratic form, choose
K to be the quadratic form. If H leaves no such form invariant modulo scalars, then let
X = GL(Vp). If H contains the corresponding subgroup Xy = Sp(Vp), SU(Vp), Q5 (Wo)
or SL(Vp), then H is almost simple. Thus we may assume that H does not contain Xj.
Because of this choice of classical group X, the subgroup H is not in the class Cg for X.
Moreover, since R is absolutely irreducible and not writable over any proper subfield it
follows that H is not in the classes C1,C3 or Cs for X.

Suppose now that H is in the class Co for X. Then M, preserves a decomposition
Vo =U;1 ®...3U; for some t < d. Since R is irreducible on V} it follows that R is
transitive on the decomposition. Moreover, R is a minimal normal subgroup of ﬁ(’) and
acts irreducibly on Vj and hence acts faithfully on the set of ¢ parts of the decomposition.
Since |R| = d? and R is abelian this contradicts ¢ < d. Thus H ¢ Co.

Next suppose that H lies in the class C4 or C;7 for X. Then My preserves a tensor
decomposition Vo = U1 ® - - - ® Uy for some ¢t < d and each U; has dimension at least 2. In
particular d is not prime so d > 4. By Lemma 4.6.7(1), M} < PGL(U;) x - -- x PGL(U).
Since R is a minimal normal subgroup of M/, it follows that R projects faithfully on at
least one of the direct factors, so R is isomorphic to a subgroup of PGL(U;), for some i.
Moreover, since R is the unique minimal normal subgroup of M, it follows that ﬁé also
projects faithfully onto this factor, so ﬁé is isomorphic to a subgroup of PGL(U;). This
contradicts Lemma 4.6.7(2).

Finally, H does not lie in the class Cg for X by Lemma 4.6.5. It then follows from
Aschbacher’s Theorem [1] that H lies in the class Co for X, and in this case H is almost
simple. O

Now we complete the proof of Proposition 4.6.1.

Proof of Proposition 4.6.1. By Lemma 4.6.3, it is sufficient to prove the implication
(4.6.5). We adopt the strategy of Remark 4.6.4. Thus we suppose that My < H < GL(V})
and that H permutes amongst themselves the R-orbits in V3. Note in particular that
SL(Vy) £ H since SL(V}) is 2-transitive on the 1-spaces in Vj and hence does not permute
the R-orbits among themselves. It is sufficient to derive a contradiction for each choice of
the group R € R. By Subsection 4.6.2, we may assume that d > 3, and if d = 4 then R is
not of Type 2. In each of these cases, M) acts non-trivially on the set of R-orbits in Vj by
Lemma 4.6.6. Also either ﬁé is perfect or d = 3, Mo = Z2 : Sp(2,3), and ﬁ(’) =72 :Qs.
Moreover, by Lemma 4.6.8, H = H /Zpe_1 is an almost simple group with nonabelian
simple socle T, say, so that H /T is soluble and PSL(d, p¢) # T.

Let Zye—1 < T < H be such that T/Zpe_1 = T. Suppose first of all that d = 3, and
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note that e = 1 or 2, M}, = Z2 : Qs < PSL(3,p°), and 3 = [Mp : M| so that 3° divides |H].
If ¢ is even then p® = 4 and we see from [3, p23] that My is maximal in PGL(3,4) so that
SL(3,4) < H which is a contradiction. Hence ¢ is odd. The subgroups of PSL(3,q) for ¢
odd were determined by Mitchell and are given in [8, Theorem 2.4]. Since e is minimal
such that p¢ =1 (mod |Z(R)|), the only possibilities for T are PSU(3, p) (when e = 2) and
Ag. Since 3% does not divide |Aut(Ag)| we cannot have the latter and so T = PSU(3, p).
Moreover, in this case T contains ﬁ(’], see [8, Theorem 2.6]. Hence T contains M) and so
by Lemma 4.6.6, T acts non-trivially on the set of R-orbits. Since T is simple, it follows
that the kernel of this action is contained in the scalars Z,_1. This is a contradiction
since R fixes each of its orbits setwise and yet does not consist of scalars. Thus d # 3, and
in particular ﬁ(’) is perfect. Since H /T is soluble, it follows that T contains ﬁ(’]. Thus T
contains Mg, and by Lemma 4.6.6, T acts non-trivially on the set of R-orbits in Vj. Since
T is simple, it follows that the kernel of this action is contained in the scalars Zpe—1. Once
again this is a contradiction since R fixes each of its orbits setwise. This completes the

proof. O

4.7 The Case H € Cg

As described in Subsection 2.2, the family of Cg-subgroups is the union of three sub-families
Cx, for X € {Sp, U, O}. The sub-family Cx consists of all subgroups that preserve modulo
scalars an X-form on V defined as follows.

A form f is an Sp-form (or symplectic form) if it is bilinear f : V x V' — F, non-
degenerate and skew symmetric, and if in addition ¢ is even then f(v,v) = 0 for allv € V.

For such a form d is even and we define A¢ := {(u,v) | f(u,v) = 0},

{Af ‘ f a symplectic form on V'} if d is even

(4.7.1)
0 if d is odd.

ksp =2 and Rel(Sp,2) = {
A form Q is an O-form if it is a quadratic form Q : V — F, (that is, Q(Av) = A2Q(v) for

all v € V and A € F;) and is non-degenerate, that is, the associated bilinear form

fo(v,w) :== Qv+ w) — Q(v) — Q(w) (4.7.2)

is non-degenerate. If d is even, say d = 2m, there are two types of forms with different
stabilizers in T'L(d, ¢), namely +-type forms for which maximal totally singular subspaces
have dimension m, and —-type forms for which such subspaces have dimension m — 1. In
particular if d = 2 then the —-type forms Q have no Q-singular vectors (non-zero vectors
v such that Q(v) = 0); as mentioned in Remark 2.2.1(a), the stabilizers of such forms
modulo scalars are maximal Cs-subgroups and are treated as such. We assume that Q

has +-type if d = 2. If d is odd there is only one I'L(d, ¢)-conjugacy class of stabilizers of
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O-forms. For an O-form Q we define Aq := {v|Q(v) = 0},
ko =1 and Rel(O,1)={Aq |f an O-form on V}. (4.7.3)

A form f is a U-form (or unitary form) if the field order ¢ = qg so that a: A — A% is an
involutory automorphism of Fy, and if f : V' x V — Fj is non-degenerate and hermetian
symmetric (that is, f is left-linear and f(w,v) = f(v,w)* for all v,w € V). For such a
form we define Ag := {v|f(v,v) = 0},

{Af ) f a unitary form on V} if ¢ is a square

4.7.4
0 if not. ( )

ku =1 and Rel(U,1)= {

Proposition 4.7.1. For X € {Sp, U, O}, H € Cx if and only if Rel(H, kx)"Rel(X, kx) #
0.

More precisely, when we say that an element g € I'L(d,q) ‘preserves an X-form f
modulo scalars’ we mean that g is an f-semisimilarity, that is, there exist A € Fy and
o € Aut(Fy) such that f(u9,v9) = M (u,v)? for all u,v € V in case Sp or U, or f(v9) =
M(v)? for all v € V in case O. The maximal Cx-group corresponding to f is the group of
all f-semisimilarities.

Regarding the proof of Proposition 4.7.1, it follows from the definition of the relation
sets that, if H € Cx then H consists of f-semisimilarities for some X-form f, and hence
that H leaves Ag invariant. Thus to prove Proposition 4.7.1, we assume conversely that
H preserves a relation Af € Rel(X, kx), for some X, and we prove that H consists of
f-semisimilarities. We do this separately for each X € {Sp, U, O}.

4.7.1 The symplectic groups

Since Af € Rel(Sp,2), d = 2m, and V has a ‘symplectic basis’ {e1,...,€m, f1,---, fm}
such that for all 7, 7, f(e;,e;) = £(fi, f;) = 0 and f(e;, fj) = 0i;. Then Af contains (e;, e;)
and (f, f;) for all 4, j, and (e;, f;) for i # j. Let g € H. Then since g preserves Ag, the

relation A also contains the images of all these pairs under g, and hence

flef.el) =£(f7,f]) =0 for all 4,5, and f(ef, f{) =0 when i # j.

Since f(eq, f1) = 1, the pair (e1, f1) ¢ Af and hence (e, f{) ¢ A¢. Thus X :=£(ef, f7) # 0.
Since, for ¢ > 1, f(—e1 +¢;, f1 + fi) = =1+ 1 =0, we have

0=f(=ef +e, f{ + ) = =f(el, /) + £(e], ) = A+ £(el, 7).

Therefore f(ef, f7) = X for all 4. For arbitrary u = i~ (uie;i + plfi) and v = >0 (vie; +
v, f;) in V, we have, since f(f;,e;) = —f(e;, fj) = —0ij, that

f(u,0) =Y (mivi (e, fi) + pivif (fiye)) = (il — pivs).
i=1 i=1
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Let 0 = 7(g) (as defined in Subsection 2.1). Then w? = Y7, (ufed + pf f7), v9 =
i (el + v f7), and

m m

Fu?,v9) = S (i) (ed, F9) + (i) B (F9 €)= NS (i — i) = M (u,0)°.
i=1 i=1

Therefore g is an f-semisimilarity and hence H is contained in the maximal Cgp-group

consisting of f-semisimilarities.

4.7.2 The orthogonal groups

For the orthogonal case we write Q instead of f, and speak also of the corresponding
bilinear form fq defined in (4.7.2). We assume that H preserves the (non-empty) relation
Aq € Rel(O, 1) (recall if d = 2 then Q is of +-type.) Let g € H. We will prove that g is
a Q-semisimilarity. Our proof is a modification of [10, Lemma 1] suggested to us by Dr.
Oliver King, and we are grateful to him for this. The result [10, Lemma 1] proves what
we need in the special case where H C GL(d, ¢) and ¢ is odd.

We subdivide the set of 2-subspaces U of V' that contain a Q-singular vector. We write
U+ for the orthogonal complement {w € V' | fq(u,w) = 0 for all u € U }. If dim(U+NU) =
0 or 1, then U is in case 1 or 2 below, respectively, while if dim(U tnu ) = 2 then U may

or may not be totally singular, and satisfies case 3 or 2 below, respectively.

1. Non-degenerate: U N UL = 0; here U has +-type, |[U N Aq| = 2(¢ — 1) + 1, and
v NU = (v) for v € (UNAQ)\{0}.

2. Tangent: UNAQ = (v) so |[UNAq| = ¢; and U C vt. In fact either UTNU = UNAq,

or q is even and U C U™,

3. Totally singular: U C Aq so |[UNAqg| = ¢?. Here U C vt for 0 £v € U.

Since the sizes [U N Aq| are pairwise distinct for the three cases, and since g preserves
Aq, it follows that g preserves the above three kinds of 2-subspaces. We record a few easy

facts about the g-action.

Lemma 4.7.2. Suppose that U = (u,v) is a 2-subspace and Q(v) = 0.
(a) If fq(u,v) = 0 then U is not non-degenerate.
(b) If U is not non-degenerate, then U C v+ and U9 C (v9)*.

Proof. If fq(u,v) = 0 then U C vt, so U is not non-degenerate. Next suppose that U
is either a tangent or totally singular kind of 2-space. Then U C v'. Since g preserves
Aq and preserves these three kinds of 2-spaces, v9 € UY is a Q-singular vector and U9 is

tangent or totally singular, so U9 C (v9)+. [
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Since Aq is non-empty, V has a non-degenerate 2-subspace U of +-type, so U = (e, f)
where Q(e) = Q(f) = 0 and fg(e, f) = Q(e + f) = 1 (see [18, 11.3]). Set e; := €7 and
fi := f9. Since g preserves Aq, Q(e1) = Q(f1) = 0, and as g preserves non-degenerate
2-spaces of +-type, UY is non-degenerate of +-type. Hence fq(e1, fi) = A for some A € Fy.
For an arbitrary v = pe + vf € U, we have Q(v) = pv and, writing o = 7(g) for the

associated field automorphism of g,

Q(v7) = Q(uer +v7 f1) = fo(u’er, v7 f1) = AMur)? = AQ(v)7.

For w € U+, by Lemma 4.7.2 (a), the 2-subspaces (e, w) and (f, w) are not non-degenerate,
and so by Lemma 4.7.2 (b), {e1,w9) C (e1)* and (f1,w9) C (f1)*. Hence w9 € (e1, f1)*,
and as this holds for all w € U™, we have (U+)9 C (U9)*. It follows that (U+)9 = (U9)L.

Consider the vector z = w + ¢ — Q(w)f where w € U+. Using the properties of
Q, Q(z) = Q(w) + Qe — Q(w)f) = 0, and therefore, since g preserves Aq and since
w9 € (U9)*+,

0=Q(z7) = Q(w’) + Q(e1 — Q(w)? f1) = Q(w?) — AQ(w)”.

Thus Q(w?) = AQ(w)?, and this holds for any w € U~. A typical vector of V' is of the form
v+w with v € U and w € U*. Now Q(v+w) = Q(v) + Q(w), and since (U+)9 = (U9)+,

we have fq(v9, w9) = 0, and hence
Q{0 + w)?) = QM) + Q) = AQ(W)” + AQ(w)” = AQ(w + w)".

Therefore g is a Q-semisimilarity. Thus we conclude that H is contained in the maximal

Co-subgroup of Q-semisimilarities.

4.7.3 The unitary groups

We assume here that H leaves A invariant for some unitary form f. Let ¢ € H. We
must prove that g is an f-semisimilarity. Now the subgroup X of all f-semisimilarities in
I'L(d, q) satisfies I'L(d, q) = X (GL(d, q)), and hence there is an f-semisimilarity h such that
7(g) = 7(h) (the field automorphism induced by these elements). Thus gh~! € GL(d, q)
and gh~! leaves Ag invariant. It follows from [9, Proposition 1] that gh~! is an f-similarity,
and hence ¢ is an f-semisimilarity. Thus H is contained in the maximal Cy-subgroup of
f-semisimilarities.

This completes the proof of Proposition 4.7.1.

Proof of Theorem 1.0.1. Theorem 1.0.1 now follows from Propositions 4.1.1, 4.2.1,
4.3.1,4.4.1, 4.5.1, 4.6.1, and 4.7.1. O
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5 Proof of Theorem 1.0.4

In this section let G be an affine primitive permutation group on a finite set 2, so G = NH
with N = Zg the group of translations of a finite vector space V = FISI and H < GL(d, p),
where d > 1 and p is a prime. We identify Q with V. If one of d < 2, or SL(d,p) < H,
or H € Cy, then the assertions made about such groups in Theorem 1.0.4 all hold, by
Lemma 3.3.2. Thus we may assume that d > 3, that H does not contain SL(d,p), and
that H € C; for some i € {1,...,7,Sp, U, O}.

Suppose first that G is an affine primitive group. Then G®) = NK where H <
K < GL(d,p). By Lemma 2.3.1(4), H < K < H® so K < H® nGL(d,p). By
Corollary 1.0.2, H*) N GL(d,p) € C; also. Since H? < H by Lemma 2.3.1(1), this
implies that, in all cases, H®) NGL(d, p) € C;. Hence K € C;, and then by Theorem 1.0.1,
Rel(K, ki) N Rel(i, k;) # 0. Thus Theorem 1.0.4(b)(iii) holds.

Thus we may assume that G®) is not an affine primitive group. We denote the socle
of a finite group X by Soc(X) (the product of its minimal normal subgroups). Thus,
Soc(G) = N # Soc(G®). Let G < L < G® be such that the socle Soc(L) # N. Then
the following result [14, Lemma 4.1] of Saxl and the fourth author applies. The result

refers to primitive permutation groups in product action, as discussed in Subsection 2.5.

Lemma 5.0.3. [14, Lemma 4.1] Let G = NH,d, L, G®) be as above. Then p =2 and one
of the following holds.

(a) (d, H,Soc(L)) = (4, A7, A1s) as in Theorem 1.0.4(a), Line 2 of Table 2.
(b) d >3 and (H,Soc(L)) = (GL(d,2), Aya) as in Theorem 1.0.4(a), Line 1 of Table 2.

(c) L preserves a product decomposition I'™ of Q, where |I'| = 2", d = nm, m > 2, and
the permutation group Go induced by G on T is Z3 x A7 (with n = 4) or AGL(n, 2)
(with n > 3). Moreover, the group induced by L on T' contains Agon and

m

—_——
Soc(L) = Soc(G®)) =2 Agn x ... x Agn .

To complete the proof we may therefore assume that Lemma 5.0.3(c) holds. Thus
L < Ly Sy, acting in product action on Q = I'"™, Soc(L) = A5}, and the permutation
group G induced by G on T is either Zj x A; (with n = 4) or AGL(n,2) (with n > 3).
It follows, from the discussion of product action in Subsection 2.5, that we may take
G < GylY, where Y = 7(G), the projection of G on S,,, is a transitive subgroup of S,,.
We will prove that G' contains the base group Gj' of the wreath product Gg ! Sy,. This
will imply that G = G Y, and that L contains As» Y, so that Theorem 1.0.4(a) holds
(Line 3 or 4 of Table 2), thus completing the proof.

31



Consider the stabilizer G4, of the point a = (9, ...,d) € I'. We have G, < (Go)s ! Sm,
and the point stabilizer (Go)s = GL(n,2) (with 2" > 8) or A7 (with n = 4). In particular,

(Gop)s is a nonabelian simple group.
Lemma 5.0.4. (2" — 1)™(2" — 2)™ divides |Gq| where o = (9, ...,0) € T

Proof. First, consider the action of G®). Since SOC(G(3)) = A5 < G®) | the point stabilizer
(G®), > (Agn_1)™ where 2" — 1 > 7. Let p,v be distinct points in T\ {6}, let 8 =
(ty.eoypp) € I'™ and v = (v,...,v) € I'™. Let A be the orbit of (Aan_;)™ containing the
pair (3,7) = ((ty e, 1), (¥ ..., ). Since Agn_; is 2-transitive on I'\ {J}, we have

A = {11, s )y (V1 ey v v3 € D {5} and s # v for all i < mi}.

Since this subset is invariant under (G®)),, it follows that A is a (G(®))4-orbit. By Lemma
2.3.1 (4), G4 is 2-equivalent to (G®)),, and so A is also a G-orbit. Hence |G| is divisible
by |A] = (2" —1)™(2" —2)™. O

A prime s dividing 2™ — 1 is said to be a primitive prime divisor of 2" — 1 if s does not
divide 2¢ — 1 for any i such that 1 < i < n. By Zsigmondy [21], and since n > 3, 2" — 1
has a primitive prime divisor unless n = 6.

Let s be a primitive prime divisor of 2* — 1 if n # 6, and let s = 31 = 2% — 1 if n = 6.
Let 5® be the highest power of s dividing (2" — 1)(2"~! — 1). Then @ > 1 and, by Lemma
5.0.4, s*" divides |G,|. Let

m

M =G,N ((G0)5 X .. X (Go)(s) .

Then M is the intersection of G, with the base group of Gy Sy, and hence M < G,
and Go/M =Y < S,,. Now the highest power of s dividing |S,,| = m! is s¢ where
¢ < [2=1] < [21] (see, for example, [5, Exercise 2.6.8]). Then since s*™ divides |G/, it
follows that s3] divides |M|. In particular, since am — [Z51] > 1, the group M is

non-trivial.
Let T := (Go)s, and recall that T'= GL(n,2) or A7, a nonabelian simple group, and
write
m

(Go)(; X ... X (Go)(; = T1 X ... X Tm where Tz =T = (Go)(g.

Next we prove that M = T“, for some u dividing m.

Recall from Subsection 2.5 the subgroups
W; = Sym(T;) x (Sym(T") 2 Spp—1)

and projection maps m; : G N W; — Sym(T;) and note that M < W; for all i. Since
G < Gyl Sy, for each 1,
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mi(Ga N Wz) = (m(GnN Wl))(; = (Go)g. (5.0.5)

Since Y = 7(GQ) = 71(Gy) < Sy, is transitive, it follows that G, acts transitively on
¥ ={T,...,T,,} by conjugation. Let 7,5 € {1,...,m}. Then there exists x € G such that
m(x) 1 i — j. Since M <Gq, 27 m(M)z = 7;(M). Thus m;(M) = 7;(M) for 1 <i,j < m.
Now, the facts that {1} # M (G, NW;) and (Go)s = T is simple together with (5.0.5).
imply that

(M) = (Go)s =T fori=1,2,...m.

By [5, Lemma 4.3A], there exists a partition {Aq,...,A,} of {1,...,m} such that M =
Dy x ... x D, where D; =2 T is a full diagonal subgroup of the subproduct [ JeA; T;. Since
M <G, and G, acts on ¥ transitively, the integer u divides m and each |A;| = m/u.

Finally we prove that u = m. Now

GL(n,2)| = 2" ﬁ(zi —1).
i=1
By the choice of s, s** is the highest power of s that divides |GL(n,2)%|. Therefore the
power of s that divides |M| = |T'|* is at most s**. On the other hand, we showed above
that s*™["2"] divides |M|, and hence au > am — ["52] > (a — )m. This implies that
u > 3, and since u divides m, we conclude that v = m. Thus M = G{* < G, and hence,

as discussed above, G = G Y, completing the proof of Theorem 1.0.4.
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