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Abstract

Previous work of the authors has shown that an important class of locally (G, 2)-
arc transitive graphs are those for which G acts faithfully and quasiprimitively on
each of its two orbits on vertices. In this paper we give a complete classification
in the case where the two quasiprimitive actions of G are of different types. The
graphs obtained have amalgams previously unknown to the authors and involve
both an almost simple 2-transitive action and an affine 2-transitive action on the
neighbourhoods of vertices.
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1 Introduction

An s-arc in a graph I" is an (s + 1)-tuple (v, v, ..., vs) of vertices such that
each v; is adjacent to v;;; while v; # v;19. Given G < Aut(I') we say that
I is locally (G, s)-arc transitive if for each vertex v, the stabiliser G, acts
transitively on the set of s-arcs starting at v. Provided that all vertices of T’
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have valency at least three, a locally (G, s)-arc transitive graph is also locally
(G, s—1)-arc transitive. Throughout this paper we assume that this is the case
for I'. If G is not vertex transitive, then a locally (G, 2)-arc transitive graph
is a bipartite graph and the two parts Ay, Ay of the bipartition are G-orbits.

The study of locally (G, s)-arc transitive graphs goes back to Tutte [15,16]
who showed that if [ has valency three and G is vertex transitive then s < 5.
This was extended by Weiss [17] who showed that if I' has valency at least
three and G is vertex transitive then s < 7. Stellmacher [14] has proved that
if G is vertex intransitive and all vertices have valency at least three then
s < 9. This inequality is sharp as demonstrated by the incidence graphs of the
classical generalised octagons associated with the simple groups 2Fy(q).

In [4], the authors initiated a global analysis of locally (G, s)-arc transitive
graphs for which G has two orbits on vertices. This extended the work of
the third author [11] in the vertex transitive case. It was shown that the
important graphs to study are those where G acts faithfully on both G-orbits
and quasiprimitively on at least one. (A transitive permutation group G is
quasiprimitive if every nontrivial normal subgroup is transitive.) In the case
where G acts quasiprimitively on both orbits, the possible quasiprimitive types
were studied and it was shown that either the two quasiprimitive actions are
of the same type, or one is of Simple Diagonal type and the other is of Product
Action type [4, Theorem 1.2]. (A description of these two actions will be given
in Subsection 2.1.) We say that graphs in the latter case are of {SD, PA}-type.
The first example of a locally 2-arc transitive graph of {SD, PA }-type was given
in [4, Example 4.1]. Five infinite families were provided in [6, Example 4.2]
while an infinite family of locally 5-arc transitive graphs of {SD, PA}-type was
given in [5].

In this paper we give a general construction (Construction 3.3) of locally
(G, 2)-arc transitive graphs of {SD, PA}-type which proves the following the-
orem.

Theorem 1.1 For each simple group T = PSL(n,q) (n > 2), PSU(3,q),
Ree(q)" or Sz(q), and positive integer d such that, if T = PSL(n,q) with
n >3, then d = 1, there exists a locally (G,2)-arc transitive graph ' with the
following properties.

(1) soc(G) = T4

(2) G induces ATL(d, q) on the set of q¢ simple direct factors of soc(G).

(3) G has two orbits Ay and Ay on VT such that G acts quasiprimitively of
type SD on A1 and quasiprimitively of type PA on As.

(4) For v € Ay, we have GL®) = PI'L(n,q), PT'U(3,q), Aut(Ree(q)) or
Aut(Sz(q)), and |T(v)| = (¢ — 1)/(¢—1), @+ 1, ¢ +1 and ¢* + 1
respectively.



(5) For w € Ay, we have GE™) = ATL(d, q) and |I'(w)| = ¢*.

We construct the group G in Section 3.1 while G, is the group L constructed
in Section 3.1 and G, is the group R constructed in Section 3.2. The amalgams
(Gy, G, Gyw) were previously unknown to the authors.

In Construction 3.10 we find that certain quotients of the graphs yielded by
Construction 3.3 are also of {SD, PA}-type. We prove that all locally (G, 2)-arc
transitive graphs of {SD, PA}-type can be constructed in this way.

Theorem 1.2 Let I' be a locally (G, 2)-arc transitive graph of {SD, PA}-type.
Then T is isomorphic to a graph arising from Construction 3.3 or to a normal
quotient of such a graph as in Construction 3.10.

An important tool in the proof of this theorem is the classification in [3,
Theorem 1.1] of all codes C' containing the constant code E which have a
weight preserving group of automorphisms H which acts transitively on the
nontrivial cosets of F in C'. One consequence of Theorem 1.2 is that we can
bound the degree of local s-arc transitivity for graphs of {SD, PA}-type.

Corollary 1.3 Let I' be a locally (G, s)-arc transitive graph of {SD, PA}-type
which is not locally (G, s + 1)-arc transitive. Then either s = 5 or s < 3.
Moreover, there exists a locally (G,5)-arc transitive graph of {SD, PA}-type.

This paper is set out as follows. In Section 2 we give the necessary back-
ground. We outline the global analysis of locally s-arc transitive graphs in
Subsection 2.1 and describe the two quasiprimitive types crucial to this pa-
per. In Subsection 2.2 we give an overview of constructing graphs via cosets
and in Subsection 2.3 we collate some required information about 2-transitive
groups. Section 3 provides the two general constructions of locally (G, 2)-arc
transitive graphs of {SD, PA}-type and we show that the constructions pro-
duce graphs which are at most locally (G, 5)-arc transitive. Finally, in Section
4 we prove that all locally 2-arc transitive graphs of {SD,PA}-type can be
obtained from Construction 3.3 or Construction 3.10.

2 Preliminaries

2.1 Quotient graphs and quasiprimitive types

First we give an outline of the global analysis initiated in [4] to which the
reader is referred for the details. Let I" be a locally (G, 2)-arc transitive graph
such that G has two orbits A; and As on vertices and each vertex has valency
at least three. Suppose that GG has a nontrivial normal subgroup N which acts



intransitively on A; and on A,, and choose N to be a maximal such subgroup.
Let 'y be the quotient graph of I whose vertex set is the set of N-orbits on
VT such that two orbits By and B, are adjacent if there exist v; € By and
vy € By such that v; and v, are adjacent in I'. Then 'y is locally (G/N, s)-arc
transitive such that G/N has two orbits on VI'y. Moreover, I" is a cover of
['y, that is, if B; and B, are adjacent in I'y then for all v € B; there exists
a unique u € By which is adjacent to v in I (see [4, Theorem 1.1]). If G/N is
not faithful on one of its orbits then I'y is a complete bipartite graph. Also,
by the maximality of N, G/N acts quasiprimitively on at least one of its two
orbits on the vertex set of I'y. Hence the “basic” graphs to study are those for
which G acts faithfully on both orbits and quasiprimitively on at least one.

In [11] an O’Nan—Scott-like theorem for the structure of quasiprimitive groups
was given by the third author. We follow the subdivision into 8 disjoint types
and the notation given in [12]. An investigation of the possible quasiprimitive
types for G for a locally (G, 2)-arc transitive graph was undertaken in [4] and
it was proved that in the case where G is quasiprimitive on both orbits, either
G is of the same type on both orbits and only 4 of the 8 types occur, or one
action is of Simple Diagonal (SD) type and the other is of Product Action
(PA) type. Moreover, it is not possible to have G acting with SD type on both
orbits. We now give a description of these two important types.

Let G be a quasiprimitive group acting on a set €2 and suppose that G has a
unique minimal normal subgroup N = T* for some finite nonabelian simple
group 1" and positive integer £ > 2. Then G is quasiprimitive of type SD if
and only if for all o € ), N, = T and G transitively permutes the k simple
direct factors of N. We now give a more explicit description of actions of SD
type. Let N = T* act on the set  of right cosets of

No={(t,t,....t) |t €T}

in N. Then {(t1,%2,...,tk—1,1) | t; € T} is a set of coset representatives for
N, in N and so we can identify Q with T%~1. Each element 7 € Aut(7T') acts
on (1 via

(t17t27 ooy teet, 1)T = (t;t; R 2—17 1)
and note that if 7 € Inn(7") and is conjugation by the element ¢, then the
action of 7 is induced by (¢,¢,...,t) € N. Each o € S also acts on ) via

(t1,to, o tie1, 1)7 = (o itig1s e ooy b b 1)0-15 1)

where t, = 1. Let W = (N, Aut(T),S;). Then W = T* (Out(T) x Si), W
is the normaliser of N in Sym(§2) and the stabiliser in W of the coset N, is
Aut(T) x Si. Each quasiprimitive group of type SD with socle T* is equivalent
to a group G acting on €2 such that N << G < W and G acts transitively by
conjugation on the k simple direct factors of N. Such a group G is primitive



of type SD if and only if G acts primitively on the k simple direct factors of
N.

A quasiprimitive group G with a unique minimal normal subgroup N = T* is
of type PA if and only if N, # 1 and is not isomorphic to 7" for any [ < k. For
a quasiprimitive group of type PA on a set 2, there exists a partition P of €2
(possibly with blocks of size 1) such that G acts faithfully on P and preserves
a product structure. Thus G is isomorphic to a subgroup of H wr Sy, where H
is an almost simple group with socle T'. Furthermore, there exists R < T such
that N, is a subdirect subgroup of RF, that is, N, projects onto R in each
coordinate. Moreover, for the block B of P containing o, we have Ng = R*.

2.2 Coset graphs

Construction 3.3 defines a graph in terms of the cosets of subgroups of a group
G. We collect a few results concerning coset graphs here. See for example [4,
Lemma 3.7] for proofs. For a subgroup H of a group G, we denote [G : H| =
{Hg | g € G} and the coset action of G on |G : H] is right multiplication. We
say that H is core-free in G if H contains no nontrivial normal subgroups of
G. For proper subgroups L, R of a group G, Cos(G, L, R) is the graph with
vertex set the disjoint union of [G : L] and [G : R] with Lz, Ry adjacent if
and only if zy~! € LR. Note that the condition zy~! € LR is equivalent to
LxN Ry # 2.

Lemma 2.1 For a group G with subgroups L, R < G such that L N R s
core-free in G, the graph T' = Cos(G, L, R) has the following properties:

(1) T is connected if and only if (L, R) = G;

(2) G < Aut(l'), T' is G-edge transitive and G has two orbits |G : L] and
|G : R] on vertices.

(3) G acts faithfully on both |G : L] and |G : R] if and only if both L and R
are core-free.

(4) T s locally (G,2)-arc transitive if and only if both the L-coset action on
[L: LN R] and the R-coset action on [R: L N R] are 2-transitive.

Conwversely, if I is a G-edge transitive but not G-vertex transitive graph, and
v and w are adjacent vertices then I' = Cos(G, Gy, Gy).

2.3  2-transitive groups

We will require the following result about 2-transitive permutation groups
which follows from the classification of all 2-transitive groups, see for example



Table 1
Possibilities for T and H

PSL(2,q), for ¢ > 4 ] @ Cq—1)/(2.9-1) g+1 ¢
PSL(n, q), for n >3 ") % (Cyo10SL(n = 1,9).Clgmrnmy L3 "1
PSU(3,q), for ¢ > 3 [4°] % Clq2-1)/(3,4+1) ¢+1 g
Ree(q), ¢ = 3™ > 27 [¢3] x Cyy e+1 q
PSL(2,8) [32] % Cy 28 3
Sz2(q), ¢ =2*""1>8  [¢%] 1 Cy 41 q

[2]. We use [n] to denote a group of order n.

Theorem 2.2 Let T be the socle of an almost simple group A which acts 2-
transitively on a set ). Suppose that H = T, for some o € Q and that H
is not almost simple. Then T, H and |Q| are given in Table 1. Furthermore,
H has a unique minimal normal subgroup M and the order of M s given in
Table 1.

We make several observations.

Remark 2.3

(1) T is 2-transitive except in the case where 7' = PSL(2,8) and |Q2] = 28.
Here A = PT'L(2,8) & Ree(3) is 2-transitive on 28 points and 7" = A’. From
now on we include this case with the Ree groups.

(2) M is isomorphic to the additive group of the field GF(q), except when
T = PSL(n,q) with n > 3. (Here we regard PSL(2,8) in line 5 as Ree(3)".)
In this exceptional case, M is isomorphic to the additive group of an (n — 1)-
dimensional vector space over GF(q).

(3) H induces GF(g)-linear automorphisms of M.

(4) H acts transitively by conjugation on the nontrivial elements of M except
in the case where T' = PSL(2, ¢) for ¢ odd. In this case, if we let A = PGL(2, q)
then A, acts transitively on M\{1}.

(5) If [M| = ¢™ and B = Ngym(a)(T'), then M is the unique minimal normal
subgroup of B, and B, induces I'L(m, q) on M.

We also collect the following information in the case where T' # PSL(n, q)
with n > 3, that is, for the rank one groups of Lie type.

Remark 2.4 Let A =PGL(2,q), Ree(q), Sz(q) or PGU(3,q) and « € Q.
(1) Then A, = Opy(A,) x P, where ¢ = p°, O,(A,) is the largest normal



p-subgroup of A, and P = A,,, for some ay € Q\{a}. Furthermore, the
subgroup M of Theorem 2.2 is the centre of O,(A,) and O,(A,) acts regularly
on Q\{a}.

(2) In each case |[M| = ¢ and P induces GF(g)-multiplication on M. Moreover,
|P| = q—1, except for A = PGU(3, q), in which case |P| = ¢> —1 and P has a
subgroup of order ¢+ 1 which acts trivially on M. In the PGU(3, q) case, P is
isomorphic to the multiplicative group of GF(¢?) and the action of P on M is
given by A : x +— A1z, for all z € M. See for example [10, Lemma 1.11(ii)].

(3) Let A # PGU(3,q) and B = Ngym)(T). Let ¢ be the Frobenius auto-
morphism of GF(q), that is, ¢ raises each field element to its p*® power. Then
¢ defines an automorphism of A, and B = A x (¢). Moreover, since A is 2-
transitive on {2 we can choose «, as € € such that B, ,, = P x (¢). The group
automorphism ¢ induces the field automorphism ¢ on M.

(4) Let A =PGU(3,q) and B = Ngym)(T). Let ¢ be the Frobenius automor-
phism of GF(¢?), that is ¢ raises each field element to its p'" power. (Note that
GU(3,q) consists of matrices whose elements lie in GF(¢?).) Then ¢ defines
an automorphism of A, and B = A x (p). Moreover, since A is 2-transitive
on  we can choose a, s € Q such that B, ., = P X (¢). Note that we still
have |M| = GF(q). Looking at the matrix representation for M given in [10]
we see that ¢° where ¢ = p°, induces multiplication by —1 on M.

We also have the following lemma concerning subgroups of AT'L(1, q).

Lemma 2.5 Let K be a subgroup of AT'L(1,q) whose order is divisible by
q(q —1). Then K acts transitively on GF(q).

PROOQOF. Let ¢ = p® where p is prime and let N be the unique minimal
normal subgroup of AT'L(1,q). Then N = C and note that | AT'L(1,q)| =
q(qg — 1)e. If e = 1 then K = AGL(1,¢q) and so the result holds. Thus we
assume that e > 2.

Suppose that (p,e) # (2,6) and that if e = 2 then p is not a Mersenne
prime. Let r be a primitive prime divisor of p® — 1. Such an r exists by [18].
Then K has an element g of order r, and as r is coprime to e it follows that
g € AGL(1,q). Then as ¢ is coprime to r (conjugating K by an element of
AGL(d, q) if necessary) we may assume that g € GL(1, ¢). Such a g normalises
no proper nontrivial subgroup of N, and so KN N =1 or N < K. The first is
not possible as e < ¢ and ¢ divides |K| and so N < K. As N acts transitively
on GF(q) it follows that so does K.

Suppose now that e = 2 and p is a Mersenne prime. Then ¢ is odd and N
is the unique subgroup of AI'LL(1,q) of order q. Hence N < K and again we



have that K is transitive. This leaves us to consider the case where p = 2 and
e = 6. As 2° divides |K]| it follows that [ N N| > 2°. However, K contains
an element g of order 7 which we may assume belongs to GL(1,2%). Such an
element does not normalise an index 2 subgroup of N and so N < K and we
are done.

3 Construction

In this section we give a general method for constructing locally (G, 2)-arc
transitive graphs of type {SD, PA}. We start with a general construction where
soc(G) = T4" for T = PSL(n, q), PGU(3, q), Ree(q)’ or Sz(q), and d a positive
integer such that if T = PGL(n, q) for n > 3 we have d = 1. The group induced
by G by conjugation on the set of simple direct factors of soc(G) is AT'L(d, q).
Moreover, if g € G induces an element of AI'Li(d, ¢) on coordinates whose as-
sociated field automorphism is nontrivial, then it also induces a corresponding
field automorphism of 7" on each direct factor. We construct two subgroups
L and R of G with L corresponding to constant functions f : GF(¢)? — T
and R related to certain affine functions with domain GF(g)?. Then for every
subgroup K < AT'L(d, q) whose projection onto I'L(d, ¢) is transitive on the
set of 1-spaces of GF(q)?, we find a subgroup G of G which induces K on the
simple direct factors of soc(G). If K is not transitive on GF(g)¢ then G has a
normal subgroup which is intransitive on each part of the bipartition and the
quotient graph with respect to this normal subgroup is also of {SD, PA} type.
We now proceed with the details so that we can define G, L and R precisely.

3.1 The groups G and L

Let A be one of PGL(n, q¢), PGU(3, ¢q), Ree(q) or Sz(q) so that A is an almost
simple group with socle T'. For each choice of A, there exists a set {2 such
that A acts 2-transitively on 2 and for a € €2, A, is not almost simple. Up
to permutational isomorphism, the choice of €2 is unique. Note that there are
two possible A with the same socle T = PSL(2, 8), one being PGL(2,8) and
the other Ree(3) = PI'L(2,38).

Let d be a positive integer with the added restriction that if A = PGL(n,q)
for n > 3, then d = 1. We define the group

F={f:GF(¢q)* — A} (3.1)

with multiplication defined pointwise, that is, (fg)(a) = f(a)g(a). Then F =
A" We take GF(q)? to consist of column vectors and sometimes regard each



f € F as the ¢%-tuple given by the evaluation of f at each element a € GF(q)%.
Note that N := soc(F) = {f : GF(q)? — T}, where T" = soc(A). For each
h € A we let f;, € F denote the constant function with value h.

Each g € AT'L(d, q) defines an automorphism o, of F' via the action

—1

frr(a) = f(a’ )

for all a € GF(¢)?. Let ¢ be the Frobenius automorphism of GF(q). Then ¢
defines a semilinear map on GF(q)¢ and there is an associated automorphism
O¢ of F.

When A = PGL(d, q), Ree(q) or Sz(q), the Frobenius automorphism ¢ de-
fines an automorphism of A, which we will also denote by ¢. Note that our
notation does not distinguish between the field automorphism ¢, the related
automorphism of A and the semilinear map induced on GF(g)¢. The meaning
should be clear from the context. For each integer i, we define the constant
map

fsi : GF(q)* — Aut(A)
a — ¢

Then (fy)™' = fy-1 and f, defines an automorphism of F' by

fe(a) = (f(a))”.
Let p = f,04, where multiplication is composition in Aut(F'). Then for all
f€F,geAGL(d,q), and a € GF(q)¢,

1 1 —1

[ (a) = (” ”9( ))¢

and so plogp = 04-144. Let
Ko = (p,0, | g € AGL(d, q)) < Aut(F). (3.2)
Then
¢ : Ky — AT'L(d, q)
g g (3.3)
p = .

is an isomorphism from K, to AI'L(d,q). Note that K, induces the group
AT'L(d, q) on the ¢? simple direct factors of N.



Field automorphisms of PGU(3, ¢q) arise from field automorphisms of GF(¢?)
and so we need to treat this case slightly differently. Let ¢ be the Frobenius au-
tomorphism of GF(¢?). Then ¢ defines a field automorphism of A = PGU(3, q)
which we also denote by ¢. For each integer 4, let f,: be the constant function

foi o GF(q)* — Aut(A)
a — ¢
Then (f,)"" = f,-1 and f, defines an automorphism of F' by
fle(a) = (f(a))*.

Furthermore, ¢ fixes setwise the subfield GF(q) of GF(¢?) and induces on
GF(q) the field automorphism ¢. Let p, = f,04, where multiplication is com-
position in Aut(F'). Then for all f € F, g € AGL(d, q), and a € GF(q)?,

fpllogpu (a) =

= footoe(a)
and so p,lop, = 04-144. Let
Ky = (pu,04 | g € AGL(d, q)) < Aut(F) (3.4)
Then
o, : K, — ATL(d, q)
g, — g (3.5)
Pu = @

is a homomorphism from K, onto AT'L(d, q) with kernel (p¢), where ¢ = p°.
Note that pf = f, and so K, = 2. AI'L(d, ¢) where the extension is split if
and only if e is odd. Moreover, K,, induces AT'L(d, q) on the ¢¢ simple direct
factors of N.

We are now in a position to define G and L. Note that when A # PGU(3, q),
the group Ky of automorphism of F' normalises the subgroups N and {fj, |
h € A}, while when A = PGU(3, q), the subgroups N and {f, | h € A} are
normalised by K,. Thus when A # PGU(3, q) we let

G:<N,fh|h€A>>4Kg (36)
and

L={fy|heAlxK, (3.7)

10



Note that G = (T .(A/T)) x ATL(d,q) while L = A x ATL(d,q). When
A =PGU(3,q) we let

G=(N,fn|lheA) xK, (3.8)

and

L={fy|he A xK, (3.9)
Then G 2 (T%.(A/T)) » (2. ATL(d, q)) and L 2 A x (2. ATL(d, q)).

3.2 The group R

When A = PGL(d, q), Sz(q) or Ree(q), there is a point a € € such that
the group automorphism ¢ normalises A,. Hence (A, ¢) acts 2-transitively on
2 with point stabiliser (A,, ¢). Similarly, when A = PGU(3,q) there exists
a € ) such that (A, ) acts 2-transitively with point stabiliser (A, ¢). Now
for all A, the point stabiliser A, has a unique minimal normal subgroup M
given in Table 1. In each case M is isomorphic to the additive group of an m-
dimensional vector space over GF(¢) and the group of automorphisms induced
by conjugation by A, on M is GL(m,q). See Remark 2.3. Note that m =1
except when A = PGL(n, ¢), in which case m = n—1. Each A € GF(¢)* induces
an automorphism of M, this being scalar multiplication, and we denote the
image of each | € M under this automorphism by [*. We also define [° = 1,
for all l € M. Then for \, u € GF(q), the distributivity of scalar multiplication
implies that [*M* = [**. Each h € A, also induces an automorphism of M.
Note that A, acts transitively on the nontrivial elements of M and induces
GF(g)-linear automorphisms, that is, for all h € A,, A € GF(¢)* and [ € M,

(M = (1M (3.10)
Furthermore when A # PGU(3, q),
(Vx)(é _ (l¢)>\¢ (3.11)

while when A = PGU(3, q)
(1M)¢ = (ZSO)W' (3.12)

Recall from Remark 2.4(4) that if ¢ = p® then ¢° induces multiplication by
—1 on M.

As M is a GF(q)-vector space we can study linear functions f : GF(¢q)¢ — M.
Since composition in M is written multiplicatively, the linearity conditions
become: for all a,b € GF(¢)? and A € GF(q), we have f(a+b) = f(a)f(b)
and f(\a) = f(a)*. We have the following lemma.

11



Lemma 3.1 Let
= (f :GF(q)* = M | f constant) (3.13)

and
= (f : GF(q)* — M | f constant or linear). (3.14)

Then' Y = M and X/Y = M9 Moreover, when A # PGU(3,q) both X
and Y are normalised by Ky, while when A = PGU(3,¢q), both X and Y are
normalised by K, (as defined in (3.2) and (3.4)).

PROOF. The first assertion is trivial while the second assertion follows from
the fact that the set of all linear functions f : GF(¢)¢ — M is a set of coset
representatives for Y in X. When A # PGU(3, q) the group automorphism ¢
normalises M and so Kj is normalised by Y. Furthermore, it follows from |3,
Lemma 2.3] that X is normalised by K (since p acts on M* in the same way
that 7,0, does there). Similar calculations show that when A = PGU(3,q)
the group K, normalises X and Y.

We have the following lemma.
Lemma 3.2 Let F be as in (3.1). Then F has a subgroup
Fr={(X,fu| h€A) =M™ (A, /M).

If A # PGU(3,q) then Fy is normalised by Ky while if A = PGU(3,q) then
Fy, is normalised by K,.

PROOF. Let h € A,. If f € X is a constant function then as h normalises
M, f'» is also a constant function in X. If f € X is linear then for all

a,b € GF(¢)?,

fi'ffa(a+b) =n""f(a+Db)h
= h~' f(a)f(b)h
f(@)"f(b)"
_fh ffh(a)fh ffh( )

and for all A € GF(q),
fi' Fin(Xa) = h™' f(Aa)h
- h_lf(a))‘h
= (f(a)")"
= (fi " ffu(@).

12



Hence f, *f fu is a linear function and so f, normalises X. For h € M, f, € X
and so (X, f, | h € A,) =2 ML (A,/M). If A # PGU(3,q) then Lemma 3.1
implies that, Ky normalises X and since K normalises the subgroup {f; |
h € A,} it follows that Ky normalises Fy. Similarly, when A = PGU(3, q), K,
normalises X, {f, | h € A,} and F.

We now define the subgroup R. When A = PGL(d, q), Ree(q) or Sz(q) let
R = (X, fn,| h € As) X Ky (3.15)
Note that R = (M4 (A,/M)) x ATL(d,q). When A = PGU(3,q) then let
R= (X, fu|heA)xEK, (3.16)

In this case we have that R = (M. (A,/M)) x (2. ATL(d, q)).

3.8  The main construction

We can now give our general construction.
Construction 3.3 We begin with the following:

e a 2-transitive almost simple group A on a set ), such that A = PGL(n,q),
PGU(3,q), Ree(q) or Sz(q), and for a € Q, A, has a unique minimal
normal subgroup M which is elementary abelian,

e a positive integer d, such that if A = PGL(n,q) with n > 3, then d =1,

and we construct a bipartite graph T'(A,d).

Recall the definition of F from (3.1), and let N = soc(F) = T, where
T = soc(A). Let X be the group generated by the set of constant or linear
functions f: GF(q) — M. Let f;, € F be the constant function with value h.
If A+# PGU(3,q) recall Ky from (3.2) and define

G = (N, fn | heA) xK,,
L={(fn|heA) xK, and
R = (X, fn|h e Aq) > Ko,

13



while when A = PSU(3,q), recall K, from (3.4) and define

G =(N,fn|he A xK,,
L= (fn|heA)xK,, and
R:<X,fh|h€Aa>><lKu.

We can then construct the bipartite graph
['(A,d) := Cos(G, L, R)
as defined in Subsection 2.2.

If d=1and A =PGL(2,q) with ¢ = p°, then the graph I'(A,1) is the graph
G(p, e) constructed and studied in [5].

Let I' = I'(A,d) as yielded by Construction 3.3. Then G has two orbits on
VT, these being Ay = [G : L] and Ay = [G : R]. Now

A =G L =T
and G acts quasiprimitively of type SD on A;. Also,

d_
2al =[G m = 2L
Furthermore, G acts quasiprimitively of type PA on As.
Let v be the vertex of I' given by the coset L. Then
P(w)| = [L: LOR|=[A: Aa| =€,

and GT®) = PTL(n, q), PT'U(3, q), Aut(Ree(q)) or Aut(Sz(q)). Let w be the
vertex of I' given by the coset R. Then w € I'(v) and

T(w)| = |R: LN R| = |M|".

Moreover, GL(") = ATL(d, ¢). Thus I has valency {|Q|,|M|?}. Also G, = L,
G = R and if A # PGU(3,q) then

G =LNR={fn|he A} x Ky,
while if A =PGU(3,q) we have
Guw=LNR={fn]|he A} xK,.
Moreover, G = NG, as A = TA,. Thus N acts transitively on the set of

edges of I and so by Lemma 2.1, I' & Cos(N, N,, N,).

14



Collecting this information together we have the following lemma.

Lemma 3.4 FEach graph T'(A,d) yielded by Construction 3.8 is bipartite of va-
lency {|, |M|?} and G acts quasiprimitively of type SD on A, and quasiprim-
itwely of type PA on Ay. Moreover, G = N(LNR), that is, N is transitive on
edges.

Our next lemma shows that I' is connected. A subgroup D of N = T* is
subdirect if D projects onto T in each of the k£ simple direct factors of N, and
is a full diagonal subgroup if it is subdirect and isomorphic to T

Lemma 3.5 FEach graph T'(A,d) yielded by Construction 3.3 is connected.

PROOF. Let I' =T'(A,d) and L, R, N and G be as obtained from Construc-
tion 3.3. Let D = (L, R) N N. By Lemma 3.4, it follows that L N N is a full
diagonal subgroup of N = 77" and hence D is a subdirect subgroup of N.
Thus, it follows from a well known lemma, (see for example [13, p 328]), that
there is a partition Z of GF(q)? with D = [[;c7 17, where each T} is a group
of functions f : GF(¢q)¢ — T for which f(a) = 1 for all a ¢ I, the image
of each a € I under 77 is equal to T and T; = T. Choose I € Z and let
I = {by,...,bs}. Now for each i < s there exists 7, € Aut(T'), with 7 = 1,
such that for each ¢t € T there exists a unique f € 17 with f(b;) = t™ for all
b; € I.

Suppose that s > 2 and let f, € L be a constant function whose value is h,
for some h € T. Then for all i = 1,...,s, we have f/n(b;) = (t")". Since
L normalises D, we have f/» € Ty and so it follows that (¢7)" = f/n(b;) =
(f/r(by))7 = (t")7. Hence for all h,t € T we have t"" = th%  Thus each 7;
centralises Inn(7") and so each 7; = 1, that is, all functions in 7 are constant
on [ and trivial elsewhere. Furthermore, each function in D is constant on I.
However, there exists a linear function f € X < D which is not constant on
I, a contradiction. Thus s = 1 and N = D < (L, R). As G = NL it follows
that (L, R) = G and so by Lemma 2.1, I' is connected.

3.4 Local s-arc transitivity

Recall the homomorphisms & and &, from K, and K, respectively, onto
ATL(d, q). For any K < ATL(d, q) we have ®71(K) < Ky and ®,!(K) < K,.
Thus when A # PGU(3,q), G has a subgroup

Gr = (N, fn|h €A, xdHK), (3.17)
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while when A = PGU(3, ¢), G has a subgroup
Gr = (N, fn|h € Ay x 1 (K). (3.18)

Note that in both cases, G = Garr,q). We wish to determine the largest s
such that I'(A, d) is locally (G, s)-arc transitive.

For each g € AT'L(d, q) we can uniquely write g = g;g» for some translation
g1 and some gy € I'Li(d, q). Since the subgroup of all translations is normal in
AT'L(d, q) we can define the projection map 7 : AT'L(d,q) — T'L(d, q) which
takes g = g192 to go. Moreover, there exists a field automorphism ¢' such that
for all a € GF(q)? and A\ € GF(g), we have (\a)%2 = \?'a%. We call ¢’ the
field automorphism associated with go and g.

We will require the following lemma.

Lemma 3.6 Let A =PGL(2,q), PGU(3,q), Ree(q) or Sz(q) , act 2-transitively
on a set Q of size q+1, ¢*+1, ¢*+1 or ¢*+ 1 respectively. Let P = A, 4, for
a, s € Q with a # a9, and let M be the centre of Op(A,). Let K < AT'L(d, q)
for d > 2 such that w(K) acts transitively on the set of 1-spaces of GF(q)%.
If A # PGU(3,q) then {fi | h € P} x ® 1K) acts transitively on the set of
nontrivial elements of X/Y. If A = PGU(3,q) then {fn | h € P} x &, (K)

acts transitively on the set of nontrivial elements of X/Y .

PROOF. Let fi, fo : GF(q)¢ — M be linear functions, and recall that M is a
1-dimensional vector space over GF(q). Then W; = ker(f;) and Wy = ker(f3)
both have dimension d — 1. Since 7(K') acts transitively on the set of 1-spaces,
by Block’s Lemma [1], it also acts transitively on the set of hyperplanes of
GF(q)?. Hence there exists g = g1g» € K such that g; is a translation and
g2 € TL(d, q), and (Wy)% " = W,.

Suppose first that A # PGU(3,q). Hence (Yfl)q’_l(g) = Y (\fe) for some
A € GF(q). Now there exists h € P such that h induces the automorphism
of M corresponding to scalar multiplication by A~! (Remark 2.4) and hence
(Y f)2 '@/ =Y f,. Thus {f, | h € P} x & (K) acts transitively by conju-
gation on the set of nontrivial elements of X/Y.

Suppose now that A = PGU(3,q). Then ®, is not an isomorphism so ®,'(g)
is not a unique element. Let ¢’ be the field automorphism of GF(q) associated
with go € TL(d,q). Then ®,(f,0,) = g and (Y f1)/¢% = Y (\fz) for some
A € GF(q). Then taking the image under a suitable element fj,, h € P, it
follows that {f, | h € P} x ®,'(K) acts transitively by conjugation on the
set of nontrivial elements of X/Y".
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We can now prove the following lemma which completes the proof of Theorem
1.1.

Lemma 3.7 FEach graph I'(A,d) yielded by Construction 3.3 is locally (G, 2)-
arc transitive. Furthermore, let K < AT'L(d, q) such that w(K) is transitive on
the set of 1-spaces of GF(q)¢. Then T'(A,d) is locally (G, 2)-arc transitive.

PROOF. Let I' =T'(A,d), and let v be the vertex corresponding to the coset
L and w be the vertex corresponding to the coset R. When A # PGU(3, q),
the action of (Gk), on I'(v) is equivalent to the action of (A, ¢) on {2 and so in
this case (G), acts 2-transitively on I'(v). When A = PGU(3, ¢), the action
of (Gk), on I'(v) is equivalent to the action of (A, p) = PI'U(3,¢) on Q and
so in all cases (Gg), acts 2-transitively on I'(v).

Now (Gk)w = X(Gk)uw and so X acts transitively on I'(w). Furthermore, X
is abelian and X, =Y. Hence as X < (Gg),, we can identify I'(w) with X/Y
such that X acts by right multiplication and (G )., acts by conjugation. We
may take the set of linear functions as a set of coset representatives for Y in
X. When A # PGU(3,q), we have (G )pw = {fn | h € As} x ®71(K) while
when A = PGU(3,q) we have (Gg)ww = {fn | h € Au} x O, 1(K).

Suppose first that d = 1 and let a € GF(¢q)\{0}. Then each linear function
f: GF(q) — M is determined by f(a). Furthermore, for each h € A,, let f,
be the constant function with value h. Then f/»(a) = f(a)" and as A, acts
transitively by conjugation on the nontrivial elements of M it follows that
(GK)ww acts transitively on the set of nontrivial elements of X/Y and hence
acts transitively on I'(w)\{v}.

Suppose now that d > 2. Note that A # PGL(n,q) with n > 3 in this
case. Then by Lemma 3.6, when A # PGU(3,q) the subgroup {f, | h €
P} x @ K) of (Gx)ww acts transitively on the set of nontrivial elements
of X/Y while when A = PGU(3,q) the subgroup {f, | h € P} x ®,}(K)
acts transitively on the set of nontrivial cosets of Y in X. Hence in all cases
(G )ww acts transitively on I'(w)\{v} and so for all values of d, (Gk),, acts 2-
transitively on I'(w). Thus I' is locally (G, 2)-arc transitive. Moreover, since
G = Garva,g and I'L(d, g) acts transitively on the set of 1-spaces of GF(q),
it follows that I'(A, d) is locally (G, 2)-arc transitive.

We split the rest of our analysis into case where A is a rank one Lie group
and the case where the rank of A is greater than one.

Lemma 3.8 Let A =PGL(n,q) with n > 3. Then each graph I'(A, 1) yielded
by Construction 3.3 is not locally (G, 3)-arc transitive.
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PROOF. Let I' = T'(A, 1), let v be the vertex corresponding to the coset
L and w be the vertex corresponding to the coset R. Then there exists u €
I'(v)\{w} and ay € Q\{a} such that

Guvw = {fn | h € Apa,} ¥ ®H(K).

Now A, q, normalises a unique index ¢ subgroup of M = O,(A,), where ¢ =
p% and so {fy | h € Aya,} X 1K) does not act transitively by conjugation
on the set of nontrivial elements of X /Y. Hence G, does not act transitively
on I'(w)\{v} and so I is not locally (G, 3)-arc transitive.

We have the following proposition.

Proposition 3.9 (1) Fach graph I'(A,d), where A = PGL(2,q), PGU(3, q),
Sz(q) or Ree(q), is locally (G, 3)-arc transitive.

(2) The graph T'(A,d) is locally (G,4)-arc transitive if and only if A =
PGL(2,q), d = 1 and q is even. Furthermore, when q is even, the graph
I'(PGL(2,q),1) is locally 5-arc transitive but not locally 6-arc transitive.

(3) If D(PGL(2,2°),1) is locally (G, 4)-arc transitive then K acts transi-
tively on GF(q).

PROOF. Let I' = T'(A,d). Choose u € I'(v)\{w} such that when A #
PGU(3,9),
(GK)u'Uw = {fh | h € P} X (I)fl<K)

and when A = PGU(3, q),
(GK)uvw - {fh | h e P} X QJI(K)

Note that u corresponds to the point ay € Q\{a} such that A,,, = P.
If d =1, then {f), | h € P} acts transitively by conjugation on the set
of nontrivial elements of X/Y and so (G )uww acts transitively on I'(w)\{v}.
When d > 1, we have from Lemma 3.6 that in all cases, the group (G'x)uww acts
transitively on the set of nontrivial elements of X/Y". Hence for all possibilities
for A, (Gk)uww acts transitively on I'(w)\{v}. Thus (Gk), acts transitively
on the set of 3-arcs starting at w.

Let {ei,...,eq} be a basis for GF(q)? such that the semilinear map ¢ fixes
each e;. Fix [ € M\{1} such that [, is centralised by the group automorphism
¢ of A (p when A =PGU(3,q)) and let f; € X be the linear function which
maps e; to [; and sends each e;,i > 2, to 1y,. Let z = Lf; € I'(w). Since
O,(A,) centralises M (Remark 2.4(1)), we have

{fh | h € Op(Aa)} < (GK)acwv-
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Then as O,(A,) acts transitively on Q\{a} (Remark 2.4), it follows that
(GKk)zwy acts transitively on I'(v)\{w}. Hence (Gk), acts transitively on the
set of 3-arcs starting at « and so I is locally (G, 3)-arc transitive. This com-
pletes the proof of part 1.

Next we investigate 4-arcs. Now Guowe < Guow- Let fro € Gupws Where o €
Ky = ®7Y(ATL(d,q)) if A # PGU(3,q) while 0 € K, = ®,;(ATL(d, q)) if
A =PGU(3,q). Then

Lfi=Lfifno
= L(Af1)o for some A € GF(q).

Then as Ky and K, induce semilinear maps on X it follows that o fixes setwise

{L(pfr) | v € GF(q)}

Since A acts 2-transitively on ) there exists t € A such that of = ay and
o = a. Furthermore, we can choose ¢ such that ¢ is centralised by the group
automorphism ¢ (alternatively by ¢ when A = PGU(3,¢)). This can be done
by choosing t € PGL(2,p),PGU(3,p), Ree(p), or Sz(p) appropriately. Let
fi : GF(q)¢ — A be the constant function with value t. Then f; € G, and
interchanges u and w. Thus f; maps I'(w) to I'(u). Then

I(u) = T(w)® = {Lff, | f linear}.

Also note that ¢ normalises P = A, q,. Let fro € Gupps, where o € K if
A # PGU(3,q) while 0 € K, it A=PGU(3,q). Then Lf;f, € I'(u) and

Lfififro = Lflftfhgft_lft

= Lf, fpeo f; as o centralises f;
= L(¢fy)o f; for some &€ € GF(q), since h' € P.

Now as fro € Gupws, We have seen that o fixes the set

{L(pfr) | v € GF(q)}

setwise and so each f,0 € Gy fixes

{L(pfi)fi | ne GF(q)} C T'(u)

setwise. Hence if d > 1, then Gy, is not transitive on I'(u)\{v}. Thus I'(A, d)
is not locally (G, 4)-arc transitive for d > 2.

Suppose now that d = 1. Then G, acts transitively on the set I'(w)\{v} of
size ¢ — 1. If A # PGU(3.¢q) it follows that |Guwwe| = |Pla(q — 1)e/(q — 1) =
ge|P|. On the other hand if A = PGU(3,q) then |Guyw:| = |P|29(¢ —1)e/(q—
1)| = 2qel P|.
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If A= Ree(q) or Sz(q), then |P| = ¢—1 and |Q2] = ¢*+1 or ¢>+ 1 respectively.
Thus in all cases |I'(z)\{w}| = || — 1 does not divide |Gypwz|, S0 Guyws 18
not transitive on I'(x)\{w}. Hence T'(A, 1) is not locally (G, 4)-arc transitive
for either of these choices for A.

If A =PGU(3,q) then |P| = ¢* — 1 and |Q] = ¢* + 1. Thus |I'(z)\{w}| =
2] — 1 = ¢* does not divide |Gupwe|; 50 Guows is not transitive on T'(z)\{w}.
Hence I'(PSU(3, ¢), 1) is not locally (G, 4)-arc transitive.

This leaves us to investigate the case where A = PGL(2, ¢). Then |(Gk)uww| =
|P|| K| and since (G )upw acts transitively on the set I'(w)\{v} of size ¢ — 1 it
follows that |(Gk )uwwsz| = |P||K]|/(g—1). Here |P| = ¢—1 and |Q| = ¢+1. Thus
[(Gr)uvwa| = |K] divides ¢(g — 1)e, and [I'(z)\{w}| = ¢. Also [[(u)\{v}] =
q—1 and so for (G g )upwe to be transitive on both I'(x)\{w} and I'(u)\{v} we
require that ¢(¢ — 1) divides |(Gk)uwwz|- Hence K is a subgroup of AT'L(1, q)
whose order is divisible by ¢(¢ — 1). By Lemma 2.5, K acts transitively on
GF(q). Hence if I'(PGL(2,q), 1) is locally (Gg,4)-arc transitive then K is
transitive on GF(g). This completes the proof of part (3). Furthermore, the
graph T'(PGL(2,¢q), 1) where ¢ = p°, is the graph G(p,e) constructed in [5].
By [5, Theorem 1.1] this is locally (G,4)-arc transitive if and only if p =
2. Furthermore, for ¢ even, the graph I'(PGL(2,¢q), 1, GF(q)) is locally 5-arc
transitive but not locally 6-arc transitive. This completes the proof of part

(2).
3.5  Quotients

Given K < AT'L(d, q) recall Gi defined in (3.17) and (3.18), and that the
group induced by Gk on the ¢? simple direct factors of N = soc(G) < Gk
is K. Hence if K is not transitive on the set of ¢¢ vectors of GF(q)?, our
group G is not quasiprimitive on A; or on Ay. However, by Lemma 3.7 if
7(K), the projection of K onto I'Li(d, q), is transitive on the set of 1-spaces of
GF(q)?, then T'(A,d) is locally (Gg,2)-arc transitive. This allows us to give
the following construction of more locally 2-arc transitive graphs of {SD, PA}

type.

Construction 3.10 We begin with

e a 2-transitive almost simple group A on a set ), such that A = PGL(n,q),
PGU(3,q), Ree(q) or Sz(q),

e a positive integer d, such that if A =PGL(n,q) with n >3, then d =1,

e the locally (G,2)-arc transitive graph T'(A,d) obtained from Construction
3.3,

o K < ATL(d,q) such that 7(K) acts transitively on the set of 1-spaces of
GF(q)? but K is intransitive on GF(q)?.

20



e an orbit S of K on GF(q)? of length k > 1.
Now N = soc(G) = T contains a subgroup
Ns={f:GF(¢) =T | f(a)=1 for allac S}.

Then Ng = T4k and Ng < Gg. Moreover, Ng acts intransitively on both A,
and Ay. We construct the graph T'(A,d, S) to be the quotient graph of T'(A, d)
with respect to the orbits of Ng.

We collect the following remarks about the choice of K.

Remark 3.11
(1) If S is an orbit of two groups Kj, Ko < ATL(d,q) on GF(q)? then Con-
struction 3.10 yields the same graph using either K; or K.

(2) If d =1 then we can take K to be any intransitive subgroup of AT'L(1,q)
and S any nontrivial orbit.

(3) Suppose now that d > 2. The group of all translations in AI'L(d,q) is
normalised by K. Then since m(K) acts transitively on the set of 1-spaces of
GF(¢)¢ but K acts intransitively on GF(q)¢, it follows that K does not contain
any nontrivial translations. Hence K = 7(K) < I'L(d, ¢). One possibility for
K isTL(d, q) and S = GF(q)"\{0}. If 7(K) < I'L(d, q) and Z is the group of
scalars in T'L(d, q) then 7(K)Z acts transitively on GF(q)%\{0} and so is the
stabiliser of a point in an affine 2-transitive group. All such groups are known,
see [7-9).

For each f € F let f|, denote the restriction of f to S. Then when A #
PGU(3,q)

Grs = Gr/Ns = (fis, (fu)s | f € N,h € A) x @7H(K)
while when A = PGU(3, q)
Gr.s =G /Ns = (fig, (fu)s | f € N h € A) x & (K).

Note that Gk g is isomorphic to either T*.(A/T) x K or T*.(A/T) x (2.K)
depending on A.

Since K fixes S setwise, ' (K) and ®;'(K) induce automorphisms of

Fg = <f|sv(fh)|s | fENahEA>'

As 7(K) acts transitively on the set of 1-spaces of GF(q)¢, it follows that S
spans GF(¢)?. Hence if g € K acts trivially on S then g ¢ AGL(d, q) and so

has a nontrivial associated field automorphism ¢’ for some i = 1,...,e — 1,
where g = p°. If A # PGU(3,¢) then ®~!(g) = f4i0,. Hence ®~!(g) induces
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(f4i)}s on Fg and so @ (K acts faithfully on Fy. Similarly, if A = PGU(3, q)
then @ !(K) acts faithfully on F.

Proposition 3.12 Suppose that T'(A,d) is locally (G, s)-arc transitive for
some s > 2. Then the graph T'(A,d,S) obtained from Construction 3.10 is
locally (G s, s)-arc transitive. Moreover, I'(A, d, S) is connected, I'(A,d) is a
cover of I'(A,d, S), and Gk.s is quasiprimitive of type {SD, PA}.

PROOF. By Lemma 3.5, I'(A, d) is connected and so I'(A4, d, S) is connected.
By [4, Lemma 5.1, I'(A4,d, S) is locally (Gx/Ng,s)-arc transitive, I'(A, d)
is a cover of I'(A,d,S) and Gkxs = Gx/Ns < Aut(I'(A,d,S)). Moreover,
I'(A,d, S) is a bipartite graph with bipartition {A], AL}, where A] is the set
of Ng-orbits on Ay and A} is the set of Ng-orbits on Ay. Let W = soc(Gk s) =
T*. Then as K acts transitively on S it follows that G g acts transitively on
the k simple direct factors of W. Given an Ng-orbit B € A} with v € B we
have that Wz = N,Ns/Ng = N,/(N, N Ng) = N, = T. Hence Gk s acts
quasiprimitively of type SD on Af. Since S spans GF(q)¢ we have N, N Ng =
1 and so, given an Ng-orbit C' € Al with w € C it follows that Wo =
NyNg/Ng = N, /(N, N Ng) = N,. Since G acts quasiprimitively of type PA
on A, it follows that N, # 1 and is not isomorphic to 7" for any | < k.
Hence Gk g acts quasiprimitively of type PA on A} and so I'(A4,d, S) is of
{SD, PA}-type.

The examples in [6, Example 4.2] can be obtained from Construction 3.10 by
taking K to be a subgroup of AT'L(1,q) of order 2 and S a nontrivial orbit.

We also need the following lemma which combined with Propositions 3.12 and
3.9, and Lemma 3.8 determines the largest s for which I'(A,d, S) is locally
(Gk s, s)-arc transitive.

Lemma 3.13 Let I" be a graph, G < Aut('), N < G intransitive on VI' and
suppose that T is a cover of U'n. If 'y is locally (G/N, s)-arc transitive then
[ is locally (G, s)-arc transitive.

PROOF. Let (vg,v1,...,vs) and (vg,wy,...,ws) be s-arcs in ' starting at
vg. Let B; be the N-orbit containing v; and C; be the N-orbit containing w;.
Then (By, By, ..., Bs) and (By, C4,...,C;) are s-arcs in I'y starting at By.
Thus there exists g € G such that (By, By, ..., Bs)% = (By,C4,...,C,). Then
vf € By and since By is an N-orbit, there exists n € N such that v]" = v.
Moreover, v{" € T'(vg) N Cy = {w,} as I' is a cover of I'y. Hence v{" = w;.
Similarly, we see that v{" = w; for all i = 2,... s and so (vg,v1,...,vs)9" =
(vo, w1, ..., ws). Thus I" is locally (G, s)-arc transitive.
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Corollary 3.14 (1) Each graph T'(PGL(n,q),1,S5), for n > 3, is locally
(Gk.s,2)-arc transitive but not locally (Gk.s,3)-arc transitive.

(2) If A is one of PGU(3,q), Ree(q) or Sz(q), then each graph I'(A,d,S) is
locally (G s, 3)-arc transitive but not locally (Gk s, 4)-arc transitive.

(3) Each graph T'(PGL(2,q),d,S) is locally (Gk.s,3)-arc transitive. More-
over, if either d > 2, q is odd, or S # GF(q) then I'(PGL(2,q),d, S) is

not locally (Gg s,4)-arc transitive.

4 Proof of Theorem 1.2

We make the following general hypothesis.

I is a locally (G,2)-arc transitive connected graph such
that G has two orbits Ay and As on wvertices, G acts
faithfully on both orbits, quasiprimitively on Ay with

(SDPA) type SD and quasiprimitively on Ao with type PA. Fur-
thermore, N = soc(G) = T* for some finite nonabelian
simple group T and positive integer k > 2. Fach vertex
of I' has valency at least 3 and v, w are a pair of adjacent
vertices with v € Ay and w € A,.

We denote by 7; the projection homomorphism of N onto its i*® coordinate. We
also let T; be the normal subgroup of N for which m;,(7;) =T and 7;(T;) =1
for all j # 4. Then for any subset I of {1,...,k} welet T; = [1;c; T5.

First we note [4, Lemma 6.2].

Lemma 4.1 Let T be a locally (G, s)-arc transitive graph with s > 2 such that
G acts quasiprimitively and faithfully on both orbits on vertices. Let N < G.
If N is not regular on Ay then NI is transitive for all v € VT.

Corollary 4.2 Under the hypothesis of Lemma 4.1, I' =2 Cos(N, N,, Ny).

PROOF. Since N, acts transitively on I'(v) and N acts transitively on Ay,
it follows that N is edge transitive. Thus the result follows from Lemma 2.1.

Lemma 4.3 Let T' be as in (SDPA). Then replacing G, if necessary, by a
conjugate in Sym(A; U Ay), we may assume that the following all hold.

(1) N, =A{(t,...,t) |t €T}.

(2) Nyw = {(t,...,t) | t € H} for some mazimal subgroup H of T and the
action of T on the set of right cosets of H is the action of the socle of a
2-transitive almost simple group.
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(3) N, is a subdirect subgroup of H*, acts transitively on I'(w) and N, #
Ny -

PROOF. 1). As the action of G on A is quasiprimitive of type SD, replacing
G if necessary by a conjugate in Sym(A; U Ay), we may choose v such that
N, ={(t,....,t) |t eT}.

2). By Lemma 4.1,

1 N0 4 Gre)
and G is a 2-transitive group. As N, is simple it follows that N )
T. Then a theorem of Burnside (see [2, Theorem 4.3]) implies that NI'*) is
primitive and GL®) is an almost simple 2-transitive group with socle 7. Thus

(2) holds.

~

3). Now Ny, < N, and so H = m;(Nyyw) < m(Ny) foreach i =1,... k. As G
is quasiprimitive of type PA on Ay, m;(N,,) # T for all i and so the maximality
of H in T yields that m;(N,) = H for all i. Hence N,, is a subdirect subgroup
of H®. By Lemma 4.1, N is transitive on I'(w). Since |T'(w)| > 3 it follows
that Ny, # Nyw.

Lemma 4.4 Let ' be as in (SDPA). Then G acts by conjugation on the set
T ={T,Ty,..., Ty}, and the permutation groups GT, GT, GI and G%, are
all transitive and pairwise permutationally isomorphic.

PROOF. Since N is a minimal normal subgroup of G, the group G7 is tran-
sitive. Furthermore, N acts transitively on A;, and so G = NG,. Then as
N acts trivially on 7 it follows that G7 and G are permutationally isomor-
phic. Similarly, G7 and G7Z are permutationally isomorphic. Furthermore, by
Lemma 4.3, N,, acts transitively on I'(w) and so G, = N,,G,,. Hence Gg and
G7T, are permutationally isomorphic.

We now have the following theorem which determines the possibilities for T’
and H.

Theorem 4.5 Let I' be as in (SDPA), N be as in Lemma 4.3 and H be the
subgroup of T isomorphic to Ny,. Then T and H are as in one of the rows of
Table 1.

PROOF. Suppose that H is an almost simple group with socle M and let
S be the socle of N,,. Then S < G, as it is a characteristic subgroup of
N,. By Lemma 4.3, N,, is a subdirect subgroup of H* and so 7;(S) < m;(H)
for each ¢ = 1,...,k. By Lemma 4.4, GG,, acts transitively by conjugation on
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the k simple direct factors of N, so the m;(S), for i = 1,2,... k, are pairwise
isomorphic. Then as M is the unique minimal normal subgroup of H, it follows
that M < m;(S) for all i. Furthermore, if 1 # R < N,, then RN M* < N,,
and also (since S is the socle of N,,) RN S # 1 from which it follows that
RN M* # 1. Thus every minimal normal subgroup of N,, is contained in M*
and so S is also contained in M*. Hence S is a subdirect subgroup of M¥.
Moreover, a well known lemma, (see for example [13, Page 328]) together with
the facts that GG, normalises S and is transitive on the simple direct factors
of N, imply that there exists a divisor r of k£ such that S = Dy x --- x D,
where Dy = {(1,1%2,...,1°%") | | € M} < M*/" for some automorphisms o;
of M, and the D; are permuted transitively by G,,. Hence S = M".

Let K be the kernel of the action of S on I'(w). As K is the intersection of
S and the kernel of the action of G, on I'(w), both of which are normal in
G, we have K < G,,. Now G, acts transitively on the k simple direct factors
of N and as S = Dy x --- x D,, where each D; is a nonabelian simple group
isomorphic to M, either K =1 or K = S. If K = 1 then ST®) = § = )/
Now ST(®) < GL() | a 2-transitive group, and so by a theorem of Burnside, (see
[2, Theorem 4.3], ST() 2 M7 is a nonabelian simple group. Hence in the case
where K = 1 we have r = 1. If on the other hand K = S, then K < N,,, & H.
As M is the unique minimal normal subgroup of H, and M is simple, it follows
that 7 = 1 in this case also. Thus in either case M = S < N,,. As S = soc(Ny)
and M is nonabelian, it follows that Cy, (S) = 1 and so N,, < Aut(M). Hence
N, = H and N, = N,,. This contradicts Lemma 4.3 and so H is not almost
simple. Then by Theorem 2.2, T" and H are as in one of the lines of Table 1.

By Theorem 2.2, each possibility for H given in Theorem 4.5 has a unique
minimal normal subgroup M and M is the centre of O,(H), where p is the
characteristic of the field over which T is defined. Recall the Remarks 2.3 and
2.4, especially that we count PSIL(2,8) twice, once as PSL(2,8) of degree 9
and once as Ree(3)" of degree 28. Let A = PGL(n,q), PGU(3,¢q), Sz(q) or
Ree(q) such that soc(A) = T. If we let Q = [T': H] and B = Ngym(a)(T),
then B acts 2-transitively on 2 with socle T'. We can choose a € €2 such that
T, = H and B, induces I'L(m, ¢) on M, where M has order ¢". It transpires
that the subgroup X = N,, N M* is crucial to our analysis.

Proposition 4.6 Let I' be as in (SDPA), N be as in Lemma 4.3, B be as
above and let X = N, N M* and Y = N,, N M*. Furthermore, suppose that
G is the largest subgroup of Aut(T") of type SD with socle N. Then, using the
notation introduced above, the following all hold.

(1) X is normal in G,, and acts transitively on I'(w), and Y = {([,1,...,1) |

le M}.
(2) Gyw = Np(X), where F ={(h,...,h) | h € By} X Sk.
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(3) The action of G, induced on X/Y by conjugation is equivalent to the
action of Gy on I'(w).

(4) There exists a positive integer d such that X is a (d + 1)-dimensional
vector space over a field of size |M| and |T'(w)| = |M|?.

(5) There does not exist I C {1,2,... k} with |I| > 2 such that every element
of X is constant on I.

PROOF. 1). As M is the unique minimal normal subgroup of H, it is char-
acteristic in H and so X = N, N M* is characteristic in N,,. Thus X < G,.
Now G, acts 2-transitively on I'(w) and so X acts either transitively or
trivially on I'(w). By Lemma 4.3, N,, = {(h,...,h) | h € H} and so
Y = Ny N MF={(l,...,1) |l € M}.

Suppose X acts trivially on I'(w). Then X < Ny, andso X =Y ={(l,...,1) |
l € M}. By Lemma 4.3(3), Ny, # N,. Thus there exists a proper subset I of
{1,...,k} such that N, NT; # 1 and we may choose I to be a minimal such
set. Without loss of generality we may assume that [ = {1,...,t} for some
t < k. As I is minimal there exists a nontrivial subgroup K of H such that

N, NTr={(,1°%,...,0°1...,1) |l € K}
for some o; € Aut(K). Now N, N Ty < N, so for each i € I,
1# K =2 m(N,NTy) <m(N,) = H.
Then as M is the unique minimal normal subgroup of H we have M < K and
{@re2,. .0 1.1 [ le My < N,NnT; < N, N MF = X.

This contradicts the fact that X = {(I,...,l) |l € M} and so X acts transi-
tively on I'(w).

2). Since G acts transitively on A; with quasiprimitive type SD and N, =
{(t,...,t) |t € T} we have

G, < NSym(Al)(Nv) = {(t, R ,t) ’ te Aut(T)} X Sy.

Furthermore, G, acts on I'(v) and GL) is a 2-transitive group with socle 7.
Thus
G, <{(t,...,t) |t € B} x S,

where B = Ngym()(T), and Gy < F = {(h,...,h) | h € B,} x Si. By Part
1, X < G, and so is normalised by G,,. Hence G, < Nr(X) and it remains
to prove equality. By Lemma 2.1, ' = Cos(N, N,, N,). Let ¢ € Np(X).
Then as g € Aut(T)* x Sy we have that g normalises N. Furthermore, as B,
normalises 7" it follows that g normalises N,. Finally, as ¢ € Np(X) and B,
normalises H = T N B, we have that g normalises N,, = X N,,,. Thus g acts
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on A; = [N : N,] via the action g : N,z — Nyz9 and on Ay = [N : N,] via
g : Nyy — Nuy? for all z,y € N. Now (29)(y9)~! = (xy~')¢ which in turn
belongs to N, N, if and only if zy~' € N,N,,. Hence g preserves adjacency in
I'. Then as G is the largest subgroup of Aut(I') of type SD with socle N we
have g € Gyy,. Thus G,y = Np(X).

3). Since X is abelian and acts transitively on I'(w) with point stabiliser Y
we can identify the elements of I'(w) with the cosets of Y in X such that v
corresponds to the coset Y. Furthermore, G,, = XG,,, with X acting on I'(w)
by right multiplication and G,,, acting by conjugation.

4). Regarding M as the additive group of a field F);, we note that if T #
PSL(2,q), ¢ odd, then H contains a subgroup H, such that the group of
automorphisms of M induced by H) is the multiplicative group of F};. Thus
in these cases N,,, contains the subgroup {(h,...,h) | h € H,}, which induces
the multiplicative group of Fy; on M* and leaves X invariant. (Recall X =
Now N M* and so X is invariant under Nyw.) Hence X is a vector space over
Fy. I T =PSL(2,q), ¢ odd, then the group of automorphisms of M induced
by H is an index two subgroup of the multiplicative group of Fj;, that is, is
the multiplicative group of all squares in Fj,. Since the additive subgroup of
Fyr generated by the (¢ — 1)/2 squares must have order dividing g, it follows
that every element of F); is a sum of squares. Then as X is closed under
multiplication by the squares of Fj; and is an additive subgroup of M¥, it
follows that X is closed under the multiplicative group of Fj;. (We are grateful
to Tim Penttila for this argument.) Thus for all 7', X is a vector space over Fj.
Now consider Y = N,,, N M*. By Part (1), Y ={(l,...,1) |l € M} < X and
Y =2 M. Thus there exists a positive integer d such that | X| = |M|¢*!. Since X
acts transitively on I'(w) with point stabiliser Y it follows that |T'(w)| = | M|<.

5). Suppose that there does exist I C {1,...,k} such that |I| > 2 and every
element of X is constant on I. We may assume that [ is a maximal such set. By
part (1), N, = XN, and as every element of N, is constant on [ it follows
that each element of N,, is constant on /. Then as N, < G,, and G,, permutes
T ={T,...,T}} transitively, it follows that I forms a block of imprimitivity
for GG, in its action on 7. Let P be the associated system of imprimitivity. By
Lemma 4.4, GT = GZT. Hence for all blocks I’ € P, there exists g € Gy <
{(h,...,h) | h € By} x Sk such that I’ = I9. Now X9 = X and it follows
that each element of X is constant on I’. Arguing as before we see that each
element of N, is constant on each I’ € P. Furthermore, by Lemma 4.4, P is
also a system of imprimitivity for G7. Since G, < {(t,...,t) | t € B} x S} it
follows that for all g € G, each element of N7 is constant on each I’ € P. As
N, < Gy, it follows that for all g € (G,,G,), each element of N¢ is constant
on I. Since I' is connected, by Lemma 2.1, (G,, G,,) = G. Thus each element
of Ng = (NY | g € G) is constant on I. Now Ny < G and, as N is a minimal
normal subgroup of GG, we deduce that Ny = N. This contradicts the fact that
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7] > 2. Thus |I] = 1.

We can now prove the following theorem which is the crucial part of the
proof of Theorem 1.2. Recall that X = N, N M* and |X| = |[M|¢"!. Recall
that = : AT'L(d,q) — T'L(d,q) is the projection homomorphism, ® is the
isomorphism defined in (3.3), ®, is the homomorphism defined in (3.5), and
that 7 is the set of simple direct factors of N.

Theorem 4.7 Let I" be as in (SDPA), N as in Lemma 4.3 and suppose that
| X| = |M|%*, as in Proposition 4.6. Suppose also that G is the largest sub-
group of Aut(T) of type SD with socle N = T* and let A = PGL(n,q),
PGU(3,q), Ree(q) or Sz(q) such that soc(A) = T. Then the following all
hold.

(1) There exists S C GF(q)? of size k which spans GF(q)® such thatY is the
group consisting of the restrictions to S of all constant functions from
GF(q)? to M, and X is generated by 'Y together with the set of restrictions
to S of all linear functions from GF(q)¢ to M. Moreover, if T = PSL(n, q)
with n > 3 then d = 1.

(2) If A # PGU(3,q) then there exists K < ATL(d, q) such that GT = K°,
and 7(K) is transitive on the set of I1-spaces of GF(q)?. Moreover, if
A # PGU(3,q) then

G=(N,(t,....,t) | t€ A) xdHK),
while if A =PGU(3,q) then

G=(N,(t,....,t) | t€ A) xd (K).

PROOF. Note that Y < X < M* and by Proposition 4.6(3), G, acts tran-
sitively by conjugation on the set of nontrivial cosets of Y in X. Moreover, by
Proposition 4.6(2), Gy = Np(X) where F' = {(h,...,h) | h € B,} X Sk. By
Remark 2.3(5), B, induces I'L(m,q) on M and so there exists a homomor-
phism 6 : F' — Aut(M*) such that §(F) < TL(m,q) x Sy, and 0(G,,,) fixes X
and Y setwise.

Suppose first that T' # PSL(n, q) with n > 3. Then M is the additive group
of the field GF(q). By Proposition 4.6(4), X is a vector space over M and
for each h € A,, the element (h, h, ..., h) induces GF(g)-scalar multiplication
on X. Thus Z := {(h,h,....,h) | h € Ay} < Gy If, on the other hand
T = PSL(n, q) with n > 3, we have that M is the additive group of the vector
space GF(q)"™!, A, induces GL(n — 1,q) on M. Moreover, H = A, N'T also
induces GL(n — 1,¢) on M. Recall that N, = {(¢,...,t) | t € H} by Lemma
4.3(2). Then for all h € A,, there exists h' € H such that h and A’ induce the
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same element of GL(n — 1,q) on M, and so the elements (h';... k') € Ny,
and (h,...,h) € F act in the same way on M*. Since N,,, fixes X = N, M"*
setwise, it follows that G, = Np(X) contains Z := {(h,h,...,h) | h € A}
in this case also.

Now 0(Z) = GL(m, q) (with 6 as defined in the first paragraph of the proof)
and so GL(m, q) < 0(Gyw) < I'L(m, q) x Sk. By Proposition 4.6 and the fact
that G, acts transitively on I'(w)\{v} we have that 6(G,,,) acts transitively
on the set of nontrivial cosets of Y in X. Hence X and 0(G,,,) are determined
by [3, Theorem 1.1(1)]. Thus X is as stated in part (1). Moreover, if T =
PSL(n,q) with n > 3 then M has dimension m =n — 1 > 2 over GF(gq) and
so by [3, Theorem 1.1], d = 1. This completes the proof of part (1).

To complete the proof of part (2) we need to determine G, and G from
0(Gyw). As we have said, 0(G,,,) is determined by [3, Theorem 1.1(1)]. To put
the results there in our context we need to establish some notation.

Let C' = M? be the group all functions from GF(q)¢ to M. Then M* is the
restriction to S of all elements of C', Y is the restriction to S of all constant
functions in C' and X is the restriction to S of all affine functions in C'. Also
C has a group of automorphisms (o, | g € ATL(d, q)) where f7(a) = f(a9 ")
for all f € C and a € GF(q)?. Moreover, the Frobenius automorphism ¢ of
GF(q) defines a semilinear automorphism 7, of C' such that f™(a) = (f(a))?.

Then there exists an embedding W of AT'L(d, ¢) such that

W ATL(d, q) — (74) % {04 | g € AT'L(d, q))
g — o, if g € AGL(d, q) (4.1)

= T$0¢.

Furthermore, if K < AT'L(d, q) fixes S setwise then W(K) acts on M* inducing
a subgroup of I'L(m, ¢) x Si. Note that if A # PGU(3,¢) then §(®~!(K)) and
U (K) induce the same group of automorphisms of M*. When A = PGU(3, q)
then 0(®;*(K)) induces a group O of automorphisms of M* containing mul-
tiplication by —1. (Recall from Remark 2.4(4) that ¢° induces multiplication
by —1 on M). Then O/(—1) is the the group of automorphism of M* induced
by V(K).

Since 0(G,,,) acts transitively on the nontrivial cosets of Y in X, [3, Theorem
1.1(1)], implies that there exists K < AI'L(d, q) with orbit S such that 7(K)
acts transitively on the set of 1-spaces of GF(q)? and 0(G,,) = GL(m,q) x
U(K). Since G,y = Np(X) it then follows that G, = 6~ 1(GL(m, ¢) x V(K)).
Hence if A # PGU(3,q), we have

Gow = {(h,....h) | h € Ay} x &~ 1(K)
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while if A = PGU(3, ¢) then
Gow = {(h,...,h) | h € Ay} x &, (K).

Since N acts transitively on A; we have that G = NG,. Furthermore, as
N, acts transitively on I'(v) we have G = N,G,, and so G = NG,,,. Hence
G7T = K and as A = TA,, G is as stated in the part (2).

Corollary 4.8 Let D be asin (SDPA). Then either I' = Cos(A, d) as obtained
from Construction 3.3 or I' = Cos(A,d, S) as yielded by Construction 3.10.

PROOF. By Theorem 4.7 there exists a group K < AT'L(d, ¢q) with an orbit
S of size k such that S spans GF(¢)¢ and 7(K) acts transitively on the set of
1-spaces of GF(q)¢. Moreover, Y is the set of restrictions to S of all constant
functions f : GF(¢)¢ — M, and X is generated by Y and all restrictions to S
of linear functions f : GF(q)? — M. If S = GF(¢)¢ then N, N, and N,, are as
in I'(A, d) and so by Corollary 4.2, I" = I'(A, d) as obtained from Construction
3.3. If S C GF(q)? (a proper subset) then N, N, and N,, are as in ['(4,d, S)
and so by Corollary 4.2, I' 2 T'(A, d, S) as obtained from Construction 3.10.

Hence we have completed the proof of Theorem 1.2. Corollary 1.3 then follows
from Proposition 3.9 and Corollary 3.14.
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